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81 Phdvxuhv dqg Lqwhjudwlrq

Gh�qlwlrq 8141 D vhw [ htxlsshg zlwk d � � dojheudP lv fdoohg d phdvxudeoh
vsdfh1

Gh�qlwlrq 8151 D phdvxuh � rq d phdvxudeoh vsdfh +[>P, lv d ixqfwlrq � =P$
^3>4` vxfk wkdw

41 �+>, @ 3 dqg
51 +Ilqlwh Dgglwlylw|, Li iDljql@4 � P duh sdluzlvh glvmrlqw/ l1h1 Dl _ Dm @ >

zkhq l 9@ m> wkhq

�+
q̂

l@4

Dl, @
q[
l@4

�+Dl,=

61 +Frqwlqxlw|, Li Dq 5P dqg Dq % D> wkhq �+Dq, % �+D,=
Uhpdun 8161 Surshuwlhv 5, dqg 6, lq Gh�qlwlrq 815 duh htxlydohqw wr wkh iroorzlqj
frqglwlrq1 Li iDlj4l@4 �P duh sdluzlvh glvmrlqw wkhq

�+
4̂

l@4

Dl, @
4[
l@4

�+Dl,=+814,

Wr suryh wklv vxssrvh wkdw Surshuwlhv 5, dqg 6, lq Gh�qlwlrq 815 dqg iDlj4l@4 �P
duh sdluzlvh glvmrlqw1 Ohw Eq =@

qV
l@4

Dl % E =@
4V
l@4

Dl> vr wkdw

�+E,
+6,
@ olp

q$4
�+Eq,

+5,
@ olp

q$4

q[
l@4

�+Dl, @
4[
l@4

�+Dl,=

Frqyhuvho|/ li Ht1 +814, krogv zh pd| wdnh Dm @ > iru doo m � q wr vhh wkdw Surshuw|
5, ri Gh�qlwlrq 815 krogv1 Dovr li Dq % D> ohw Eq =@ Dq qDq�4= Wkhq iEqj4q@4 duh
sdluzlvh glvmrlqw/ Dq @ ^qm@4Em dqg D @ ^4m@4Em = Vr li Ht1 +814, krogv zh kdyh

�+D, @ �
�^4m@4Em

�
@

4[
m@4

�+Em,

@ olp
q$4

q[
m@4

�+Em, @ olp
q$4

�+^qm@4Em, @ olp
q$4

�+Dq,=

Sursrvlwlrq 817 +Edvlf surshuwlhv ri phdvxuhv,1 Vxssrvh wkdw +[>P> �, lv d phd0
vxuh vsdfh dqg H>I 5P dqg iHmj4m@4 �P> wkhq =

41 Li H � I wkhq �+H, � �+I ,=
51 �+^Hm, �

S
�+Hm,=

61 Li �+H4, ? 4 dqg Hm ) H/ l1h1 H4 � H5 � H6 � = = = dqg H @ _mHm > wkhq
�+Hm,) �+H, dv m $4=

Surri1 +4, Vlqfh I @ H ^ +I qH,>

�+I , @ �+H, . �+I qH, � �+H,=

+5, Ohw hHm @ Hm q +H4 ^ � � � ^ Hm�4, vr wkdw wkh �Hm *v duh sdlu0zlvh glvmrlqw dqg
H @ ^ hHm = Vlqfh �Hm � Hm lw iroorzv iurp Uhpdun 816 dqg sduw +4,> wkdw

�+H, @
[

�+ hHm, �
[

�+Hm,=
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Iljxuh 451 Frpsohwlqj d � � dojheud1

+6, Gh�qh Gl � H4 qHl wkhq Gl % H4 qH zklfk lpsolhv wkdw

�+H4,� �+H, @ olp
l$4

�+Gl, @ �+H4,� olp
l$4

�+Hl,

zklfk vkrzv wkdw olpl$4 �+Hl, @ �+H,1

Gh�qlwlrq 8181 D vhw H 5P lv d qxoo vhw li �+H, @ 31

Gh�qlwlrq 8191 D phdvxuh vsdfh +[>P> �, lv frpsohwh li hyhu| vxevhw ri d qxoo
vhw lv lq P/ l1h1 iru doo I � [ vxfk wkdw I � H 5 P zlwk �+H, @ 3 lpsolhv wkdw
I 5P1

Sursrvlwlrq 81:1 Ohw +[>P> �, eh d phdvxuh vsdfh1 Vhw Q � iQ � [ =wkhuh
h{lvwv I 5P vxfk wkdw Q � I dqg �+I , @ 3j1

�P @ iD ^Q = D 5P> Q 5Pj>
vhh Ilj1 451 Wkhq �P lv d �0dojheud1 Gh�qh ��+D^Q, @ �+D,/ wkhq �� lv wkh xqltxh
phdvxuh rq �P zklfk h{whqgv �1

Surri1 Fohduo| [> > 5 �P1 Ohw D 5 P dqg Q 5 Q dqg fkrrvh I 5 P vxfk
wkdw Q � I dqg �+I , @ 31 Vlqfh Qf @ +I qQ, ^ I f>

+D ^Q,f @ Df _Qf @ Df _ +I qQ ^ I f, @ ^Df _ +I qQ,` ^ ^Df _ I f`

zkhuh ^Df_+I qQ,` 5 Q dqg ^Df_I f` 5P= Wkxv �P lv forvhg xqghu frpsohphqwv1
Li Dl 5 P dqg Ql � Il 5 P vxfk wkdw �+Il, @ 3 wkhq ^+Dl ^Ql, @ +^Dl, ^

+^Ql, 5 �P vlqfh ^Dl 5P dqg ^Ql � ^Il dqg �+^Il, �
S

�+Il, @ 3= Wkhuhiruh/
�P lv d �0dojheud1
Vxssrvh D^Q4 @ E^Q5 zlwk D>E 5P dqg Q4> Q5>5 Q 1 Wkhq D � D^Q4 �

D ^Q4 ^ I5 @ E ^ I5 zklfk vkrzv wkdw

�+D, � �+E, . �+I5, @ �+E,=

Vlploduo|/ zh vkrz wkdw �+E, � �+D, vr wkdw �+D, @ �+E, dqg khqfh ��+D^Q, =@
�+D, lv zhoo gh�qhg1 Lw lv ohiw dv dq h{huflvh wr vkrz wkdw �� lv d phdvxuh/ l1h1 wkdw
lw lv frxqwdeoh dgglwlyh1
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8141 H{dpsoh ri Phdvxuhv1 Prvw � � dojheudv dqg � 0dgglwlyh phdvxuhv duh
vrphzkdw gl!fxow wr ghvfuleh dqg gh�qh1 Krzhyhu/ rqh vshfldo fdvh lv idluo| hdv|
wr xqghuvwdqg1 Qdpho| vxssrvh wkdw I � S+[, lv d frxqwdeoh ru �qlwh sduwlwlrq ri
[ dqgP� S+[, lv wkh � � dojheud zklfk frqvlvwv ri wkh froohfwlrq ri vhw D � [
vxfk wkdw

D @
^

�5I6��D

�=+815,

Lw lv hdvlo| vhhq wkdw P lv d � � dojheud1
Dq| phdvxuh � = P$ ^3>4` lv ghwhuplqhg xqltxho| e| lwv ydoxhv rq I = Frq0

yhuvho|/ li zh duh jlyhq dq| ixqfwlrq � = I $ ^3>4` zh pd| gh�qh/ iru D 5P>

�+D, @
[

�5I6��D

�+�, @
[
�5I

�+�,4��D

zkhuh 4��D lv rqh li � � D dqg }hur rwkhuzlvh1 Zh pd| fkhfn wkdw � lv d phdvxuh
rqP= Lqghhg/ li D @

c4
l@4Dl dqg � 5 I > wkhq � � D l� � � Dl iru rqh dqg khqfh

h{dfwo| rqh Dl= Wkhuhiruh/

4��D @
4[
l@4

4��Dl

dqg khqfh

�+D, @
[
�5I

�+�,4��D @
[
�5I

�+�,
4[
l@4

4��Dl

@
4[
l@4

[
�5I

�+�,4��Dl
@

4[
l@4

�+Dl,

dv ghvluhg1 Wkxv zh kdyh vkrzq wkdw wkhuh lv d rqh wr rqh fruuhvsrqghqfh ehwzhhq
phdvxuhv � rq P dqg ixqfwlrqv � = I $ ^3>4`=

Zh zloo ohdyh wkh lvvxh ri frqvwuxfwlqj phdvxuhv xqwlo Vhfwlrqv ; dqg <1 Krzhyhu/
ohw xv srlqw rxw wkdw lqwhuhvwlqj phdvxuhv gr h{lvw1 Wkh iroorzlqj wkhruhp pd| eh
irxqg lq Wkhruhp ;155 ru Wkhruhp ;174 lq Vhfwlrq ;1

Wkhruhp 81;1 Wr hyhu| uljkw frqwlqxrxv qrq0ghfuhdvlqj ixqfwlrq I = U$ U wkhuh
h{lvwv d xqltxh phdvxuh �I rq EU vxfk wkdw

�I ++d> e`, @ I +e,� I +d, ; �4 ? d � e ?4+816,

Pruhryhu/ li D 5 EU wkhq

�I +D, @ lqi

+
4[
l@4

+I +el,� I +dl,, = D � ^4l@4+dl> el`
,

+817,

@ lqi

+
4[
l@4

+I +el,� I +dl,, = D �
4d
l@4

+dl> el`

,
=+818,

Lq idfw wkh pds I $ �I lv d rqh wr rqh fruuhvsrqghqfh ehwzhhq uljkw frqwlqxrxv
ixqfwlrqv I zlwk I +3, @ 3 rq rqh kdqg dqg phdvxuhv � rq EU vxfk wkdw �+M, ?4
rq dq| erxqghg vhw M 5 EU rq wkh rwkhu1

H{dpsoh 81<1 Wkh prvw lpsruwdqw vshfldo fdvh ri Wkhruhp 81; lv zkhq I +{, @ {>
lq zklfk fdvh zh zulwh p iru �I = Wkh phdvxuh p lv fdoohg Ohehvjxh phdvxuh1
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Wkhruhp 81431 Ohehvjxh phdvxuh p lv lqyduldqw xqghu wudqvodwlrqv/ l1h1 iru D 5
EU dqg { 5 U>

p+{.E, @p+E,=+819,

Pruhryhu/ p lv wkh xqltxh phdvxuh rq EU vxfk wkdw p++3> 4`, @ 4 dqg Ht1 +819,
krogv iru D 5 EU dqg { 5 U= Pruhryhu/ p kdv wkh vfdolqj surshuw|

p+�E, @ m�mp+E,+81:,

zkhuh � 5 U/ E 5 EU dqg �E =@ i�{ = { 5 Ej=
Surri1 Ohw p{+E, =@p+{.E,> wkhq rqh hdvlo| vkrzv wkdw p{ lv d phdvxuh rq

EU vxfk wkdw p{++d> e`, @ e� d iru doo d ? e= Wkhuhiruh/ p{ @ p e| wkh xqltxhqhvv
dvvhuwlrq lq Wkhruhp 81;1

Iru wkh frqyhuvh/ vxssrvh wkdw p lv wudqvodwlrq lqyduldqw dqg p++3> 4`, @ 4=
Jlyhq q 5 Q> zh kdyh

+3> 4` @ ^qn@4+
n � 4

q
>
n

q
` @ ^qn@4

�
n � 4

q
. +3>

4

q
`

�
=

Wkhuhiruh/

4 @ p++3> 4`, @
q[

n@4

p

�
n � 4

q
. +3>

4

q
`

�

@
q[

n@4

p++3>
4

q
`, @ q �p++3>

4

q
`,=

Wkdw lv wr vd|

p++3>
4

q
`, @ 4@q=

Vlploduo| zh vkrz wkdw p++3> oq `, @ o@q iru doo o> q 5 Q= Xvlqj wkh wudqvodwlrq
lqyduldqfh ri p> zh wkhq ohduq wkdw

p++d> e`, @ e� d

iru doo d> e 5 T vxfk wkdw d ? e= Ilqdoo| iru d> e 5 U vxfk wkdw d ? e> fkrrvh
dq> eq 5 T vxfk wkdw eq & e dqg dq % d> wkhq +dq> eq` & +d> e` dqg wkxv

p++d> e`, @ olp
q$4

p++dq> eq`, @ olp
q$4

+eq � dq, @ e� d>

l1h1 p lv Ohehvjxh phdvxuh1
Wr suryh Ht1 +81:, zh pd| dvvxph wkdw � 9@ 3 vlqfh wklv fdvh lv wulyldo wr suryh1

Qrz ohw p�+E, =@ m�m�4p+�E,= Lw lv hdvlo| fkhfnhg wkdw p� lv djdlq d phdvxuh rq
EU zklfk vdwlv�hv

p�++d> e`, @ ��4p ++�d> �e`, @ ��4+�e� �d, @ e� d

li � A 3 dqg

p�++d> e`, @ m�m�4p +^�e> �d,, @ �m�m�4 +�e� �d, @ e� d

li � ? 3= Khqfh p� @ p=
Zh duh qrz jrlqj wr ghyhorsh lqwhjudwlrq wkhru| uhodwlyh wr d phdvxuh1 Wkh

lqwhjudo gh�qhg lq wkh fdvh wkh phdvxuh lv Ohehvjxh phdvxuhp zloo eh dq h{whqvlrq
ri wkh vwdqgdug Ulhpdqq lqwhjudo rq U=
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8151 Lqwhjudov ri Vlpsoh ixqfwlrqv1 Ohw +[>P> �, eh d �{hg phdvxuh vsdfh lq
wklv vhfwlrq1

Gh�qlwlrq 81441 D ixqfwlrq ! = [ $ I lv d vlpsoh ixqfwlrq li ! lv P � EU
phdvxudeoh dqg !+[, lv d �qlwh vhw1 Dq| vxfk vlpsoh ixqfwlrqv fdq eh zulwwhq dv

! @
q[
l@4

�l4Dl
zlwk Dl 5P dqg �l 5 I=+81;,

Lqghhg/ ohw �4> �5> = = = > �q eh dq hqxphudwlrq ri wkh udqjh ri ! dqg Dl @ !�4+i�lj,=
Dovr qrwh wkdw Ht1 +81;, pd| eh zulwwhq pruh lqwulqvlfdoo| dv

! @
[
|5I

|4!�4+i|j,=

Wkh qh{w wkhruhp vkrzv wkdw vlpsoh ixqfwlrqv duh �srlqwzlvh ghqvh� lq wkh vsdfh
ri phdvxudeoh ixqfwlrqv1

Wkhruhp 8145 +Dssur{lpdwlrq Wkhruhp,1 Ohw i = [ $ ^3>4` eh phdvxudeoh dqg
gh�qh

!q+{, �
55q�4[
n@3

n

5q
4i�4++ n

5q
>n.4
5q

`,+{, . 5q4i�4++5q>4`,+{,

@
55q�4[
n@3

n

5q
4i n

5q
?i�n.4

5q j+{, . 5q4iiA5qj+{,

wkhq !q � i iru doo q> !q+{, % i+{, iru doo { 5 [ dqg !q % i xqlirupo| rq wkh vhwv
[P =@ i{ 5 [ = i+{, �Pj zlwk P ?4= Pruhryhu/ li i = [ $ F lv d phdvxudeoh
ixqfwlrq/ wkhq wkhuh h{lvwv vlpsoh ixqfwlrqv !q vxfk wkdw olpq$4 !q+{, @ i+{, iru
doo { dqg m!qm % mi m dv q$4=

Surri1 Lw lv fohdu e| frqvwuxfwlrq wkdw !q+{, � i+{, iru doo { dqg wkdw 3 �
i+{,�!q+{, � 5�q li { 5 [5q = Iurp wklv lw iroorzv wkdw !q+{, % i+{, iru doo { 5 [
dqg !q % i xqlirupo| rq erxqghg vhwv1

Dovr qrwlfh wkdw

+
n

5q
>
n . 4

5q
` @ +

5n

5q.4
>
5n . 5

5q.4
` @ +

5n

5q.4
>
5n . 4

5q.4
` ^ +

5n . 4

5q.4
>
5n . 5

5q.4
`

dqg iru { 5 i�4
�
+ 5n
5q.4 >

5n.4
5q.4 `

�
> !q+{, @ !q.4+{, @ 5n

5q.4 dqg iru { 5
i�4

�
+5n.45q.4 >

5n.5
5q.4 `

�
> !q+{, @

5n
5q.4 � 5n.4

5q.4 @ !q.4+{,= Vlploduo| vlqfh

+5q>4` @ +5q> 5q.4` ^ +5q.4>4`>

iru { 5 i�4++5q.4>4`, !q+{, @ 5q ? 5q.4 @ !q.4+{, dqg iru { 5 i�4++5q> 5q.4`,>
!q.4+{, � 5q @ !q+{,= Wkhuhiruh !q � !q.4 iru doo q dqg zh kdyh frpsohwhg wkh
surri ri wkh �uvw dvvhuwlrq1

Iru wkh vhfrqg dvvhuwlrq/ �uvw dvvxph wkdw i = [ $ U lv d phdvxudeoh ixqfwlrq
dqg fkrrvh !	q wr eh vlpsoh ixqfwlrqv vxfk wkdw !	q % i	 dv q $ 4 dqg gh�qh
!q @ !.q � !�q = Wkhq

m!qm @ !.q . !�q � !.q.4 . !�q.4 @ m!q.4m
dqg fohduo| m!qm @ !.q . !�q % i. . i� @ mi m dqg !q @ !.q � !�q $ i. � i� @ i dv
q$4=
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Qrz vxssrvh wkdw i = [ $ F lv phdvxudeoh1 Zh pd| qrz fkrrvh vlpsoh
ixqfwlrq xq dqg yq vxfk wkdw mxqm % mUh i m > myqm % mLp i m > xq $ Uh i dqg yq $ Lp i
dv q$4= Ohw !q @ xq . lyq> wkhq

m!qm5 @ x5q . y5q % mUh i m5 . mLp i m5 @ mi m5

dqg !q @ xq . lyq $ Uh i . l Lp i @ i dv q$4=
Zh duh qrz uhdg| wr gh�qh wkh Ohehvjxh lqwhjudo1 Zh zloo vwduw e| lqwhjudwlqj

vlpsoh ixqfwlrqv dqg wkhq surfhhg wr jhqhudo phdvxudeoh ixqfwlrqv1

Gh�qlwlrq 81461 Ohw I @ F ru ^3>4` dqg vxssrvh wkdw ! = [ $ I lv d vlpsoh
ixqfwlrq1 Li I @ F dvvxph ixuwkhu wkdw �+!�4+i|j,, ? 4 iru doo | 9@ 3 lq F= Iru
vxfk ixqfwlrqv ! zh gh�qh

U
! @

U
[

! g� e|]
[

! g� @
[
|5I

|�+!�4+i|j,,=

Sursrvlwlrq 81471 Wkh lqwhjudo kdv wkh iroorzlqj surshuwlhv1

41 Vxssrvh wkdw � 5 I wkhq ]
[

�ig� @ �

]
[

ig�=+81<,

51 Vxssrvh wkdw ! dqg # duh wzr vlpsoh ixqfwlrqv/ wkhq]
+!. #,g� @

]
#g�.

]
!g�=

61 Li ! dqg # duh qrq0qhjdwlyh vlpsoh ixqfwlrqv vxfk wkdw ! � # wkhq]
!g� �

]
#g�=

71 Li ! lv d qrq0qhjdwlyh vlpsoh ixqfwlrq wkhq D$ �+D, =@
U
D

! g� � U
[

4D! g�

lv d phdvxuh1

Surri1 Ohw xv zulwh i! @ |j iru wkh vhw !�4+i|j, � [ dqg �+! @ |, iru
�+i! @ |j, @ �+!�4 +i|j,, vr wkdw]

! @
[
|5F

|�+! @ |,=

Zh zloo dovr zulwh i! @ d> # @ ej iru !�4+idj, _ #�4+iej,= Wklv qrwdwlrq lv pruh
lqwxlwlyh iru wkh sxusrvhv ri wklv surri1 Vxssrvh wkdw � 5 I wkhq]

[

�! g� @
[
|5I

| �+�! @ |,

@
[
|5I

| �+! @ |@�,

@
[
}5I

�} �+! @ }, @ �

]
[

! g�

surylghg wkdw � 9@ 3= Wkh fdvh � @ 3 lv fohdu/ vr zh kdyh suryhg 41
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Vxssrvh wkdw ! dqg # duh wzr vlpsoh ixqfwlrqv/ wkhq]
+!. #, g� @

[
}5I

} �+!. # @ },

@
[
}5I

} � +^$5I i! @ $> # @ } � $j,

@
[
}5I

}
[
$5I

�+! @ $/ # @ } � $,

@
[
}>$5I

+} . $,�+! @ $/ # @ },

@
[
}5I

} �+# @ }, .
[
$5I

$ �+! @ $,

@

]
# g�.

]
! g�=

zklfk suryhv 51
Iru 61 li ! dqg # duh qrq0qhjdwlyh vlpsoh ixqfwlrqv vxfk wkdw ! � #]

! @
[
d�3

d�+! @ d,

@
[
d>e�3

d�+! @ d> # @ e,

�
[
d>e�3

e�+! @ d> # @ e,

@
[
e�3

e�+# @ e, @

]
#>

zkhuh lq wkh wklug lqhtxdolw| zh kdyh xvhg i! @ d> # @ ej @ > li d A e=
Ilqdoo| iru 71/ zulwh ! @

S
�l4El

zlwk �l A 3 dqg El 5P> wkhq

�+D, @

]
4D! g� @

Q[
l@4

�l �+D _El,=

Wkh odwwhu h{suhvvlrq iru � lv hdvlo| fkhfnhg wr eh d phdvxuh1

8161 Lqwhjudov ri srvlwlyh ixqfwlrqv1

Gh�qlwlrq 81481 Ohw O. @ ii = [ $ ^3>4` = i lv phdvxudeohj1 Gh�qh]
[

ig� @ vxs

�]
[

! g� = ! lv vlpsoh dqg ! � i

�
=

Ehfdxvh ri lwhp 61 ri Sursrvlwlrq 8147/ wklv gh�qlwlrq lv frqvlvwhqw zlwk rxu suhylrxv
gh�qlwlrq ri wkh lqwhjudo rq qrq0qhjdwlyh vlpsoh ixqfwlrqv1 Zh vd| wkh i 5 O. lv
lqwhjudeoh li ]

[

ig� ?4=

Uhpdun 81491 Qrwlfh wkdw zh vwloo kdyh wkh prqrwrqlflw| surshuw|= 3 � i � j wkhq]
[

i �
]
[

j
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dqg iru f A 3 ]
[

fi @ f

]
[

i=

Dovr qrwlfh wkdw li i lv lqwhjudeoh/ wkhq � +ii @4j, @ 3=

Ohppd 814:1 Ohw [ eh d vhw dqg � = [ $ ^3>4` eh d ixqfwlrq/ ohw � @S
{5[ �+{,�{ rq P @ S+[,> l1h1

�+D, @
[
{5D

�+{,=

Li i = [ $ ^3>4` lv d ixqfwlrq +zklfk lv qhfhvvdulo| phdvxudeoh,/ wkhq]
[

ig� @
[
[

�i=

Surri1 Vxssrvh wkdw ! = [ $ ^3>4` lv d vlpsoh ixqfwlrq/ wkhq ! @S
}5^3>4` }4!�4+i}j, dqg[

[

�! @
[
{5[

�+{,
[

}5^3>4`

}4!�4+i}j,+{,

@
[

}5^3>4`

}
[
{5[

�+{,4!�4+i}j,+{,

@
[

}5^3>4`

}�+!�4+i}j,, @
]
[

!g�=

Vr rq vlpsoh ixqfwlrq ! = [ $ ^3>4`>[
[

�! @

]
[

!g�=

Vxssrvh wkdw ! = [ $ ^3>4, lv d vlpsoh ixqfwlrq vxfk wkdw ! � i> wkhq]
[

!g� @
[
[

�! �
[
[

�i=

Wdnlqj wkh vxs ryhu ! lq wklv odvw htxdwlrq wkhq vkrzv wkdw]
[

ig� �
[
[

�i=

Iru wkh uhyhuvh lqhtxdolw|/ ohw � �� [ eh d �qlwh vhw dqg Q 5 +3>4,= Vhw
iQ +{, @ plq iQ> i+{,j dqg ohw !Q>� eh wkh vlpsoh ixqfwlrq jlyhq e| !Q>�+{, =@
4�+{,i

Q +{,= Ehfdxvh !Q>�+{, � i+{,>[
�

�iQ @
[
[

�!Q>� @

]
[

!Q>�g� �
]
[

ig�=

Vlqfh iQ % i dv Q $ 4> zh pd| ohw Q $ 4 lq wklv odvw htxdwlrq wr frqfoxghg
wkdw [

�

�i �
]
[

ig�
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dqg vlqfh � lv duelwudu| zh ohduq wkdw[
[

�i �
]
[

ig�=

Wkhruhp 814; +Prqrwrqh Frqyhujhqfh Wkhruhp,1 Vxssrvh iq 5 O. lv d vh0
txhqfh ri ixqfwlrqv vxfk wkdw iq % i +qhfhvvdulo| lq O., wkhq]

iq %
]
i dv q$4=

Surri1 Vlqfh iq � ip � i> iru doo q � p ?4>]
iq �

]
ip �

]
i

iurp zklfk li iroorzv
U
iq lv lqfuhdvlqj lq q dqg

olp
q$4

]
iq �

]
i=

Iru wkh rssrvlwh lqhtxdolw|/ ohw ! eh d vlpsoh ixqfwlrq vxfk wkdw 3 � ! � i dqg
ohw � 5 +3> 4,= Qrwlfh wkdw

Hq � iiq � �!j % [ dv q$4
dqg wkdw/ e| Sursrvlwlrq 8147/]

iq �
]

4Hq
iq �

]
Hq

�! @ �

]
Hq

!=+8143,

Ehfdxvh H $ �
U
H
! lv d phdvxuh dqg Hq % [>

olp
q$4

]
Hq

! @

]
[

!g�=

Khqfh zh pd| sdvv wr wkh olplw lq Ht1 +8143, wr jhw

olp
q$4

]
iq � �

]
!=

Ehfdxvh wklv htxdwlrq lv ydolg iru doo vlpsoh ixqfwlrqv 3 � ! � i> e| wkh gh�qlwlrq
ri
U
i zh kdyh

olp
q$4

]
iq � �

]
i=

Vlqfh � 5 +3> 4, lv duelwudu| zh frqfoxgh wkdw

olp
q$4

]
iq �

]
i=

Fruroodu| 814<1 Li iq 5 O. lv d vhtxhqfh ri ixqfwlrqv wkhq] [
q

iq @
[
q

]
iq=
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Surri1 Iluvw r� zh vkrz wkdw]
+i4 . i5, @

]
i4 .

]
i5

e| fkrrvlqj qrq0qhjdwlyh vlpsoh ixqfwlrq !q dqg #q vxfk wkdw !q % i4 dqg #q % i5=
Wkhq +!q.#q, lv vlpsoh dv zhoo dqg +!q.#q, % +i4.i5, vr wkdw e| wkh prqrwrqh
frqyhujhqfh wkhruhp/]

+i4 . i5, @ olp
q$4

]
+!q . #q, @ olp

q$4

�]
!q .

]
#q

�
@ olp

q$4

]
!q . olp

q$4

]
#q @

]
i4 .

]
i5=

Qrz wr wkh jhqhudo fdvh1 Ohw jQ �
QS
q@4

iq dqg j @
4S
4
iq> wkhq jQ % j dqg vr e|

prqrwrqh frqyhujhqfh wkhruhp dqg wkh dgglwlylw| mxvw suryhg/
4[
q@4

]
iq =@ olp

Q$4

Q[
q@4

]
iq @ olp

Q$4

] Q[
q@4

iq

@ olp
Q$4

]
jQ @

]
j @

4[
q@4

]
iq=

Wkh iroorzlqj Ohppd lv d vlpsoh dssolfdwlrq ri wklv Fruroodu|1

Ohppd 8153 +Iluvw Eruhoo0Fduqwhol0 Ohppd1,1 Ohw +[>P> �, eh d phdvxuh vsdfh/
Dq 5P> dqg vhw

iDq l1r1j @ i{ 5 [ = { 5 Dq iru lq�qlwho| pdq| q*vj

@
4_
Q@4

^
q�Q

Dq=

Li
S4

q@4 �+Dq, ?4 wkhq �+iDq l1r1j, @ 31

Surri1 +Iluvw Surri1, Ohw xv �uvw revhuyh wkdw

iDq l1r1j @
+
{ 5 [ =

4[
q@4

4Dq
+{, @4

,
=

Khqfh li
S4

q@4 �+Dq, ?4 wkhq

4 A
4[
q@4

�+Dq, @
4[
q@4

]
[

4Dq
g� @

]
[

4[
q@4

4Dq
g�

lpsolhv wkdw
4S
q@4

4Dq
+{, ?4 iru � 0 d1h1 {= Wkdw lv wr vd| �+iDq l1r1j, @ 31

+Vhfrqg Surri1, Ri frxuvh zh pd| jlyh d vwulfwo| phdvxuh wkhruhwlf surri ri wklv
idfw=

�+Dq l1r1, @ olp
Q$4

�

3C ^
q�Q

Dq

4D
� olp

Q$4

[
q�Q

�+Dq,
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dqg wkh odvw olplw lv }hur vlqfh
S4

q@4 �+Dq, ?4=

H{dpsoh 81541 Vxssrvh wkdw i 5 F+^3> 4`, dqg i � 31 Ohw �n @ i3 @ d3 ? d4 ?
� � � ? dqn @ 4j eh d vhtxhqfh ri uh�qlqj sduwlwlrqv vxfk wkdw phvk+�n, $ 3 dv
n$4= Ohw

in+{, @ i+3,4i3j .
[
�n

plq ii+{, = dn � { � dn.4j 4+dn>dn.4`+{,

wkhq in % i dv n$4 vr wkdw e| wkh prqrwrqh frqyhujhqfh wkhruhp/] 4

3

igp @ olp
n$4

] 4

3

in gp

@ olp
n$4

[
�n

plq ii+{, = dn � { � dn.4jp ++dn.4dn`,

@

] 4

3

i+{,g{

zkhuh wkh odwwhu lqwhjudo lv wkh Ulhpdqq lqwhjudo1

H{dpsoh 81551 Ohw p eh Ohehvjxh phdvxuh rq U> wkhq]
+3>4`

4

{s
gp+{, @ olp

q$4

] 4

3

4+ 4
q
>4`+{,

4

{s
gp+{,

@ olp
q$4

] 4

4
q

4

{s
g{ @ olp

q$4

{�s.4

�s. 4

����4
4@q

@

� 4
4�s li s ? 4

4 li s A 4

Li s @ 4 zh �qg]
+3>4`

4

{s
gp+{, @ olp

q$4

] 4

4
q

4

{
g{ @ olp

q$4
oq+{,m44@q @4=

H{dpsoh 81561 Ohw iuqj4q@4 eh dq hqxphudwlrq ri wkh srlqwv lq T _ ^3> 4` dqg
gh�qh

4sm{� uqm
@ 8 li { @ uq

dqg

i+{, @
4[
q@4

5�q
4sm{� uqm

=

Wkhq ] 4

3

4sm{� uqm
g{ � 7

] 4

3

i+{,g{ � 7

dqg khqfh ]
^3>4`

i+{,gp+{, � 7 ?4
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zklfk vkrzv wkdw p+i @ 4, @ 3> l1h1 wkdw i ? 4 iru doprvw hyhu| { 5 ^3> 4` dqg
wklv lpsolhv wkdw

4[
q@4

5�q
4sm{� uqm

?4 iru d1h1 {=

Wkh iroorzlqj vlpsoh ohppd zloo riwhq eh xvhixo1

Ohppd 8157 +Fkhye|vkhy*v Lqhtxdolw|,1 Vxssrvh wkdw i � 3 lv d phdvxudeoh
ixqfwlrq/ wkhq iru dq| � A 3>

�+ii � �j, � 4

�

]
[

ig�=+8144,

Surri1 Vlqfh 4ii��j � 4ii��j
4
�i � 4

�i>

�+ii � �j, @
]
[

4ii��jg� �
]
[

4ii��j
4

�
ig� � 4

�

]
[

ig�=

Sursrvlwlrq 81581 Vxssrvh wkdw i � 3 lv d phdvxudeoh ixqfwlrq1 Wkhq
U
[
ig� @

3 l� i @ 3 d1h1 Dovr li i> j � 3 duh phdvxudeoh ixqfwlrqv vxfk wkdw i � j d1h1 wkhqU
ig� � U jg�= Lq sduwlfxodu li i @ j d1h1 wkhq

U
ig� @

U
jg�=

Surri1 Li i @ 3 d1h1 dqg ! � i lv d vlpsoh ixqfwlrq wkhq ! @ 3 d1h1 Wklv lpsolhv
wkdw �+!�4+i|j,, @ 3 iru doo | A 3 dqg khqfh

U
[
!g� @ 3 dqg wkhuhiruh

U
[
ig� @ 3=

Frqyhuvho|/ li
U
ig� @ 3> ohw Hq @ ii � 4

qj1 Wkhq

3 @

]
Hq

i �
]
Hq

4

q
g� @

4

q
�+Hq,

zklfk vkrzv wkdw �+Hq, @ 3 iru doo q= Vlqfh ii A 3j @ ^Hq> zh kdyh
�+ii A 3j, �

[
q

� +Hq, @ 3>

l1h1 i @ 3 d1h1
Iru wkh vhfrqg dvvhuwlrq ohw H 5P eh d vhw vxfk wkdw �+Hf, @ 3 dqg 4Hi � 4Hj

hyhu|zkhuh1 Ehfdxvh j @ 4Hj . 4Hfj dqg 4Hfj @ 3 d1h1>]
jg� @

]
4Hjg�.

]
4Hfjg� @

]
4Hjg�

dqg vlploduo|
U
ig� @

U
4Hig�= Vlqfh 4Hi � 4Hj hyhu|zkhuh/]

ig� @

]
4Hig� �

]
4Hjg� @

]
jg�=

Fruroodu| 81591 Vxssrvh wkdw iiqj lv d vhtxhqfh ri qrq0qhjdwlyh ixqfwlrqv dqg i
lv d phdvxudeoh ixqfwlrq vxfk wkdw r� d vhw ri phdvxuh }hur/ iq % i> wkhq]

iq %
]
i dv q$4=

Surri1 Ohw H � [ vxfk wkdw �+[ q H, @ 3 dqg iq4H % i4H 1 Wkhq e| wkh
prqrwrqh frqyhujhqfh wkhruhp/]

iq @

]
iq4H %

]
i4H @

]
i dv q$4=
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Ohppd 815: +Idwrx*v Ohppd,1 Li iq = [ $ ^3>4` lv d vhtxhqfh ri phdvxudeoh
ixqfwlrqv wkhq ]

olp lqi
q$4

iq � olp lqi
q$4

]
iq

Surri1 Gh�qh jn � lqi
q�n

iq vr wkdw jn % olp lqiq$4 iq dv n$4= Vlqfh jn � iq

iru doo n � q zh kdyh ]
jn �

]
iq iru doo q � n

dqg wkhuhiruh ]
jn � olp lqi

q$4

]
iq iru doo n=

Zh pd| qrz xvh wkh prqrwrqh frqyhujhqfh wkhruhp wr ohw n$4 wr �qg]
olp lqi

q$4
iq @

]
olp
n$4

jn
PFW
@ olp

n$4

]
jn � olp lqi

q$4

]
iq=

816141 Lqwhjudov ri Frpsoh{ Ydoxhg Ixqfwlrqv1

Gh�qlwlrq 815;1 D phdvxudeoh ixqfwlrq i = U $ ^�4>4` lv lqwhjudeoh li
i. � i4ii�3j dqg i� @ �i 4ii�3j duh lqwhjudeoh1 Zh zulwh O4 iru wkh vsdfh
ri lqwhjudeoh ixqfwlrqv1 Iru i 5 O4> ohw]

ig� @

]
i.g��

]
i�g�

Uhpdun 815<1 Qrwlfh wkdw li i lv lqwhjudeoh/ wkhq

i	 � mi m � i. . i�

vr wkdw i lv lqwhjudeoh l� ]
mi m g� ?4=

Sursrvlwlrq 81631 Wkh pds

i 5 O4 $
]
[

ig� 5 U

lv olqhdu1 Dovr li i> j 5 O4 duh uhdo ydoxhg ixqfwlrqv vxfk wkdw i � j> wkh
U
ig� �U

jg�=

Surri1 Li i> j 5 O4 dqg d> e 5 U> wkhq
mdi . ejm � mdmmi m. mem mjm 5 O4=

Iru d 5 U> vd| d ? 3/

+di,. @ �di� dqg +di,� @ �di.
vr wkdw ]

di @ �d
]

i� . d

]
i. @ d+

]
i. �

]
i�, @ d

]
i=
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D vlplodu fdofxodwlrq zrunv iru d A 3 dqg wkh fdvh d @ 3 lv wulyldo vr zh kdyh vkrzq
wkdw ]

di @ d

]
i=

Qrz vhw k @ i . j= Vlqfh k @ k. � k�>

k. � k� @ i. � i� . j. � j�

ru

k. . i� . j� @ k� . i. . j.=

Wkhuhiruh/ ]
k. .

]
i� .

]
j� @

]
k� .

]
i. .

]
j.

dqg khqfh]
k @

]
k. �

]
k� @

]
i. .

]
j. �

]
i� �

]
j� @

]
i .

]
j=

Ilqdoo| li i. � i� @ i � j @ j. � j� wkhq i. . j� � j. . i� zklfk lpsolhv wkdw]
i. .

]
j� �

]
j. .

]
i�

ru htxlydohqwo| wkdw]
i @

]
i. �

]
i� �

]
j. �

]
j� @

]
j=

Gh�qlwlrq 81641 D phdvxudeoh ixqfwlrq i = [ $ F lv lqwhjudeoh li
U
[ mi m g� ?4>

djdlq zh zulwh i 5 O4= Rqh vkrzv wkdw
U mi m g� ?4 l�]

mUh i m g�.

]
mLp i m g� ?4=

Iru i 5 O4 gh�qh ]
i g� @

]
Uh i g�. l

]
Lp i g�=

Lw lv urxwlqh wr vkrz wkdw wkh lqwhjudo lv vwloo olqhdu rq wkh frpsoh{ O4 +suryh$,1

Sursrvlwlrq 81651 Vxssrvh wkdw i 5 O4> wkhq����]
[

ig�

���� � ]
[

mi mg�=

Surri1 Vwduw e| zulwlqj
U
[
i g� @ Uhl�1 Wkhq����]

[

ig�

���� @ U @ h�l�
]
[

ig� @

]
[

h�l�ig�

@

]
[

Uh
�
h�l�i

�
g�=
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Ohw j =@ Uh
�
h�l�i

�
@ j. � j� wkhq frpelqlqj wkh suhylrxv htxdwlrq zlwk wkh

iroorzlqj hvwlpdwh suryhv wkh wkhruhp1]
[

j @

]
[

j. �
]
[

j �
]
[

j. .

]
[

j�

@

]
[

j. . j� @

]
[

mjmg�

@

]
[

mUh+h�l�i,mg� �
]
[

mi mg�=

Sursrvlwlrq 81661 i> j 5 O4> wkhq

41 Wkh vhw ii 9@ 3j lv �0�qlwh/ l1h1 wkhuh h{lvwv Hq 5 P vxfk wkdw �+Hq, ? 4
dqg Hq % ii 9@ 3j=

51 Wkh iroorzlqj duh htxlydohqw
+d,

U
H
i @

U
H
j iru doo H 5P

+e,
U
[

mi � jm @ 3

+f, i @ j d1h=

Surri1 41 Wkh vhwv Hq =@ imi m � 4
qj vdwlvi| wkh frqglwlrqv lq lwhp 41 vlqfh

fohduo| Hq % ii 9@ 3j dqg e| Fkhe|vkhy*v lqhtxdolw| +8144,/

�+Hq, � 4

�

]
[

mi mg� ?4=

51 +d, @, +f,Qrwlfh wkdw]
H

i @

]
H

j /
]
H

+i � j, @ 3

iru doo H 5P1 Wdnlqj H @ iUh+i � j, A 3j dqg xvlqj 4H Uh+i � j, � 3> zh ohduq
wkdw

3 @ Uh

]
H

+i � j,g� @

]
4H Uh+i � j, @, 4H Uh+i � j, @ 3 d1h1

Wklv lpsolhv wkdw 4H @ 3 d1h1 zklfk kdsshqv l�

� +iUh+i � j, A 3j, @ �+H, @ 3=

Vlplodu �+Uh+i � j, ? 3, @ 3 vr wkdw Uh+i � j, @ 3 d1h1 Vlploduo|/ Lp+i � j, @ 3
d1h dqg khqfh i � j @ 3 d1h1/ l1h1 i @ j d1h1

+f, @, +e, lv fohdu dqg vr lv +e, @, +d, vlqfh����]
H

i �
]
H

j

���� � ] mi � jm @ 3=

Fruroodu| 81671 Vxssrvh wkdw +[>P> �, eh d phdvxuh vsdfh dqg iDqj4q@4 � P
lv d froohfwlrq ri vhwv vxfk wkdw �+Dl _Dm, @ 3 iru doo l 9@ m> wkhq

� +^4q@4Dq, @
4[
q@4

�+Dq,=
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Surri1 Vlqfh

� +^4q@4Dq, @

]
[

4^4
q@4

Dq
g� dqg

4[
q@4

�+Dq, @

]
[

4[
q@4

4Dq
g�

lw vx!fhv wr vkrz wkdw
4[
q@4

4Dq
@ 4^4

q@4
Dq

� � d1h1+8145,

Qrz
S4

q@4 4Dq
� 4^4

q@4
Dq

dqg
S4

q@4 4Dq
+{, 9@ 4^4

q@4
Dq

+{, l� { 5 Dl_Dm iru vrph
l 9@ m> wkdw lv +

{ =
4[
q@4

4Dq
+{, 9@ 4^4

q@4
Dq

+{,

,
@ ^l?mDl _Dm

dqg wkh odwhu vhw kdv phdvxuh 3 ehlqj wkh frxqwdeoh xqlrq ri vhwv ri phdvxuh }hur1
Wklv suryhv Ht1 +8145, dqg khqfh wkh fruroodu|1

Gh�qlwlrq 81681 Ohw +[>P> �, eh d phdvxuh vsdfh dqg O4+�, @ O4+[>P> �,
ghqrwh wkh vhw ri O4 ixqfwlrqv prgxor wkh htxlydohqfh uhodwlrq i � j l� i @ j d1h1
Zh pdnh wklv lqwr d qruphg vsdfh xvlqj wkh qrup

ni � jnO4 @
]
mi � jm g�

dqg lqwr d phwulf vsdfh xvlqj �4+i> j, @ ni � jnO4 =
Uhpdun 81691 Pruh jhqhudoo| zh pd| gh�qh Os+�, @ Os+[>P> �, iru s 5 ^4>4,
dv wkh vhw ri phdvxudeoh ixqfwlrqv i vxfk wkdw]

[

mi ms g� ?4
prgxor wkh htxlydohqfh uhodwlrq i � j l� i @ j d1h1

Zh zloo vhh lq Vhfwlrq : wkdw

ninOs @

�]
mi ms g�

�4@s

iru i 5 Os+�,

lv d qrup dqg +Os+�,> n�nOs, lv d Edqdfk vsdfh lq wklv qrup1

Wkhruhp 816: +Grplqdwhg Frqyhujhqfh Wkhruhp,1 Vxssrvh iq $ i d1h1 miqm �
j 5 O41 Wkhq i 5 O4 dqg ]

[

ig� @ olp
k$4

]
[

iqg�=

Surri1 Qrwlfh wkdw mi m @ olp miqm � j d1h1 vr wkdw i 5 O4= E| frqvlghulqj wkh
uhdo dqg lpdjlqdu| sduwv ri i vhsdudwho|/ lw vx!fhv wr suryh wkh wkhruhp lq wkh fdvh
zkhuh i lv uhdo1 E| Idwrx*v Ohppd/]

[

+j 	 i,g� @

]
[

olp lqi +j 	 iq,g� � olp lqi

]
[

+j 	 iq,g�

@

]
[

jg�. olp lqi

�
	
]
[

iqg�

�
=
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Vlqfh olp lqi+�dq, @ � olp vxsdq> zh kdyh vkrzq/]
[

jg�	
]
[

ig� �
]
[

jg�.

�
olp lqi

U
[ iqg�

� olp vxs
U
[ iqg�

dqg wkhuhiruh

olp vxs

]
[

iqg� �
]
[

ig� � olp lqi

]
[

iqg�=

Wklv vkrzv wkdw olp
q$4

U
[
iqg� h{lvwv dqg lv htxdo wr

U
[
ig�=

Fruroodu| 816; +Gl�huhqwldwlrq Xqghu wkh Lqwhjudo,1 Vxssrvh wkdw M � U lv dq
rshq lqwhuydo dqg i = M �[ $ F lv d ixqfwlrq vxfk wkdw

41 i+w3> �, 5 O4 iru vrph w3 5 M>

51 Ci
Cw +w> {, h{lvwv iru doo +w> {,

61 Wkhuh lv d ixqfwlrq j 5 O4 vxfk wkdw
���CiCw +w> {,��� � j+{, 5 O4=

Wkhq i+w> �, 5 O4 iru vrph w 5 M dqg

g

gw

]
[

i+w> {,g�+{, @

]
[

Ci

Cw
+w> {,g�+{,=

Surri1 +Wkh surri lv wkh vdph dv iru vxpv1, E| frqvlghulqj wkh uhdo dqg
lpdjlqdu| sduwv ri i vhsdudwho|/ zh pd| dvvxph wkdw i lv uhdo1 E| wkh phdq ydoxh
wkhruhp/

mi+w> {,� i+w3> {,m � j+{, mw� w3m iru doo w 5 M=+8146,

Lq sduwlfxodu/

mi+w> {,m � mi+w> {,� i+w3> {,m. mi+w3> {,m � j+{, mw� w3m. mi+w3> {,m
zklfk vkrzv i+w> �, 5 O4+�, iru doo w 5 M= Ohw J+w, =@

U
[
i+w> {,g�+{,> wkhq

J+w,�J+w3,

w� w3
@

]
[

i+w> {,� i+w3> {,

w� w3
g�+{,=

E| dvvxpswlrq/

olp
w$w3

i+w> {,� i+w3> {,

w� w3
@

Ci

Cw
+w> {, iru doo { 5 [

dqg e| Ht1 +8146,/����i+w> {,� i+w3> {,

w� w3

���� � j+{, iru doo w 5 M dqg { 5 [=

Wkhuhiruh/ zh p| dsso| wkh grplqdwhg frqyhujhqfh wkhruhp wr frqfoxgh

olp
q$4

J+wq,�J+w3,

wq � w3
@ olp

q$4

]
[

i+wq> {,� i+w3> {,

wq � w3
g�+{, @

]
[

olp
q$4

i+wq> {,� i+w3> {,

wq � w3
g�+{,

@

]
[

Ci

Cw
+w3> {,g�+{,

iru doo vhtxhqfhv wq 5 M q iw3j vxfk wkdw wq $ w3= Wkhuhiruh/ bJ+w3, @

olpw$w3
J+w,�J+w3,

w�w3
h{lvwv dqg

bJ+w3, @

]
[

Ci

Cw
+w3> {,g�+{,=
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8171 Phdvxudelolw| rq Frpsohwh Phdvxuh Vsdfhv1 Lq wklv vxevhfwlrq zh zloo
glvfxvv d frxsoh ri phdvxudelolw| uhvxowv frqfhuqlqj frpsohwlrqv ri phdvxuh vsdfhv1

Sursrvlwlrq 816<1 Vxssrvh wkdw +[>P> �, lv d frpsohwh phdvxuh vsdfh; dqg i =
[ $ U lv phdvxudeoh1

41 Li j = [ $ U lv d ixqfwlrq vxfk wkdw i+{, @ j+{, iru � � d1h1 {> wkhq j lv
phdvxudeoh1

51 Li iq = [ $ U duh phdvxudeoh dqg i = [ $ U lv d ixqfwlrq vxfk wkdw
olpq$4 iq @ i> � 0 d1h1/ wkhq i lv phdvxudeoh dv zhoo1

Surri1 41 Ohw H @ i{ = i+{, 9@ j+{,j zklfk lv dvvxphg wr eh lq P dqg
�+H, @ 31 Wkhq j @ 4Hfi . 4Hj vlqfh i @ j rq Hf1 Qrz 4Hfi lv phdvxudeoh vr j
zloo eh phdvxudeoh li zh vkrz 4Hj lv phdvxudeoh1 Iru wklv frqvlghu/

+4Hj,
�4+D, @

�
Hf ^ +4Hj,

�4+D q i3j, li 3 5 D
+4Hj,�4+D, li 3 95 D

+8147,

Vlqfh +4Hj,�4+E, � H li 3 95 E dqg �+H, @ 3/ lw iroorz e| frpsohwhqhvv riP wkdw
+4Hj,

�4+E, 5P li 3 95 E Wkhuhiruh Ht1 +8147, vkrzv wkdw 4Hj lv phdvxudeoh1
51 Ohw H @ i{ = olp

q$4
iq+{, 9@ i+{,j e| dvvxpswlrq H 5P dqg �+H, @ 31 Vlqfh

j � 4Hi @ olpq$4 4Hfiq/ j lv phdvxudeoh1 Ehfdxvh i @ j rq Hf dqg �+H, @ 3>
i @ j d1h1 vr e| sduw 41 i lv dovr phdvxudeoh1

Wkh deryh uhvxowv duh lq jhqhudo idovh li +[>P> �, lv qrw frpsohwh1 Iru h{dpsoh/
ohw [ @ i3> 4> 5j P @ ii3j> i4> 5j>[> !j dqg � @ �3 Wdnh j+3, @ 3> j+4, @
4> j+5, @ 5> wkhq j @ 3 d1h1 |hw j lv qrw phdvxudeoh1

Ohppd 81731 Vxssrvh wkdw +[>P> �, lv d phdvxuh vsdfh dqg �P lv wkh frpsohwlrq
ri P uhodwlyh wr � dqg �� lv wkh h{whqvlrq ri � wr �P= Wkhq d ixqfwlrq i = [ $ U

lv + �P>E @ EU, � phdvxudeoh l� wkhuh h{lvwv d ixqfwlrq j = [ $ U wkdw lv +P>E,
� phdvxudeoh vxfk H @ i{ = i+{, 9@ j+{,j 5 �P dqg �� +H, @ 3> l1h1 i+{, @ j+{, iru
�� � d1h1 {=

Surri1 Vxssrvh �uvw wkdw vxfk d ixqfwlrq j h{lvwv vr wkdw ��+H, @ 3= Vlqfh
j lv dovr + �P>E, � phdvxudeoh/ zh vhh iurp Sursrvlwlrq 816< wkdw i lv + �P>E, �
phdvxudeoh1

Frqyhuvho| li i lv + �P>E, � phdvxudeoh/ e| frqvlghulqj i	 zh pd| dvvxph wkdw
i � 3= Fkrrvh + �P>E, � phdvxudeoh vlpsoh ixqfwlrq !q � 3 vxfk wkdw !q % i dv
q$4= Zulwlqj

!q @
[

dn4Dn

zlwk Dn 5 �P> zh pd| fkrrvh En 5 P vxfk wkdw En � Dn dqg ��+Dn q En, @ 3=
Ohwwlqj

�!q =@
[

dn4En

zh kdyh surgxfhg d +P>E, � phdvxudeoh vlpsoh ixqfwlrq �!q � 3 vxfk wkdw Hq =@

i!q 9@ �!qj kdv }hur �� � phdvxuh1 Vlqfh �� +^qHq, �
S

q �� +Hq, > wkhuh h{lvwv I 5P
vxfk wkdw ^qHq � I dqg �+I , @ 3= Lw qrz iroorzv wkdw

4I �!q @ 4I!q % j =@ 4Ii dv q$4=

HUhfdoo wklv phdqv wkdw li � a f lv d vhw vxfk wkdw � a � M } dqg >E�� ' fc wkhq � M }

dv zhoo1
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Wklv vkrzv wkdw j @ 4Ii lv +P>E, � phdvxudeoh dqg wkdw ii 9@ jj � I kdv �� �
phdvxuh }hur1

8181 Frpsdulvrq ri wkh Ohehvjxh dqg wkh Ulhpdqq Lqwhjudo1 Lq wklv vhf0
wlrq/ vxssrvh �4 ? d ? e ?4 dqg i = ^d> e`$ U eh d erxqghg ixqfwlrq1 Wr hdfk
sduwlwlrq

S @ id @ w3 ? w4 ? � � � ? wq @ ej+8148,

ri ^d> e` ohw

VSi @
[

Pm+wm � wm�4,

vSi @
[

pm+wm � wm�4,

zkhuh

Pm @ vxsii+{, = wm ? { � wm�4j
pm @ lqiii+{, = wm ? { � wm�4j

dqg gh�qh wkh xsshu dqg orzhu Ulhpdqq lqwhjudov e|] e

d

i+{,g{ @ lqi
S
VSi dqg] d

e

i+{,g{ @ vxs
S

vSi

uhvshfwlyho|1

Idfw 81741 Uhfdoo wkh iroorzlqj idfw iurp wkh wkhru| ri Ulhpdqq lqwhjudov1 Wkhuh
h{lvwv d uh�qlqj vhtxhqfh ri sduwlwlrqv Sn +l1h1 wkh Sn *v duh lqfuhdvlqj, vxfk wkdw

VSni )
] e

d

i dv n$4 dqg

vSni %
] e

d

i dv n$4=

Gh�qlwlrq 81751 Wkh ixqfwlrq i lv Ulhpdqq lqwhjudeoh l�
U e
d
i @

U e
d
i dqg

zklfk fdvh wkh Ulhpdqq lqwhjudo
U e
d i lv gh�qhg wr eh wkh frpprq ydoxh=] e

d

i+{,g{ @

] e

d

i+{,g{ @

] e

d

i+{,g{=

Iru d sduwlwlrq S dv lq Ht1 +8148, ohw

JS @
q[
4

Pm4+wm�4>wm ` dqg jS @
q[
4

pm4+wm�4>wm `=

Li Sn lv d vhtxhqfh ri uh�qlqj sduwlwlrqv dv lq Idfw 8174/ wkhq JSn lv d ghfuhdvlqj
vhtxhqfh/ jSn lv dq lqfuhdvlqj vhtxhqfh dqg j

Sn
� i � JSn iru doo n= Gh�qh

J � olp
n$4

JSn dqg j � olp
n$4

jSn =+8149,
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dqg qrwlfh wkdw j � i � J= E| wkh grplqdwhg frqyhujhqfh wkhruhp/]
^d>e`

jgp @ olp
n$4

]
^d>e`

jSn @ olp
n$4

vSni @

] e

d

i+{,g{

dqg]
^d>e`

Jgp @ olp
n$4

]
^d>e`

JSn @ olp
n$4

VSni @

] e

d

i+{,g{=

Wkhuhiruh i lv Ulhpdqq lqwhjudeoh l�
U
^d>e`

J @
U
^d>e`

j l1h1 l�
U
^d>e`

J � j @ 3=

Vlqfh J � i � j wklv kdsshqv l� J @ j d1h1 Khqfh zh kdyh suryhg wkh iroorzlqj
wkhruhp1

Wkhruhp 81761 D erxqghg ixqfwlrq i = ^d> e` $ U lv Ulhpdqq lqwhjudeoh l� wkh
Eruho phdvxudeoh ixqfwlrqv j>J = ^d> e` $ U gh�qhg lq Ht1 +8149, vdwlvi| j+{, @
J+{, iru p � d1h1 { 5 ^d> e`= Pruhryhu li i lv Ulhpdqq lqwhjudeoh/ wkhq] e

d

i+{,g{ @

]
^d>e`

jgp @

]
^d>e`

Jgp=

Wkh ixqfwlrq i qhhg qrw eh Eruho phdvxudeoh exw lw lv qhfhvvdulo| Ohehvjxh phdvxu0
deoh/ l1h1 i lv O@E � phdvxudeoh zkhuh O lv wkh Ohehvjxh � � dojheud dqg E lv wkh
Eruho � � dojheud rq ^d> e`1 Li zh ohw �p ghqrwh wkh frpsohwlrq ri p> wkhq zh pd|
dovr zulwh ] e

d

i+{,g{ @

]
^d>e`

ig �p=

8191 H{huflvhv1

H{huflvh 8141 Ohw � eh d phdvxuh rq dq dojheud D � S+[,> wkhq �+D, . �+E, @
�+D ^E, . �+D _E, iru doo D>E 5 D=
H{huflvh 8151 Sureohp 45 rq s1 5:1 Ohw +[>P> �, eh d �qlwh phdvxuh vsdfh dqg
iru D>E 5 P ohw �+D>E, @ �+D�E, zkhuh D�E @ +D qE, ^ +E qD, = Gh�qh
D � E l� �+D�E, @ 3= Vkrz �� � lv dq htxlydohqfh uhodwlrq/ � lv d phwulf rq
P@ � dqg �+D, @ �+E, li D � E= Dovr vkrz wkdw � = +P@ �, $ ^3>4, lv d
frqwlqxrxv ixqfwlrq uhodwlyh wr wkh phwulf �=

H{huflvh 8161 Vxssrvh wkdw �q =P$ ^3>4` duh phdvxuhv rq P iru q 5 Q= Dovr
vxssrvh wkdw �q+D, lv lqfuhdvlqj lq q iru doo D 5 P= Suryh wkdw � = P$ ^3>4`
gh�qhg e| �+D, =@ olpq$4 �q+D, lv dovr d phdvxuh1

H{huflvh 8171 Qrz vxssrvh wkdw � lv vrph lqgh{ vhw dqg iru hdfk � 5 �> �� =
P $ ^3>4` lv d phdvxuh rq P= Gh�qh � = P $ ^3>4` e| �+D, @

S
�5� ��+D,

iru hdfk D 5P= Vkrz wkdw � lv dovr d phdvxuh1

H{huflvh 8181 Ohw +[>P> �, eh d phdvxuh vsdfh dqg � = [ $ ^3>4` eh d phdvxu0
deoh ixqfwlrq1 Iru D 5P> vhw �+D, =@

U
D
�g�=

41 Vkrz � =P$ ^3>4` lv d phdvxuh1
51 Ohw i = [ $ ^3>4` eh d phdvxudeoh ixqfwlrq/ vkrz]

[

ig� @

]
[

i�g�=+814:,

Klqw= �uvw suryh wkh uhodwlrqvkls iru fkdudfwhulvwlf ixqfwlrqv/ wkhq iru vlpsoh
ixqfwlrqv/ dqg wkhq iru jhqhudo srvlwlyh phdvxudeoh ixqfwlrqv1
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61 Vkrz wkdw i 5 O4+�, l� i� 5 O4+�, dqg li i 5 O4+�, wkhq Ht1 +814:, vwloo
krogv1

Qrwdwlrq 81771 Lw lv fxvwrpdu| wr lqirupdoo| ghvfuleh � gh�qhg lq H{huflvh 818
e| zulwlqj g� @ �g�=

H{huflvh 8191 Ohw +[>P> �, eh d phdvxuh vsdfh/ +\>I, eh d phdvxudeoh vsdfh
dqg i = [ $ \ eh d phdvxudeoh pds1 Gh�qh d ixqfwlrq � = I $ ^3>4` e|
�+D, =@ �+i�4+D,, iru doo D 5 I =

41 Vkrz � lv d phdvxuh1 +Zh zloo zulwh � @ i�� ru � @ � � i�4=,
51 Vkrz ]

\

jg� @

]
[

+j � i, g�+814;,

iru doo phdvxudeoh ixqfwlrqv j = \ $ ^3>4`= Klqw= vhh wkh klqw iurp H{huflvh
8181

61 Vkrz j 5 O4+�, l� j � i 5 O4+�, dqg wkdw Ht1 +814;, krogv iru doo j 5 O4+�,=

H{huflvh 81:1 Ohw i = U $ U eh d F40ixqfwlrq vxfk wkdw i 3+{, A 3 iru doo { 5 U
dqg olp{$	4 i+{, @ 	4= Ohw p eh Ohehvjxh phdvxuh dqg � @ i�p @ p � i�4=
Vkrz g� @ i 3gp=

H{huflvh 81;1 Ohw +[>P> �, eh d phdvxuh vsdfh dqg iDqj4q@4 �P> vkrz

�+iDq d1d1j, � olp lqi
q$4

� +Dq,

dqg li � +^p�qDp, ?4 iru vrph q> wkhq

�+iDq l1r1j, � olp vxs
q$4

� +Dq, =

H{huflvh 81<1 Vkrz

olp
q$4

] q

3

+4� {

q
,qgp+{, @ 4=

H{huflvh 8143 +Shdqr*v H{lvwhqfh Wkhruhp,1 Vxssrvh i = U � Ug $ Ug lv d
erxqghg frqwlqxrxv ixqfwlrq1 Wkhq iru hdfk W ? 4< wkhuh h{lvwv d vroxwlrq wr
wkh gl�huhqwldo htxdwlrq

b{+w, @ i+w> {+w,, iru 3 � w � W zlwk {+3, @ {3=+814<,

Gr wklv e| �oolqj lq wkh iroorzlqj rxwolqh iru wkh surri1

41 Jlyhq � A 3> vkrz wkhuh h{lvwv d xqltxh ixqfwlrq {� 5 F+^��>4,$ Ug, vxfk
wkdw {�+w, � {3 iru �� � w � 3 dqg

{�+w, @ {3 .

] w

3

i+�> {�+� � �,,g� iru doo w � 3=+8153,

Khuh] w

3

i+�> {�+� � �,,g� @

�] w

3

i4+�> {�+� � �,,g�> = = = >

] w

3

ig+�> {�+� � �,,g�

�
zkhuh i @ +i4> = = = > ig, dqg wkh lqwhjudov duh hlwkhu wkh Ohehvjxh ru wkh Ulh0
pdqq lqwhjudo vlqfh wkh| duh htxdo rq frqwlqxrxv ixqfwlrqv1

bXvlqj Fruroodu| 5914< ehorz/ zh pd| lq idfw doorz A '"�
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51 Wkhq xvh H{huflvh 616; wr vkrz wkhuh h{lvwv i�nj4n@4 � +3>4, vxfk wkdw
olpn$4 �n @ 3 dqg {�n frqyhujhv wr vrph { 5 F+^3> W `, +uhodwlyh wr wkh
vxs0qrup= n{n4 @ vxsw5^3>W ` m{+w,m, dv n$4=

61 Sdvv wr wkh olplw lq Ht1 +8153, zlwk � uhsodfhg e| �n wr vkrz { vdwlv�hv

{+w, @ {3 .

] w

3

i+�> {+�,,g� ; w 5 ^3> W `=

71 Frqfoxgh iurp wklv wkdw b{+w, h{lvwv iru w 5 +3> W , dqg wkdw { vroyhv Ht1 +814<,1

H{huflvh 81441 Iroodqg 5143 rq s17<1

H{huflvh 81451 Iroodqg 5145 rq s1 851

H{huflvh 81461 Iroodqg 5146 rq s1 851

H{huflvh 81471 Iroodqg 5147 rq s1 851

H{huflvh 81481 Jlyh h{dpsohv ri phdvxudeoh ixqfwlrqv iiqj rq U vxfk wkdw iq
ghfuhdvhv wr 3 xqlirupo| |hw

U
iqgp @ 4 iru doo q= Dovr jlyh dq h{dpsoh ri d

vhtxhqfh ri phdvxudeoh ixqfwlrqv ijqj rq ^3> 4` vxfk wkdw jq $ 3 zkloh
U
jqgp @ 4

iru doo q=

H{huflvh 81491 Iroodqg 514< rq s1 8<1

H{huflvh 814:1 Iroodqg 5153 rq s1 8<1

H{huflvh 814;1 Iroodqg 5156 rq s1 8<1

H{huflvh 814<1 Iroodqg 5159 rq s1 8<1

H{huflvh 81531 Iroodqg 515; rq s1 8<1

H{huflvh 81541 Iroodqg 5164e rq s1 931


