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Exercise 5.7. Let F : R — R be a C'-function such that F'(z) > 0 for all
z € R and lim, 1. F(z) = £oo. (Notice that F is strictly increasing so that
F~!1:R — R exists and moreover, by the implicit function theorem that F~' is a
C! - function.) Let m be Lebesgue measure on By and

v(4) =m(F(4)) = m((F) 7' (4)) = (F, 'm) (4)

for all A € Bg. Show dv = F'dm. Use this result to prove the change of variable
formula,

(5.21) /hOF-F'dm:/hdm
R R

which is valid for all Borel measurable functions h : R — [0, o).

Hint: Start by showing dv = F'dm on sets of the form A4 = (a,b] with a,b € R
and a < b. Then use the uniqueness assertions in Theorem 5.9 to conclude dv =
F'dm on all of Bg. To prove Eq. (5.21) apply Exercise 5.6 with ¢ = ho F and
f=F1



