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22. BANACH SPACES III: CALCULUS

In this section, X and Y will be Banach space and U will be an open subset of
X.

Notation 22.1 (¢, O, and o notation). Let 0 € U C, X, and f : U — Y be a
function. We will write:
(1) f(x) = e(z) if imy o || f(2)[| = 0.
(2) f(x) = O(z) if there are constants C < oo and r > 0 such that
If (@) < C|lz|| for all z € B(0,r). This is equivalent to the condition

that lim sup,_,, I\CI(TZH < 00, where
timsup 1L — i sl @)l 0 < o < ).
a0 lzll  rlo

(3) flz) =o(z) if f(z) = e(x)O(x), i.e. limy—o [[f(z)[|/]z]| = 0.
Example 22.2. Here are some examples of properties of these symbols.
(1) A function f : U C, X — Y is continuous at zg € U if f(xzg + h) =
f(zo) + €(h).
(2) If f(x) = e(z) and g(x) = e(z) then f(x) + g(z) = e(z).
Now let g : Y — Z be another function where Z is another Banach
space.
(3) I f(x) = O(x) and g(y) = o(y) then go f(x) = ox).
(4) If f(z) = e(z) and g(y) = €(y) then g o f(z) = €(x).

22.1. The Differential.

Definition 22.3. A function f:U C, X — Y is differentiable at xo + hg € U
if there exists a linear transformation A € L(X,Y) such that

(221) f(xo + h) - f($0 + ho) — Ah = O(h)

We denote A by f'(xg) or Df(xp) if it exists. As with continuity, f is differentiable
on U if f is differentiable at all points in U.

Remark 22.4. The linear transformation A in Definition 22.3 is necessarily unique.
Indeed if A; is another linear transformation such that Eq. (22.1) holds with A
replaced by Aq, then

(A = Ay)h = o(h),
ie.

A—A))h
lim sup u =0.
h—0 17|

On the other hand, by definition of the operator norm,
A—A)h

lim sup u =||A = Aq]|-

h—0 ||hH

The last two equations show that A = Aj.

Exercise 22.1. Show that a function f : (a,b) — X is a differentiable at ¢ € (a, b)
in the sense of Definition 4.6 iff it is differentiable in the sense of Definition 22.3.
Also show Df(t)v = vf(t) for all v € R.
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Example 22.5. Assume that GL(X,Y) is non-empty. Then f : GL(X,Y) —
GL(Y, X) defined by f(A) = A~ is differentiable and
f/(A)B=—-A"'BA! for all B € L(X,Y).
Indeed (by Eq. (3.13)),
fA+H) — f(A)=(A+H) ' —A'=(A(I+A'H) ' —4!

oo

=(I+ATH) AT AT =Y (AT ) AT - AT
n=0
=—AT'HAT £ > (AT H)
n=2
Since
=, 4 AP H]?
—ATTH| < ATTH|M < H—
I A7) < AT HI <
we find that

fA+ H)— f(A) = —-ATHA™ +o(H).

22.2. Product and Chain Rules. The following theorem summarizes some basic
properties of the differential.
Theorem 22.6. The differential D has the following properties:

Linearity: D is linear, i.e. D(f 4+ Ag) = Df + A\Dg.
Product Rule: If f : U C, X - Y and A : U C, X — L(X,Z) are
differentiable at xq then so is x — (Af)(x) = A(z) f(z) and

D(Af)(zo)h = (DA(z0)h) f(20) + A(z0) D f(0)h.

Chain Rule: If f : U C, X — V C, Y is differentiable at xo € U, and
9:V Co Y — Z is differentiable at yo = f(ho), then go f is differentiable
at xg and (g o f)'(zo) = g'(y0) [’ (x0)-

Converse Chain Rule: Suppose that f : U C, X —V C, Y is continuous
atxzg €U, g:V C, Y — Z is differentiable yo = f(ho), ¢'(yo) is invertible,
and g o f is differentiable at xo, then f is differentiable at x¢ and

(22.2) f'(zo) = [g' ()] (g 0 f) (w0).

Proof. For the proof of linearity, let f,g: U C, X — Y be two functions which
are differentiable at o € U and ¢ € R, then

(f +cg)(mo + h) = f(zo) + D f(zo)h + o(h) + c(g(z0) + Dg(xo)h + o(h)
= (f +cg)(wo) + (Df(z0) + cDg(x0))h + o(h),
which implies that (f + cg) is differentiable at 2y and that
D(f + cg)(zo) = Df(z0) + cDg(z0).
For item 2, we have
A(zo + h)f(zo + h) = (A(xg) + DA(z0)h + o(h))(f(z0) + f'(z0)h + o(h))
A(xo) f(0) + A(wo) f'(z0)h + [DA(z0)h] f (z0) + o(h),

which proves item 2.
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Similarly for item 3,
(g0 f)(@o+h) = g(f(x0)) + g (f(20))(f (w0 + h) = f(w0)) + o(f(xo + h) — f(z0))
= 9(f(x0)) + ¢'(f(z0))(D f(z0)wo + 0(h)) + o(f(z0o + h) — f(z0)
= 9(f(z0)) + g'(f(z0))D f(w0)h + o(h),
where in the last line we have used the fact that f(zo+h) — f(zo) = O(h) (see Eq.
(22.1)) and o(O(h)) = o(h).
Item 4. Since g is differentiable at yo = f(z0),
9(f(zo +h)) — g(f(z0)) = g'(f(0))(f(x0 + h) — f(@0)) + o(f(xo + ) — f(z0))-
And since g o f is differentiable at z,
(g0 f)(@o +h) — g(f(x0)) = (g o f) (z0)h + o(h).
Comparing these two equations shows that
fxo+h) = fzo) = g'(f(20)) " H{(g o f) (wo)h + o(h) — o(f (w0 + h) — f(z0))}
9 (f(z0))~ (g o f) (zo)h + o(h)
(22.3) 9'(f(w0)) " o(f (w0 + h) = f(x0))-

Using the continuity of f, f(xo + h) — f(z0) is close to 0 if h is close to zero, and
hence [|o(f(zo + h) — f(x0))|| < &]|f(zo + k) — f(zo)| for all h sufficiently close to
0. (We may replace % by any number o > 0 above.) Using this remark, we may
take the norm of both sides of equation (22.3) to find

— 1

1 (@o + k) = f@o)| < llg'(£(x0)) ™ (g0 £) (zo)lllIBll + o) + 5 f(wo + 1) = f(wo)
for h close to 0. Solving for || f(zo + h) — f(zo)]|| in this last equation shows that
(22.4) f(zo +h) = f(zo) = O(h).
(This is an improvement, since the continuity of f only guaranteed that f(xzo+h)—
f(zo) = e(h).) Because of Eq. (22.4), we now know that o(f(zg+h)— f(x9)) = o(h),
which combined with Eq. (22.3) shows that

f(wo +h) = f(zo) = ¢'(f(20)) " (g o f) (wo)h + o(h),
i.e. fis differentiable at zo and f'(x¢) = ¢'(f(z0)) (g o f) (x).
Corollary 22.7. Suppose that o : (a,b) — U C, X is differentiable at t € (a,b)

and f:U Co X — Y is differentiable at o(t) € U. Then f o o is differentiable at t
and

d(foo)(t)/dt = f'(a(t))o(t).
Example 22.8. Let us continue on with Example 22.5 but now let X = Y to
simplify the notation. So f: GL(X) — GL(X) is the map f(A) = A~! and
f/(A) = —LA—1RA—1, i.e. f/ = —LfRf.
where LyB = AB and RaB = AB for all A, B € L(X). As the reader may easily
check, the maps
Ae€eL(X)— La,Ra € L(L(X))
are linear and bounded. So by the chain and the product rule we find f”/(A) exists
for all A € L(X) and

f"(A)B = —LgaypRy — Ly Rpi(ay
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More explicitly

(22.5) [f"(A)B]C = AT'BAT'CA ' + A7'CA™'BA™L.

Working inductively one shows f : GL(X) — GL(X) defined by f(A) = A™1 is
.

22.3. Partial Derivatives.

Definition 22.9 (Partial or Directional Derivative). Let f : U C, X — Y be a
function, z¢ € U, and v € X. We say that f is differentiable at z in the direction v
it L{o(f(zo+tv)) =: (9yf)(z0) exists. We call (9, f)(zo) the directional or partial
derivative of f at z in the direction v.

Notice that if f is differentiable at x, then 9, f (o) exists and is equal to f’(zg)v,
see Corollary 22.7.

Proposition 22.10. Let f : U C, X — Y be a continuous function and D C X be
a dense subspace of X. Assume 0, f(x) exists for all x € U and v € D, and there
exists a continuous function A : U — L(X,Y) such that 0, f(x) = A(z)v for all
veD andx € UND. Then f € CYU,Y) and Df = A.

Proof. Let zp € U, € > 0 such that B(xg,2¢) C U and M = sup{||A(z)] : = €
B(zg,2€)} < 00*3. For x € B(zg,¢) N D and v € DN B(0,¢), by the fundamental
theorem of calculus,

(22.6)
B 1df(:n+tv) B ! B !
f(:r+v)ff(:r)—/0 Tdt—/o (&,f)(:r+tv)dt—/0 Az + tv) v dt.

For general € B(xg,e) and v € B(0,¢), choose z,, € B(zg,e) N D and v, €
D n B(0,€) such that =, — = and v,, — v. Then

1
(22.7) F@n+on) — F(zn) :/O Al +tvy) v dt

holds for all n. The left side of this last equation tends to f(z + v) — f(x) by the
continuity of f. For the right side of Eq. (22.7) we have

1 1 1
I / Az + to) v dt — / A + ton) vn dt]| < / A + 1) — Az + tvn) [[l0] dt

0 0 0

+ Mljv — v,

It now follows by the continuity of A, the fact that || A(z +tv) — A(x, +tv,) || < M,
and the dominated convergence theorem that right side of Eq. (22.7) converges to
fol Az +tv)vdt. Hence Eq. (22.6) is valid for all z € B(zg,¢) and v € B(0,¢). We
also see that

(22.8) flx+v)— f(z) — A(z)v = e(v)v,

431t should be noted well, unlike in finite dimensions closed and bounded sets need not be
compact, so it is not sufficient to choose e sufficiently small so that B(zo,2¢) C U. Here is a

counter example. Let X = H be a Hilbert space, {ex}32; be an orthonormal set. Define
f(@) =302 1 né(|lz — enl]), where ¢ is any continuous function on R such that ¢(0) = 1 and ¢
is supported in (—1,1). Notice that |en — em||? = 2 for all m # n, so that [le, — em| = V2.

Using this fact it is rather easy to check that for any zo € H, there is an € > 0 such that for all
x € B(zo,€), only one term in the sum defining f is non-zero. Hence, f is continuous. However,
flen) =n — 0o as n — oo.
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where €(v) = fol [A(x + tv) — A(z)] dt. Now

1
e < [ 1AG + 1) — A@)]dt < max A2+ t0) = Alz)

| = 0asv—0,

by the continuity of A. Thus, we have shown that f is differentiable and that
Df(z) =A(z). m

22.4. Smooth Dependence of ODE’s on Initial Conditions . In this subsec-
tion, let X be a Banach space, U C, X and J be an open interval with 0 € J.

Lemma 22.11. If Z € C(J xU, X) such that D, Z(t,x) exists for all (t,z) € JxU
and D, Z(t,z) € C(J x U, X) then Z is locally Lipschitz in x, see Definition 5.12.

Proof. Suppose I CC J and « € U. By the continuity of DZ, for every t € I
there an open neighborhood Ny of ¢ € I and ¢; > 0 such that B(z,¢;) C U and

sup{||DZ({t',2")| : (t',2") € Ny x B(z,€¢;)} < 0.
By the compactness of I, there exists a finite subset A C I such that I C Ui V.
Let €(z,I) :==min{e : t € A} and
K(x,I)=sup{||DZ(t,z")|(t,2") € I x B(z,e(z,I))} < cc.

Then by the fundamental theorem of calculus and the triangle inequality,

1
1208, 21)~ Z(t, 20) | < ( [ 192000+ s w0l ds) a1 —ao]l < K (&, I) 21—l
0

for all g, z1 € B(z,e(x,I)) andt€l. m

Theorem 22.12 (Smooth Dependence of ODE’s on Initial Conditions). Let X be
a Banach space, U C, X, Z € C(R x U, X) such that D;Z € C(R x U, X) and
¢ :D(Z) C RxX — X denote the mazimal solution operator to the ordinary
differential equation

(22.9) y(t) = Z(t,y(t)) with y(0) =z € U,

see Notation 5.15 and Theorem 5.21. Then ¢ € CY(D(Z),U), 8;D.¢(t, =) exists
and is continuous for (t,x) € D(Z) and D,¢(t,x) satisfies the linear differential
equation,

d .
(22.10) Equﬁ(t,:c) =[(DsZ) (t,¢(t,x))|Dyp(t, x) with Dyp(0,2) = Ix
forte J,.

Proof. Let zyp € U and J be an open interval such that 0 € J C J CC J,,,
Yo :=y(-,20)|s and
Oc :={y € BC(L,U) : |ly —wollx <€} Co BC(J, X).
By Lemma 22.11, Z is locally Lipschitz and therefore Theorem 5.21 is applicable.
By Eq. (5.30) of Theorem 5.21, there exists ¢ > 0 and ¢ > 0 such that G :

B(zg,0) — O, defined by G(z) = ¢(-,x)|s is continuous. By Lemma 22.13 below,
for € > 0 sufficiently small the function F : O, — BC(J, X) defined by

(22.11) Fly) =y - /O Z(t, y(8))dt.
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is C! and

(22.12) DF(y)o = v — / D, Z (k. y(t)o(t)dt.
0

By the existence and uniqueness Theorem 5.5 for linear ordinary differential
equations, DF(y) is invertible for any y € BC(J,U). By the definition of ¢,
F(G(z)) = h(x) for all z € B(zg,0) where h : X — BC(J,X) is defined by
h(z)(t) =« for all t € J, i.e. h(x) is the constant path at x. Since h is a bounded
linear map, h is smooth and Dh(z) = h for all x € X. We may now apply the
converse to the chain rule in Theorem 22.6 to conclude G € C* (B(zg,d),0) and
DG(x) = [DF(G(x))]"Dh(z) or equivalently, DF(G(x))DG(x) = h which in turn
is equivalent to

Dyo(t,x) — /0 [DZ(4(7,x)|Dpd(T,2) dr = Ix.

As usual this equation implies D, ¢(t, x) is differentiable in ¢, D, ¢(t, x) is continuous
in (t,z) and D, ¢(t, x) satisfies Eq. (22.10). m

Lemma 22.13. Continuing the notation used in the proof of Theorem 22.12 and
further let

1) = [ 2 dr fory € O
Then f € CYO.,Y) and for all y € O,

f'(y)h = /0' Do Z(1,y(T))h(r) dr =: Ayh.

Proof. Let h € Y be sufficiently small and 7 € J, then by fundamental theorem
of calculus,

1
Z(r,y(7) + h(r)) — Z(7,y(r)) = / D2 Z(7,y(r) + rh(r)) — Dy Z(r,y(r))ldr

and therefore,

(fly+h) = fly) = Ayh) () = /O [Z(7,y(7) + h(7)) = Z(7,y(7)) = D Z(7,y(7))(7) | dT

_ / dr / (D Z (7, y(7) + th(7)) — DaZ(r, y(r)]A().
0 0
Therefore,
(22.13) I(f(y+h) = fly) = Ayh)l| o < [|hllcd(R)
where
1
5(h) = / dr / dr | Do Z (7, y(r) + Th(r)) — Do Z(r,y(r)).
With the aide of Lemmas 22.11 and Lemma 5.13,
(r,7h) €[0,1] x J XY — [|D Z(7,y(7) + rh(1))]|

is bounded for small h provided € > 0 is sufficiently small. Thus it follows from the
dominated convergence theorem that d(h) — 0 as h — 0 and hence Eq. (22.13)
implies f’(y) exists and is given by A,. Similarly,

1 +h) =Wl < /J D2 Z(7,y(7) + h(7)) = Do Z(7,y(7))|| dT — 0 as h — 0
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showing f’ is continuous. m

Remark 22.14. If Z € C*(U, X), then an inductive argument shows that ¢ €
C*(D(Z),X). For example if Z € C*(U, X) then (y(t),u(t)) := (¢(t,2), D2o(t,2))
solves the ODE,

%(y(t)aw)) = Z ((y(t),u(t))) with (y(0),u(0)) = (z,Idx)
where Z is the C* — vector field defined by

Z (x,u) = (Z(z), Do Z(2)u) .
Therefore Theorem 22.12 may be applied to this equation to deduce: D2¢(t,x) and
D2¢(t,z) exist and are continuous. We may now differentiate Eq. (22.10) to find
D2¢(t,z) satisfies the ODE,
d
27020t 2) = (0D, 6(1.2) Do) (¢ 6t )| D26t ) + (D2 Z) (£, $(t, 2))| D36 (1t @)
with D2¢(0,x) = 0.

22.5. Higher Order Derivatives. As above, let f: U C, X — Y be a function.
If f is differentiable on U, then the differential Df of f is a function from U to
the Banach space L(X,Y). If the function Df : U — L(X,Y) is also differen-
tiable on U, then its differential D?f = D(Df) : U — L(X, L(X,Y)). Similarly,
D3f = D(D(Df)) : U — L(X,L(X,L(X,Y))) if the differential of D(Df) ex-
ists. In general, let £'(X,Y) = L(X,Y) and £*(X,Y) be defined inductively by
LFY(XY) = L(X, LF(X,Y)). Then (D*f)(z) € LF(X,Y) if it exists. It will be
convenient to identify the space £¥(X,Y) with the Banach space defined in the
next definition.

Definition 22.15. For k € {1,2,3,...}, let M;(X,Y) denote the set of functions
f: X¥ — Y such that
(1) Fori e {1,2,....k}, v e X — flu1,v9,...,0i-1,0,Vi41,...,0%) € Y is
linear ** for all {v;}7, C X.
(2) The norm || f| ar,(x,y) should be finite, where

|‘f<U1,’U2,...,U}g>||Y k
£l a2, (x.y) = sup{ Hwidizg € X\ {0}}
S oalllfoall- o]~ =

Lemma 22.16. There are linear operators ji : LF(X,Y) — My(X,Y) defined in-
ductively as follows: j1 = Idp(x yy (notice that M1(X,Y) = LY(X,Y) = L(X,Y))
and

(Jr+14){vo, v1, ..., v5) = (Je(Avo)){v1,v2,...,05) Yv; € X.
(Notice that Avg € L¥(X,Y).) Moreover, the maps jj are isometric isomorphisms.

Proof. To get a feeling for what ji is let us write out j and j3 explicitly. If A €
L2(X,Y) = L(X, L(X,Y)), then (jaA){v1,v2) = (Avi)vg and if A € L3(X,Y) =
L(X,L(X,L(X,Y))), (jsA){(v1,ve,v3) = ((Avy)va)vs for all v; € X.

It is easily checked that jj is linear for all k. We will now show by induction that
jk is an isometry and in particular that ji is injective. Clearly this is true if £k =1
since j; is the identity map. For A € L;F1(X,Y),

441 will routinely write f(vi,vg,...,v)) rather than f(vi,va,...,v;) when the function f
depends on each of variables linearly, i.e. f is a multi-linear function.
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(.jk(AUO))<U17’UQa"'7Uk>||Y k
Avitizo € X\ {0}}

lvollllva l[vall - - - vkl 0

(A
Il (Gk (Avo)) laz,, (x,v) v € X\ {01}

[|vol|

B | Avoll zx (x,v)
= S

= Al cx,cex,vy) = 1Al zer1x,vys

‘ |
||jk+1AHMk+1(X7Y) = sup{

= supq

Svp € X\ {01

wherein the second to last inequality we have used the induction hypothesis. This
shows that jiy1 is an isometry provided ji is an isometry.

To finish the proof it suffices to shows that j; is surjective for all k. Again this is
true for k = 1. Suppose that jj, is invertible for some k& > 1. Given f € My 1(X,Y)
we must produce A € LFFH(XY) = L(X, £¥(X,Y)) such that jz 14 = f. If such
an equation is to hold, then for vy € X, we would have ji(Avg) = f(vg,---). That
is Avg = ji '(f(vo,---)). It is easily checked that A so defined is linear, bounded,
and jp+1A=f ®

From now on we will identify £* with M}, without further mention. In particular,
we will view D¥ f as function on U with values in M (X,Y).

Theorem 22.17 (Differentiability). Suppose k € {1,2,...} and D is a dense
subspace of X, f : U Co X — Y is a function such that (Oy, Oy, - Oy, f)(T)
exists for all z € DNU, {v;}}_, € D, and | = 1,2,...k. Further assume
there exists continuous functions A; : U C, X — M(X,Y) such that such
that (8y,0vy = Ou, f)(x) = Aj(z)(v1,02,...,v) for all z € DNU, {v;}\_, C D,
and 1 = 1,2,...k. Then D'f(x) exists and is equal to A;(x) for all x € U and
I=1,2,... k.

Proof. We will prove the theorem by induction on k. We have already proved
the theorem when k& = 1, see Proposition 22.10. Now suppose that £ > 1 and that
the statement of the theorem holds when k is replaced by & — 1. Hence we know
that D' f(x) = Aj(z) for all x € U and [ = 1,2,...,k — 1. We are also given that

(22.14)  (0y,Opy + -+ Oy, [)(x) = Ap(x){v1,v2,...,05) Yz e UND,{v;} CD.

Now we may write (Oy, -0y, f)(z) as (DF¥1f)(x)(ve,vs,...,v,) so that Eq.
(22.14) may be written as
(22.15)

Dy, (DF7L ) () (2, v3, .. ., 01)) = Ap(x)(v1,v0,...,v,) Vo € UND,{v} C D.

So by the fundamental theorem of calculus, we have that
(22.16)

1
((Dk_lf)(x+vl)_(Dk_lf)(x))@)%viia~~'7vk>:/O Ak(x+tvl)<vlvaa~"7vk>dt

for all z € U N D and {v;} C D with v; sufficiently small. By the same argument
given in the proof of Proposition 22.10, Eq. (22.16) remains valid for all z € U and
{v;} € X with vy sufficiently small. We may write this last equation alternatively
as,

(22.17) (D" f) (@ +v1) — (DFLf)(2) = /O Ag(z + tvy ) (v, ---) dt.
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Hence
1
(D) (@401) —(DF 1) (@) = Ag(@)(vr, -+ ) = /0 [Ar(z+tvr) — Ag(z)| (v, - -+ ) dt
from which we get the estimate,
(22.18) I(D* 1 f) (@ + 1) = (D1 f) (@) = Ap(a)(vr, )| < e(vr) o]

where €(vy) = fol |Ak(z + tvy) — Ag(z)|| dt. Notice by the continuity of Ay that
€(vy) — 0 as v; — 0. Thus it follow from Eq. (22.18) that D*~!f is differentiable
and that (D*f)(z) = Ap(z). =

Example 22.18. Let f: L*(X,Y) — L*(Y, X) be defined by f(A) = A~1. We
assume that L*(X,Y") is not empty. Then f is infinitely differentiable and
(22.19)

(DFFY(A) VA, Vo, Vi) = (1) AB Vo) B Vo) B ™'+ B~V B},

where sum is over all permutations of o of {1,2,...,k}.

Let me check Eq. (22.19) in the case that k& = 2. Notice that we have already
shown that (dv, f)(B) = Df(B)V; = —B~ 'V, B~1. Using the product rule we find
that

(8v,0v, f)(B) = B-WVoB 'WiB™' + BV B, B~ =: Ay(B)(V1, Va).

Notice that || A2(B)(V1, Va)|| < 2[|B~**[[Va|-[|V2[, so that [ Ax(B)]| < 2||B~*|* <
0o. Hence Ay : L*(X,Y) — My (L(X,Y), L(Y, X)). Also

1(A2(B) — A5(C))(Vi, Va)|| < 2| B~ VaB~'Vi B~ — c~ 'V ' Vi
<2|B'W,B'ViB~' = BT, BTWVCT|
+2|B"'WaB~'ViCT! - BT WCT VY|
+2|BTVCTTCT! - CTTCTITRCT|
<2[BHP IVl IVl B~ = C7H|
+ 2B HllC Vel B~ = |
+2lCH PV VAl BT = ¢
This shows that
[42(B) — A2(C)|| < 2|B~ = CH{IBTH* + [ BTHIIICTH + lC7H]1%}-

Since B — B! is differentiable and hence continuous, it follows that A(B) is
also continuous in B. Hence by Theorem 22.17 D? f(A) exists and is given as in Eq.
(22.19)

Example 22.19. Suppose that f : R — R is a C°- function and
F(z) = [ f(z(t))dt for z € X = C([0,1],R) equipped with the norm ||z|| =
maxyeo,1) |2(t)]. Then F': X — R is also infinitely differentiable and

1
(22.20) (DFF)(x)(v1, v, ..., v) = /O FEN (@) vr(t) - - vp(t) dt,

for all z € X and {v;} C X.
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To verify this example, notice that

(8F)()——|0F(x+sv —|0/ F@(t) + sv(t)) dt

=/ o () + su(t)) di = /f

Similar computations show that

(00,0, - - Do f)(x /f ) v(t) dE = A (2) (o, Vs, ).

Now for z,y € X,

[ Ak () (v1, 02,y k) = A (y) (V1,025 op)| < /0 P (@ (0)) = P @) - for(t) - vu(t) |dt

k 1
< Tl | 119) - f9

which shows that

1Ak (z) = Ar(v)l S/O |78 (1)) = 9 (y(0)lde.

This last expression is easily seen to go to zero as y — z in X. Hence Ay is
continuous. Thus we may apply Theorem 22.17 to conclude that Eq. (22.20) is
valid.

22.6. Contraction Mapping Principle.

Theorem 22.20. Suppose that (X, p) is a complete metric space and S : X — X
is a contraction, i.e. there exists a € (0,1) such that p(S(x),S(y)) < ap(z,y) for
all z,y € X. Then S has a unique fixed point in X, i.e. there exists a unique point
x € X such that S(z) =

Proof. For uniqueness suppose that z and z’ are two fixed points of .S, then

p(z, ') = p(S(x), S(a)) < ap(x, z’).

Therefore (1 — a)p(z, ") < 0 which implies that p(z,z’) = 0 since 1 — a > 0. Thus
/!
x=ua.

For existence, let g € X be any point in X and define z,, € X inductively by
ZTpy1 = S(xy,) for n > 0. We will show that 2 = lim,,_, o @, exists in X and because
S is continuous this will imply,

= lim zp41 = lim S(z,) =S5(lim z,)=5(x),
n—oo n—oo n—oo
showing z is a fixed point of S.

So to finish the proof, because X is complete, it suffices to show {z,,}5; is a

Cauchy sequence in X. An easy inductive computation shows, for n > 0, that

P(Tnt1,2n) = p(S(xn), S(2n-1)) < ap(®n, Tn_1) < -+ < a"p(z1,20).

Another inductive argument using the triangle inequality shows, for m > n, that,

p(xmvmn) < p(xmvxm—l) +p(xm—1axn) <...< Z P(l’k-i-l,xk)-
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Combining the last two inequalities gives (using again that a € (0, 1)),

an

11—«

m—1 o)
n
(T, n) < 5 ok p(z1,20) < p(w1,70) E ol = p(a1, 30)
k=n =0

This last equation shows that p(xm,,z,) — 0 as m,n — oo, i.e. {2,}22, is a
Cauchy sequence. ®

Corollary 22.21 (Contraction Mapping Principle II). Suppose that (X, p) is a
complete metric space and S : X — X is a continuous map such that S is a
contraction for some n € N. Here

n times

e N ——
S =8680...08

and we are assuming there exists o € (0,1) such that p(S™ (z), S™ (y)) < ap(x,y)
for all x,y € X. Then S has a unique fized point in X.

Proof. Let T = S™, then T : X — X is a contraction and hence T has a
unique fixed point = € X. Since any fixed point of S is also a fixed point of T, we
see if S has a fixed point then it must be x. Now

T(S(2)) = S™(S(x)) = S(5™ () = S(T(2)) = S(a),

which shows that S(z) is also a fixed point of T. Since T" has only one fixed point,
we must have that S(z) = z. So we have shown that x is a fixed point of S and
this fixed point is unique. ®

Lemma 22.22. Suppose that (X, p) is a complete metric space, n € N, Z is a
topological space, and o € (0,1). Suppose for each z € Z there is a map S, : X — X
with the following properties:

Contraction property: p(Sgn) (z), Sé”)(y)) < ap(z,y) for all z,y € X and
z€Z.

Continuity in z: For each x € X the map z € Z — S,(z) € X is conlinu-
ous.

By Corollary 22.21 above, for each z € Z there is a unique fized point G(z) € X
of S,.

Conclusion: The map G : Z — X is continuous.
Proof. Let T, = S". If z,w € Z, then
p(G(2),G(w)) = p(T=(G(2)), Tw(G(w)))

)
< p(T=(G(2), Tw(G(2))) + p(Tw(G(2)), Tw(G(w)))
< p(TL(G(2), Tw(G(2))) + ap(G(z), G(w)).

Solving this inequality for p(G(z), G(w)) gives

p(G(=),Gw)) < T p(T-(G(2), TulG(2))).

Since w — T,,(G(%)) is continuous it follows from the above equation that G(w) —
G(z) as w — z, i.e. G is continuous. m
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22.7. Inverse and Implicit Function Theorems. In this section, let X be a
Banach space, U C X be an open set, and F' : U — X and ¢ : U — X be
continuous functions. Question: under what conditions on € is F(z) := x + €(x)
a homeomorphism from By(d) to F(By(d)) for some small § > 07 Let’s start by
looking at the one dimensional case first. So for the moment assume that X = R,
U= (-1,1),and € : U — R is C. Then F will be one to one iff F' is monotonic.
This will be the case, for example, if F/ = 1+ ¢’ > 0. This in turn is guaranteed
by assuming that |¢/| < a < 1. (This last condition makes sense on a Banach space
whereas assuming 1 4 € > 0 is not as easily interpreted.)

Lemma 22.23. Suppose that U = B = B(0,7) (r > 0) is a ball in X and € : B
— X is a C" function such that ||De|| < o < oo on U. Then for all z,y € U we
have:

(22.21) le(z) — ()l < allz -y

Proof. By the fundamental theorem of calculus and the chain rule:
1
d
(0) cla) = | Gpelo+tly~2)ds
o dt

1
_ /0 (De(z + t(y — 2))](y — )dt.

Therefore, by the triangle inequality and the assumption that || De(x)|| < a on B,

le(y) — (@) S/O [De(z + t(y — x))lldt - [[(y — 2)|| < el (y — ).
|

Remark 22.24. Tt is easily checked that if € : B = B(0,r) — X is C! and satisfies
(22.21) then || De|| < « on B.

Using the above remark and the analogy to the one dimensional example, one is
lead to the following proposition.

Proposition 22.25. Suppose that U = B = B(0,r) (r > 0) is a ball in X, a €
(0,1), € : U — X is continuous, F(z) =z + e(x) for x € U, and € satisfies:
(22.22) le(z) —e)ll < allz =yl Va,y € B.
Then F(B) is open in X and F : B — V := F(B) is a homeomorphism.
Proof. First notice from (22.22) that
lz —yll = [(F(z) = F(y)) — (e(z) — e(y))|

< |[F(z) = Fy)ll + lle(z) — e(y)l

< |[[F(z) = F)ll + afl(z -yl
from which it follows that ||z —y|| < (1 — «)7Y|F(z) — F(y)||. Thus F is injective
on B. Let V = F(B) and G = F~! : V — B denote the inverse function which
exists since I is injective.

We will now show that V is open. For this let 2y € B and zp = F(xg) =
2o + €(xg) € V. We wish to show for z close to zo that there is an € B such that
F(z) = z+¢€(x) = z or equivalently x = z — e(z). Set S, (z) = z — e(x), then we are
looking for z € B such that z = S,(x), i.e. we want to find a fixed point of S,. We
will show that such a fixed point exists by using the contraction mapping theorem.
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Step 1. S, is contractive for all z € X. In fact for x,y € B,
(22.23) 19:(x) = S=(y)]| = lle(z) — )| < allz —yl.

Step 2. For any 6 > 0 such the C = B(zg,d) C B and z € X such that
Iz = z0]] < (1 — @)d, we have S,(C) C C. Indeed, let € C and compute:

[52(z) — zoll = [|S=(x) — Sz, (o)l
= ||z — e(z) — (20 — €(z0)) |
= ||z — 20 — (e(z) — e(z0))|
< Iz = zoll + allz — 0|
<(l-a)d+ad=".

wherein we have used zp = F(z) and (22.22).

Since C is a closed subset of a Banach space X, we may apply the contraction
mapping principle, Theorem 22.20 and Lemma 22.22, to S, to show there is a
continuous function G : B(zp, (1 — «)d) — C such that

G(2) = 5.(G(2)) = = — e(G(2)) = = — F(G(2)) + G(2),

i.e. F(G(z)) = z. This shows that B(z, (1 — a)d) C F(C) C F(B) = V. That is
2o is in the interior of V. Since F_1|B(ZO7(1_Q)5) is necessarily equal to G which is
continuous, we have also shown that F~! is continuous in a neighborhood of z.
Since zg € V was arbitrary, we have shown that V is open and that F~!:V — U
is continuous. ®

Theorem 22.26 (Inverse Function Theorem). Suppose X and Y are Banach
spaces, U C, X, f € C*F(U — X) with k > 1, zg € U and Df(zo) is invert-
ible. Then there is a ball B = B(xzg,r) in U centered at xo such that

(1) V = f(B) is open,

(2) flg: B —V is a homeomorphism,

(3) 9= (fl)~" € C*(V, B) and

(22.24) g ) = (gw)]" forallyeV.

Proof. Define F(z) = [Df(x0)] ' f(z + x0) and e(z) = z — F(x) € X for
z € (U — o). Notice that 0 € U — zo, DF(0) = I, and that De(0) = I —1 = 0.
Choose 7 > 0 such that B = B(0,7) C U — z¢ and || De(z)|| < & for z € B. By

Lemma 22.23, e satisfies (22.23) with o = 1/2. By Proposition 22.25, F'(B) is open
and F|z: B — F(B) is a homeomorphism. Let G = F|§1 which we know to be a

continuous map from F(B) — B.

Since || De(z)|| < 1/2 for & € B, DF(z) = I + De(z) is invertible, see Corollary
3.70. Since H(z) = z is C' and H = F o G on F(B), it follows from the converse
to the chain rule, Theorem 22.6, that G is differentiable and

DG(z) = [DF(G(2))]"'DH(z) = [DF(G(2))] ™"
Since G, DF, and the map A € GL(X) — A~! € GL(X) are all continuous maps,

(see Example 22.5) the map z € F(B) — DG(z) € L(X) is also continuous, i.e. G
is C*.

Let B = B+ xg = B(xg,r) C U. Since f(z) = [Df(xo)|F(x —x9) and D f(zg) is
invertible (hence an open mapping), V := f(B) = [Df(xo)]F(B) is open in X. It
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is also easily checked that f|]_31 exists and is given by

(22.25) fI5' () = 20 + G([Df (x0)] " 'y)

for y € V = f(B). This shows that f|z : B — V is a homeomorphism and it follows
from (22.25) that g = (f|p)~! € C(V, B). Eq. (22.24) now follows from the chain
rule and the fact that

fog(ly) =y forall y e B.
Since f' € C*1(B,L(X)) and i(A) := A~! is a smooth map by Example 22.18,
g =ioflogisClifk > 2, ie. gisC?if k> 2. Again using ¢’ = io f’ o g, we may
conclude ¢’ is C? if k > 3, i.e. g is C3 if k > 3. Continuing bootstrapping our way
up we eventually learn g = (f|g)~! € C¥(V,B) if fis C*. m

Theorem 22.27 (Implicit Function Theorem). Now suppose that X, Y, and W
are three Banach spaces, k > 1, A C X x Y is an open set, (zo,y0) i$ a
point in A, and f : A — W is a C* — map such f(xg,y0) = 0. Assume that
Dy f(zo,y0) = D(f(zo,-))(yo) : Y — W is a bounded invertible linear transforma-
tion. Then there is an open neighborhood Uy of xg in X such that for all connected
open neighborhoods U of xy contained in Uy, there is a unique continuous function
u:U =Y such that u(zo) = Yo, (z,u(x)) € A and f(z,u(x)) =0 for all x € U.
Moreover u is necessarily C* and

(22.26) Du(z) = —Dof(z,u(z)) ' Dy f(z,u(x)) for all x € U.

Proof. Proof of 22.27. By replacing f by (z,y) — Da2f(x0,vy0) ' f(z,y) if
necessary, we may assume with out loss of generality that W =Y and Ds f(x,y0) =
Iy. Define F': A — X xY by F(z,y) = (z, f(z,y)) for all (x,y) € A. Notice that

| I Dif(x,y)
DF(z,y) = [ 0 Dgf(x,z) ]

which is invertible iff Dy f(z,y) is invertible and if Do f(x,y) is invertible then

DF(JJ,y)_l — I: é _leéa;’f:‘g()f;{f(f,y>il :l .

Since Ds f(zg,yo) = I is invertible, the implicit function theorem guarantees that
there exists a neighborhood Uy of z¢ and Vj of yg such that Uy x Vo C A, F(Up x V)
is open in X x Y, F|,xv,) has a C*-inverse which we call F~!. Let m(z,y) =y
for all (z,y) € X x Y and define C*¥ — function ug on Uy by ug(x) = ma 0 F~1(x,0).
Since F~1(x,0) = (Z,uo(z)) iff (x,0) = F(Z,uo(z)) = (T, f(Z,uo(x))), it follows
that z = 7 and f(z,uo(z)) = 0. Thus (z,ue(z)) = F~1(x,0) € Uy x Vo C A and
f(z,up(z)) = 0 for all z € Uy. Moreover, ug is C* being the composition of the C*—
functions, x — (x,0), F~1, and . So if U C Uy is a connected set containing xq,
we may define u = wug|y to show the existence of the functions u as described in
the statement of the theorem. The only statement left to prove is the uniqueness
of such a function wu.

Suppose that u; : U — Y is another continuous function such that w;(x0) = yo,
and (z,u1(z)) € A and f(z,uq(z)) =0 for all x € U. Let

O={zeUlu(z) =ui(x)} = {z € Ulu(z) = ui(x)}.

Clearly O is a (relatively) closed subset of U which is not empty since xzg € O.
Because U is connected, if we show that O is also an open set we will have shown
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that O = U or equivalently that u; = wg on U. So suppose that x € O, i.e.
uo(z) = ui(x). For & near z € U,

(22.27) 0=0-0= f(Z,uo(Z)) — f(T,u1(T)) = R(Z)(u1(ZT) — uo(7))
where

1
(22.28) R(%) = /0 Dy f((Z, uo(Z) + t(u1(Z) — uo(Z)))dt.

From Eq. (22.28) and the continuity of ug and u, limz_., R(Z) = Daf(z,up(z))
which is invertible!®. Thus R(Z) is invertible for all Z sufficiently close to z. Using
Eq. (22.27), this last remark implies that u1(Z) = uo(Z) for all Z sufficiently close
to z. Since x € O was arbitrary, we have shown that O is open. m

22.8. More on the Inverse Function Theorem. In this section X and Y will
denote two Banach spaces, U C, X, k > 1, and f € C¥(U,Y). Suppose zo € U,
h € X, and f'(xg) is invertible, then
f(@o +h) = f(zo) = f'(xo)h + o(h) = f'(x0) [+ €(h)]
where
e(h) = f'(w0) " [f (w0 + h) — f(z0)] — h = o(h).

In fact by the fundamental theorem of calculus,

e(h) = /0 (' (@0) ™" f (w0 + th) — I) hdt

but we will not use this here.
Let h,h/ € BX(0,R) and apply the fundamental theorem of calculus to ¢ —
f(zo + t(h — h)) to conclude

e(h') = e(h) = f'(x0) ™" [f(wo + ') = f(wo + h)] = (b = h)

= [ () s o =y~ 1yt ¢~ .

Taking norms of this equation gives

kmw—dM|sLAHf@@*f@m+ww—h»—1wﬂnw—hHSaWﬂ—w
where

22.29 = Nxo)  f(x) = T )
( ) a weBSXU(I;mR)Hf(iEo) f'(x) HL(X)

We summarize these comments in the following lemma.

Lemma 22.28. Suppose zo € U, R > 0, f : BX(29,R) — Y be a C' — function
such that f'(zg) is invertible, a is as in Eq. (22.29) and € € C* (BX(0,R), X) is
defined by

(22.30) f(@o+h) = f(zo) + ['(x0) (b + e(h)).
Then
(22.31) le(h') —e(h)|| < a||W — h|| for all b,k € BX(0,R).

45Notice that DF(x,uo(z)) is invertible for all z € Ug since F|y,x v, has a C1 inverse. There-
fore Dy f(x,uo(z)) is also invertible for all z € Up.
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Furthermore if o < 1 (which may be achieved by shrinking R if necessary) then
f'(z) is invertible for all x € BX(z¢, R) and

(22.32) sup  ||f'(x)

-1 —1
2€BX (z0,R) HL(YX) “1-a Hf HL(Y,X)'

Proof. It only remains to prove Eq. (22.32), so suppose now that o < 1. Then
by Proposition 3.69 f’(zo)~!f/(x) is invertible and

#0777 <
Since f'(x) = f'(x0) [f’(xo)*lf'(:r)] this implies f/(x) is invertible and

1
— for all 2 € B (z¢, R).

/()7 = H [/ (o) f' () H T [|f(wo)™"| for all 2 € BY (o, R).
|

Theorem 22.29 (Inverse Function Theorem). Suppose U C, X, k > 1 and f €
Ck(U,Y) such that f'(z) is invertible for all x € U. Then:
(1) f:U =Y is an open mapping, in particular V := f(U) C, Y.
(2) If f is injective, then f~1:V — U is also a C* — map and
_ _ —1
) =[G W) foralyeV.
(3) If ko € U and R > 0 such that BX(acO,R) c U and

sup Hf zo) L f (z I||—a<1
z€BX (z9,R

(which may always be achieved by taking R sufficiently small by continuity
of f'(x)) then f|px(uy.r) : B (x0,R) — f(BX(x0,R)) is invertible and
FI5% oy * F (BX (20, R)) — B (x0, R) is C*.

(4) Keeping the same hypothesis as in item 3. and letting yo = f(zo) € Y,

F(B* (z0,7)) € BY (yo. I f' (wo) || (1 + )r) for all v < R

and
BY(Z/C? )Cf(BX<£L'()7 1—Oé ||f IH(S))
for all 6 < 6(zo) == (1—a) R/ || [

.’EO 1”

Proof. Let zp and R > 0 be as in item 3. above and € be as defined in Eq.
(22.30) above, so that for =, 2’ € BX(xg, R),

f(@) = f(wo) + f' (o) [(x — @0) + €(x — x0)] and
f@') = f(xo) + f'(wo) [(&" — o) + (2 — w0)] -
Subtracting these two equations implies
f@) = f(z) = f'(z0) [2" — 2+ e(2’ — 20) — €(z — 20)]
or equivalently
¥ =@ = ['(w) @) — J(@)] + (@ — x0) — (&’ — x0).
Taking norms of this equation and making use of Lemma 22.28 implies

2" = 2|l < [|f(wo) M1 (2") = f(2)]| + |l — ]
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which implies

f

-1
(22.33) lz" — x| < H H I f(@") — f(z)|| for all x,2" € BX(x0, R).

This shows that f|BX(xO7R) is injective and that f|1_3%<(z0 RS (BX(z0,R)) —

BX(z¢, R) is Lipschitz continuous because

M Ily' = yl| for all y,y’" € f (B (w0, R)).

Since x¢p € X was chosen arbitrarily, 1f we know f: U — Y is injective, we then
know that f=1: V = f(U) — U is necessarily continuous. The remaining assertions
of the theorem now follow from the converse to the chain rule in Theorem 22.6 and
the fact that f is an open mapping (as we shall now show) so that in particular
f (BX(z0, R)) is open.

Let y € BY(0,6), with 6 to be determined later, we wish to solve the equation,
for z € BX(0, R),

f(xo) +y = f(wo +a) = fwo) + [ (w0) (v + €(x)) .
Equivalently we are trying to find z € BX(0, R) such that
@ = f'(w0) "y — e(x) = Sy (2).
Now using Lemma 22.28 and the fact that €(0) = 0,
18y (@)l < [|£(zo) " yl| + lle() | < || (zo) ™ || Iyl + e[l

< Hf/(xo)71|| 0+ aR.

Therefore if we assume ¢ is chosen so that
||f’(:ro)71|| d+aR<R,ie d<(1—a)R/ ||f/($0)—1|| = 0(x0),
then S, : BX(0, R) — BX(0,R) c BX(0, R).
Similarly by Lemma 22.28, for all z,z € BX(0, R),
15y (x) = Sy ()] = lle(2) — e(@)|| < ||z — 2]

which shows S, is a contraction on BX (0, R). Hence by the contraction mapping
principle in Theorem 22.20, for every y € BY (0,4) there exits a unique solution
z € BX(0, R) such that x = S, (z) or equivalently

f(zo+x) = f(z0) +y.

Letting yo = f(xo), this last statement implies there exists a unique function g :
BY (y0,0(x0)) — B*(xo, R) such that f(g(y)) = y € B (yo,d(xo)). From Eq.
(22.33) it follows that

Hf‘é}((zo,R)(y>_f‘§X(10R H

ll9(y) — zoll = [lg(y) — g(yo)|

< 17t

L (9w~ stgtun = 1L

T ly —yoll -

This shows
9(BY (40,8)) € B (w0, (1 = )" || ' (x0) ]| 9)

and therefore

B (40,6) = f ((B" (90,0))) < f (B (wo, (1 = ) ™" [ /o) "] 8))
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for all 6 < 0(zo).
This last assertion implies f(zg) € f(W)° for any W C, U with g € W. Since
xg € U was arbitrary, this shows f is an open mapping. ®

22.8.1. Alternate construction of g. Suppose U C, X and f : U — Y is a C? —
function. Then we are looking for a function g(y) such that f(g(y)) = y. Fix an
xo € U and yo = f(xp) € Y. Suppose such a g exists and let z(t) = g(yo + th) for
some h € Y. Then differentiating f(x(t)) = yo + th implies

d .

2 /@) = fi(z(@)2(t) = h
or equivalently that
(22.34) z(t) = [f'(x(t))T1 h = Z(h,z(t)) with (0) = zq
where Z(h,z) = [f'(z(t))] " h. Conversely if z solves Eq. (22.34) we have
4 f(x(t)) = h and hence that

f@(1) =yo+h.
Thus if we define
9(yo + 1) := e#") (),

then f(g(yo + h)) = yo + h for all h sufficiently small. This shows f is an open
mapping.

22.9. Applications. A detailed discussion of the inverse function theorem on Ba-
nach and Fréchet spaces may be found in Richard Hamilton’s, “The Inverse Func-
tion Theorem of Nash and Moser.” The applications in this section are taken from
this paper.

Theorem 22.30 (Hamilton’s Theorem on p. 110.). Let p : U := (a,b) — V :=
(¢c,d) be a smooth function with p’ > 0 on (a,b). For every g € C2(R, (¢, d)) there
exists a unique function y € CS2(R, (a,b)) such that

(1) +p(y(1)) = g(t)-
Proof. Let V :=CY (R, (¢,d)) C, C9_(R,R) and
U= {y €C3 (R,R):a<y(t)<band c < y(t) + p(y(t)) < d for all t} Co C3.(R, (a,b)).
The proof will be completed by showing P : U — V defined by
P(y)(t) = y(t) + p(y(t)) for y € U and t € R
is bijective. )
Step 1. The differential of P is given by P/(y)h = h + p'(y)h, see Exercise

22.7. We will now show that the linear mapping P'(y) is invertible. Indeed let
f=1p'(y) >0, then the general solution to the Eq. h + fh = k is given by

t
h(t):e_.fotf(T)dThO+/ eI F@ s ()
0

where hg is a constant. We wish to choose hg so that h(27) = hy, i.e. so that

2
h() (1 - e_c(f)) = / e_.[: f(s)dsk:(T)dT
0
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where
27

c(f) = f(r)dr :/o ﬂp'(y(r))dT > 0.

0

The unique solution h € C3_(R,R) to P'(y)h = k is given by

-1 2m t
h(t) = (1 - e_c(f)> e~ o f(T)dT/O eI f(s)dsk(T)dT+/ e [ s k() dr

0
-1 i 27 " t ”
= (1 - efc(f)) e~ Jo f(s)ds/ e~ I I (rydr +/ e I 1&g (1) dr.
0 0

Therefore P’(y) is invertible for all y. Hence by the implicit function theorem,
P:U — Visan open mapping which is locally invertible.

Step 2. Let us now prove P : U — V is injective. For this suppose y1,y2 € U
such that P(y;) = g = P(y2) and let z = y5 — y;. Since

2(t) + p(y2(t) — p(ya(t)) = g(t) — g(t) =0,

if t,,, € R is point where z(t,,) takes on its maximum, then 2(¢,,) = 0 and hence

P(y2(tm)) — p(y1(tm)) = 0.

Since p is increasing this implies y2(t.,) = y1(tm) and hence z(t,,,) = 0. This shows
z(t) < 0 for all ¢ and a similar argument using a minimizer of z shows z(t) > 0 for
all . So we conclude y; = ys.

Step 3. Let W := P(U), we wish to show W = V. By step 1., we know W is
an open subset of V and since V is connected, to finish the proof it bufﬁceb to show
W is relatively closed in V. So suppose y; € U such that gj == P(y;) — g € V.
We must now show g € W, i.e. ¢ = P(y) for some y € W. If ¢,,, is a maximizer of
yj, then y;(t,,) = 0 and hence g;(tn,) = p(y;(tm)) < d and therefore y;(t,,) < b
because p is increasing. A similar argument works for the minimizers then allows us
to conclude ran(poy;) C ran(g;) CC (c,d) for all j. Since g; is converging uniformly
to g, there exists ¢ < 7 < § < d such that ran(p o y;) C ran(g;) C [v,¢] for all j.
Again since p’ > 0,

ran(y;) C p~" ([7,4]) = [a, 8] CC (a,b) for all j.
In particular sup {|y;(¢)| : t € R and j} < oo since
(22.35) 9;(t) = 9;(t) = p(y; (1)) € [v,] = [, ]

which is a compact subset of R. The Ascoli-Arzela Theorem 3.59 now allows us to
assume, by passing to a subsequence if necessary, that y; is converging uniformly
to y € CY (R, [a, B]). It now follows that

95 (t) = g;(t) — p(y;(t)) — 9 —p(y)

uniformly in ¢. Hence we concluded that y € C3,(R,R)NCY. (R, [o, B8]), ¥; — y and
P(y) = g. This has proved that g € W and hence that W is relatively closed in V.
|
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22.10. Exercises.

Exercise 22.2. Suppose that A: R — L(X) is a continuous function and V : R —
L(X) is the unique solution to the linear differential equation

(22.36) V(t) = A(t)V(t) with V(0) = 1.

Assuming that V() is invertible for all ¢t € R, show that V=!(¢) = [V(¢)]~! must
solve the differential equation

d
(22.37) EV_l(t) = -V ) A(t) with V=1(0) = I.
See Exercise 5.14 as well.

Exercise 22.3 (Differential Equations with Parameters). Let W be another Ba-
nach space, U x V C, X x W and Z € C1(U x V, X).For each (z,w) € U x V, let
t € Jyw — ¢(t,z,w) denote the maximal solution to the ODE

(22.38) y(t) = Z(y(t),w) with y(0) =z
and
D:={(t,z,w) eERxUxXxV:teJyu}
as in Exercise 5.18.
(1) Prove that ¢ is C! and that D, ¢(t, 2, w) solves the differential equation:

EDud(t,2,1) = (D Z)(6(62,w),w) Dt 2,0) + (Du2)(6(0, 7, w), )

with Dy, ¢(0,z,w) = 0 € L(W, X). Hint: See the hint for Exercise 5.18
with the reference to Theorem 5.21 being replace by Theorem 22.12.

(2) Also show with the aid of Duhamel’s principle (Exercise 5.16) and Theorem
22.12 that

Dyé(t, z,w) = Dyd(t, z,w) /lt D, é(1,2,w) N (DWZ)(o(1, z,w),w)dr
0

Exercise 22.4. (Differential of e) Let f : L(X) — L*(X) be the exponential
function f(A) = e?. Prove that f is differentiable and that

1
(22.39) Df(A)B :/ 104 Bet4 it

0
Hint: Let B € L(X) and define w(t, s) = e!4*+55) for all t, s € R. Notice that
(22.40) dw(t,s)/dt = (A+ sB)w(t,s) with w(0,s) = I € L(X).

Use Exercise 22.3 to conclude that w is C' and that w'(t,0) = dw(t,s)/ds|s—o
satisfies the differential equation,

(22.41) w'(t,0) = Aw'(t,0) + Be' with w(0,0) = 0 € L(X).

d
dt
Solve this equation by Duhamel’s principle (Exercise 5.16) and then apply Proposi-
tion 22.10 to conclude that f is differentiable with differential given by Eq. (22.39).

Exercise 22.5 (Local ODE Existence). Let S, be defined as in Eq. (5.22) from the
proof of Theorem 5.10. Verify that S, satisfies the hypothesis of Corollary 22.21.
In particular we could have used Corollary 22.21 to prove Theorem 5.10.
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Exercise 22.6 (Local ODE Existence Again). Let J = [-1,1], Z € C}(X, X),
Y:=C(J,X)and for y € Y and s € J let ys € Y be defined by ys(t) := y(st). Use
the following outline to prove the ODE

(22.42) y(t) = Z(y(t)) with y(0) =z
has a unique solution for small ¢ and this solution is C* in x.
(1) If y solves Eq. (22.42) then ys solves

Us(t) = s2(ys(t)) with y,(0) =«
or equivalently

(22.43) ys(t) =z + 5/0 Z(ys(7))dr.

Notice that when s = 0, the unique solution to this equation is yo(t) = «.
(2) Let F: J xY — J xY be defined by

F(s,y) == (5,u(t) — 5 / Z(y(r))dr).

Show the differential of F' is given by

F'(s,y)(a,v) = <a,t —v(t) — S/Ot Z'(y(r))v(r)dr — a/o' Z(y(T))d7'> .

(3) Verify F'(0,y) : R xY — R x Y is invertible for all y € Y and notice that
F(0,y) = (0,y).

(4) For z € X, let C; € Y be the constant path at z, i.e. Cy(t) = x for all
t € J. Use the inverse function Theorem 22.26 to conclude there exists € > 0
and a C! map ¢ : (—¢,€) x B(xg,€) — Y such that

F(s,¢9(s,2)) = (s,Cy) for all (s,z) € (—¢,€) x B(xo,€).

(5) Show, for s < e that ys(t) := ¢(s,x)(t) satisfies Eq. (22.43). Now define
y(t,x) = ¢(e/2,x)(2t/€e) and show y(t,x) solve Eq. (22.42) for |t| < €/2
and x € B(xg, €).

Exercise 22.7. Show P defined in Theorem 22.30 is continuously differentiable
and P'(y)h = h+p'(y)h.



