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0

Math 150B Homework Problems: Winter 2020

Problems are our text book, “Differential Forms,” by Guillemin and Haine
or from the lecture notes as indicated. The problems from the lecture notes are
restated here, however there may be broken references. If this is the case, please
find the corresponding problem in the lecture notes for the proper references
and for more context of the problem.

0.0 Homework 0, Due Wednesday, January 8, 2020 (Not
to be collected)

e Lecture note Exercises: and

0.1 Homework 1. Due Thursday, January 16, 2020
e Lecture note Exercises:

e Book Exercises: 1.2.vi.

0.2 Homework 2. Due Thursday, January 23, 2020
e Lecture note Exercises:

e Book Exercises: 1.3.iii., 1.3.v., 1.3.vii, 1.4ix

0.3 Homework 3. Due Thursday, January 30, 2020
e Lecture note Exercises: [7.2] [7.3] B2 B3] B4l [3-F

Look at (but don’t hand in) Exercises and the Book Exercises:
1.7.iv., 1.8vi.

0.4 Homework 4. Due Thursday, February 6, 2020

These problems are part of your midterm and are to be worked on by your-self.
These are due at the start of the in-class portion of the midterm which is in
class on Thursday February 6, 2020.

e Lecture note Exercises: [6.6] [6.7] [7-1] [8:6] [8-7]

0.5 Homework 5. Due Thursday, February 13, 2020

e Lecture note Exercises: [8:8] [8:9] B10} 11} 12} [B-13
e Book Exercises: 2.3.ii., 2.3.iii., 2.4.i

0.6 Homework 6. Due Thursday, February 20, 2020

e Book Exercises: 2.1vii, 2.1viii, 2.4.ii, 2.4iii, 2.4iv. 2.6i, 2.6ii, 2.6iii (Refer to
exercise 2.1.vil not 2.2viii), 3.2.i, 3.2viii

e Have a look at Reyer Sjamaar’s notes: Manifolds and Differential Forms| —
especially see Chapter 6 starting on page 75 for the notions of a manifold,
tangent spaces, and lots of pictures!

0.7 Homework 7. Now Due Friday, February 28, 2020 at
7:00PM

Hand in Lecture note Exercises: (now corrected), [10.1} [10.2] [10.3] [10.4]
[10.6} [10.7} [10.8} [10.17, [10.18]

Look at but do not turn in Lecture note Exercise: [[1.1]

0.8 Homework 8. Due Friday, March 6, 2020 at 7:00PM

Hand in Lecture note Exercises: [I1.2} [T1.3] [[1.4] [IT.5
Look at but do not turn in Lecture note Exercise: (done in class!)



http://pi.math.cornell.edu/~sjamaar/manifolds/manifold.pdf
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Introduction

This class is devoted to understanding, proving, and exploring the multi-
dimensional and “manifold” analogues of the classic one dimensional funda-
mental theorem of calculus and change of variables theorem. These theorems
take on the following form;

b
/dw:/ w /g’(m)dx=g(w)lfi and (1.1)
M oM a
f(o)

| ro=de) [w /abg(f(x))f’(x)dz/f(a)g(y)dy-
(1.2)

In meeting our goals we will need to understand all the ingredients in the above
formula including;

M is a manifold.

OM is the boundary of M.

w is a differential form an dw is its differential.

f*w is the pull back of w by a “smooth map” f: M — N.

deg (f) € Z is the degree of f.

There is also a hidden notion of orientation needed to make sense of the
above integrals.

AN o

Remark 1.1. We will see that Eq. (1.1) encodes (all wrapped into one neat
formula) the key integration formulas from 20E: Green’s theorem, Divergence
theorem, and Stoke’s theorem.
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Permutations Basics

The following proposition should be verified by the reader. or equivalently,

Proposition 2.1 (Permutation Groups). Let A be a set and

1 2 3 4 5 6
Y (A):={o: A — A| o is bijective} . M ><
j ; ; iti ; 1 2 3 4 5 6

If we equip G with the binary operation of function composition, then G is a
group. The identity element in G is the identity function, €, and the inverse,

_ . . ) and hence
o~L, to o € G is the inverse function to o. ’

123456

1 _

Definition 2.2 (Finite permutation groups). For n € Zi, let [n] = c = (4 1326 5) '
{1,2,...,n}, and X, := X ([n]) be the group described in Proposition [2.1 We
will identify elements, o € X, with the following 2 X n array,

1 9 1 2 3 4 5 6
<g(1)a(2)...g(n))' l l l J l J
(Notice that | X,| = n! since there are n choices for o (1), n—1 for o (2), n—2 1 2 3 4 5 6
foro(3), ..., 1 foro(n).)

For examples, suppose that n = 6 and let

Of course the identity in this graphical picture is simply given by

Now let 5 € Sg be given by

5_(123456
_ (123456 . ) = (5116358 )
€= (123456> the identity, and
123456 or in pictures;
(243165) . ) ; . . .

We identify o with the following picture, X W
1 2 3 4 5 6. 1 2 3 4 5 6
% >< We can now compose the two permutations 8 o o graphically to find,
1 2 3 4 5 6

The inverse to ¢ is gotten pictorially by reversing all of the arrows above to
find,
1>><T< Y
- X W
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which after erasing the intermediate arrows gives,

1 2 3 4 5 6.
1 2 3 4 ) 6

transpositions.
In terms of our array notation we have,

Boo— 123456) (123456

7=\ 214635 243165
(123456
“\164253)"

Remark 2.3 (Optional). Tt is interesting to observe that § splits into a product
of two permutations,

3= 123456 . 123456
- \213456 124635
(123456 o 123456
~\124635 213456 )’
corresponding to the non-crossing parts in the graphical picture for 8. Each of
these permutations is called a “cycle.”
Definition 2.4 (Transpositions). A permutation, o € Xy, is a transposi-
tion if
#{lelkl:o()) £} =2.
We further say that o is an adjacent transposition if
{lelk]l:a(l) 1} ={i,i+ 1}
for some 1 < i < k.

Example 2.5. If

(123456 4. (123456
9=\153426) ™77 124356

then o is a transposition and 7 is an adjacent transposition. Here are the pic-
torial representation of o and 7;

1 2 3 4 ) 6
1 2 3 4 5 6

Page: 10 job: 150BNotes macro: svmonob.cls
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Integration Theory Outline

In this course we are going to be considering integrals over open subsets
of R? and more generally over “manifolds.” As the prerequisites for this class
do not include real analysis, I will begin by summarizing a reasonable working
knowledge of integration theory over R?. We will thus be neglecting some tech-
nical details involving measures and o — algebras. The knowledgeable reader
should be able to fill in the missing hypothesis while the less knowledgeable
readers should not be too harmed by the omissions to follow.

Definition 3.1. The indicator function of a subset, A C R?, is defined by

_JlifxzeA
La (@) '{0ifx¢A.

Remark 3.2 (Optional). Every function, f : R — R, may be approximated by
a linear combination of indicator functions as follows. If € > 0 is given we let

fe = Z ne - 1{n5§f<(n+1)s}a (31)
neN

where {ne < f < (n+ 1)e} is shorthand for the set,
{zreR:ne< f(z)<(n+1)e}.
We now summarize “modern” Lebesgue integration theory over R?.

1. For each d, there is a uniquely determined volume measure, my on alﬂ
subsets of R? (subsets of R? ) with the following properties;
a) mq(A) €[0,00] for all A C R? with mg () = 0.
b) mg (AU B) = mg (A)+mgy (B) is ANB = (. More generally, if A,, C R?
for all n with A, N A,, = 0 for m # n we have

ma (Ui An) = Y ma(An).
n=1

c) mg(z+ A) =myg(A) for all A C R? and = € RY, where

r+A={z+yeRt:yec A}.

! This is a lie! Nevertheless, for our purposes it will be reasonably safe to ignore this
lie.

d) ma ([0, 1]d) =1
[The reader is supposed to view mg (A) as the d-dimensional volume of
a subset, A C R4\

2. Associated to this volume measure is an integral which takes (not all) func-
tions, f : R* — R, and assigns to them a number denoted by

/ fdmg = / f(x)dmg (z) € R.

Rd Rd

This integral has the following properties;

a) When d = 1 and f is continuous function with compact support,
fR fdm; is the ordinary integral you studied in your first few calcu-

lus courses.
b) The integral is defined for “all” f > 0 and in this case

fdmg € [0,00] and / Ladmg = mg (A) for all A C RY.

R4 R4

¢) The integral is “positive” linear, i.e. if f,g > 0 and ¢ € [0, 00), then

/Rd (f—i—cg)dmd:/Rd fdmd—i—c/]Rdgdmd, (3.2)

d) The integral is monotonic, i.e. if 0 < f < g, then
fdmg < / gdmg. (3.3)
R? R?

e) Let L' (mg) denote those functions f : R? — R such that [,, |f| dmq <
0o. Then for f € L' (mg) we define

/ fdmd ::/ f+dmd7/ f_dmd
R4 R4 R4
where

ft () =max(£f (x),0) and so that f (z) = f4 () — f- (x).
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f) The integral, L' (mg) 5 f — [ga fdmg is linear, i.e. Eq. (3.2) holds for
all f,g € L' (my) and ¢ € R.
g) If f,g € L' (my) and f < g then Eq. still holds.
3. The integral enjoys the following continuity properties.

a) MCT: the monotone convergence theorem holds; if 0 < f, 1 f
then

n—oo

1T lim fndmd = / fdmg (with co allowed as a possible value).
R4

Example 1: If {4, }77 | is a sequence of subsets of R? such that A,, T A
(i.e. Ay C Apyq for allm and A = U521 A,,), then

mg (An) = /Rd 1a,dmg T ladmg =mg(A) asn — oo

Rd

Example 2: If g, : R? — [0, 0] for n € N then

oo N N
= 1. = 1.
o0

=ngan/ gnznzl/wgn.

b) DCT: the dominated convergence theorem holds, if f, : R — R
are functions dominating by a function G € L' (my) is the sense
that |f, (¥)] < G (x) for all # € R? Then assuming that f () =
lim,, 00 fr (z) exists for a.e. x € R?, we may conclude that

lim fndmd:/ lim f,dmg = fdmg.
R R R

n— 00 4 N—00

Example: If {g,} -, is a sequence of real valued random variables

such that
o0 o0
[ 300l =3 [ laal <.
Re n=1 n=1 R4

then; 1) G = Y02 |lgn] < oo ae. and hence > 7 g, =
limpy 00 ZnN:1 gn exist a.e., 2) ’25:1 gn| < G and [, G < oo,
and so 3) by DCT,

0o N
= 1 == 1'
Lo Angngn [, o
00
:ngnooz/ gn:z:l/Rdgn-
n=

Page: 12 job: 150BNotes

¢) Fatou’s Lemma (*Optional): if 0 < f,, < oo, then

/ {hm inf fn < lim inf / fndmg.
Rd

n— oo n—oo

This may be proved as an application of MCT.
4. Tonmelli’s theorem; if f : R? — [0, 0], then for any i € [d],

/ fdmd—/ fdmg_, where
d—1
fxy,..., 2 /f Tiyeney Xy Tq) da;.

5. Fubini’s theorem; if f € L' (mg) then the previous formula still hold.

6. For our purposes, by repeated use of use of items 4. and 5. we may compute
fRd fdmyg in terms of iterated integrals in any order we prefer. In more detail
if 0 € X is any permutation of [d], then

fdde/d%u) -~/d$a(d)f(3317~-~7wd)
R R

R4

provided either that f > 0 or

/d%m.../ dzo ) |f @1, 24)| :/ fldma < oo,
R R R4

This fact coupled with item 2a. will basically allow us to understand most
integrals appearing in this course.

Notation 3.3 For A C R?, we let

/A fdmg = /R Laf dmg

Also when d =1 and —oo < s <t < 00, we write

t
/ fdm1 = fdm1 = / l(s,t)fdml
s (s,t) R

and (as usual in Riemann integration theory)

/ts fdmy = —/: fdmy.

macro: svmonob.cls date/time: 28-Feb-2020/17:50



Ezxample 3.4. Here is a MCT example,

< 1 Rl 1

oo 1 noq
MET Jim 1 (1) dt = lim / ——at

n—oo | _ 1+ t2 n—oo [__ 1+ t2
T 1 _ —1/ _rT_ _[) _
—nh_{glo [tan™" (n) — tan™" (—n)] 5 ( 5 .

Example 3.5. Similarly for any = > 0,

/O e_t”’dt:/ lim 1pg, (£) e dt €7 lim Ljony (£) et dt

oo P00 n—oo J_
: " —tz . -1 —tz|n 1

= lim e dt = lim —e |, = —. (3.4)
n—o0 Jq n—oo I T

Ezxample 3.6. Here is a DCT example,

> 1 > 1
lim sin t dt = / lim sin t dt = / 0dm =0
n—o00 700]_—|—t2 n 700n—>ool+t2 n R

since

lim #sin t =0forallteR
n—oo 1 + t2 n

and ) ) )
t
——sin | — || £ —— with / ——dt < .
1+ ¢2 n 1+ ¢2 r 1+ t2
Ezxample 3.7. In this example we will show

M gin g

lim
M—o00 0 x

de =m/2 (3.5)

Let us first note that ‘%’ <1 for all z and hence by DCT,

dr = lim dz.

M ginz M ginz
0 xT elo J xT

Moreover making use of Eq. (3.4), if 0 < £ < M < oo, then by Fubini’s theorem,
DCT, and FTC (Fundamental Theorem of Calculus) that

Page: 13 job: 150BNotes
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M M N
/ ST e = / [ lim / e sinw dt] dx (DCT)
e € € N—oo Jg

M N
= lim / dx/ dte " sinz  (DCT)
€ 0

N—o0

N M
= lim dt/ dre " sinz  (Fubini)
0 €

N—o0
N 1 x=M
= lim dt |—— (—cosz — tsinz) e ™" (FTC)
N—oo 0 1 + t2 r—c
oo 1 =M
= /O dt [HtQ (—cosx — tsinx) em] - (DCT)
Since
1 v=M 1
[1+t2(—cos:r:—tsinac)e_mL_s %masMTooandaio,

1

we may again apply DCT with G (¢t) = being the dominating function in

T+
order to show
M - M . o) x=M

sin x sin x 1

/ dx = lim/ dx = lim/ dt | —— (—cosz —tsinz) e

0 x elo J, T cl0 /g 1+t w—e
per % 1 e
= / dt | —— (—cosz —tsinz)e™ "
0 L+t @=0

pcr [T 1 T
— ——dt = —.
M — o0 0 1+t2 2

Theorem 3.8 (Linear Change of Variables Theorem). If T € GL(d,R) =
GL(R?) — the space of d x d invertible matrices, then the change of variables
formula,

/ fdmg = |det T|/ foT dmyg, (3.6)
Rd Rd
holds for all Riemann integrable functions f : R — R.

Proof. From Exercise below, we know that Eq. is valid whenever T
is an elementary matrix. From the elementary theory of row reduction in linear
algebra, every matrix T € GL(R?) may be expressed as a finite product of the
“elementary matrices”, i.e. T'=Ty o Ts o --- o T, where the T; are elementary
matrices. From these assertions we may conclude that

1

m fOT10T20~ . ’OTn—l dmd.
n Rd

foT dmgy = foToTyo0---0T, dmg =
R R

macro: svmonob.cls date/time: 28-Feb-2020/17:50



14 3 Integration Theory Outline

Repeating this procedure n — 1 more times (i.e. by induction), we find,

|
T dmg =
Lot dma = T T A T

f dmd.

Finally we use,

|det Ty, ... |detTy| = |det T), ... det Ty | = |det (ThT% ... Ty,)| = |det T

in order to complete the proof. ]

3.1 Exercises

Exercise 3.1. Find the value of the following integral;

9 3
1 ::/ dy/ dz xeY.
1 v

Hint: use Tonelli’s theorem to change the order of integrations.

Exercise 3.2. Write the following iterated integral

1 1 X
I ::/ dx/ dy xe¥ .
0 y:IZ/S

as a multiple integral and use this to change the order of integrations and then
compute I.

For the next three exercises let

B(0,r):={zcR%: |z| =

d
E 2 <r
i=1

be the d — dimensional ball of radius r and let
Vi (r) :==mq(B(0,r)) = /d Ip(o,rydma
R

be its volume. For example,

Vi(r)=my ((—r,1)) = /T do = 2r.

-

Exercise 3.3. Suppose that d = 2, show ma (B (0,7)) = mr?.

Page: 14 job: 150BNotes

Exercise 3.4. Suppose that d = 3, show mg (B (0,7)) = 4¢3,

Exercise 3.5. Let V(1) := my

r /2
Vaa (r) = dz - Vy (\/ r2 — z2) = T/ Vi (r cos ) cos 0d6.

—r —m/2

(B (0,r)). Show for d > 1 that

Remark 3.9. Using Exercise [3.5| we may deduce again that
Vi(r)=mq ((—r,7)) = 2r,

/2
‘/2(7”)27“/ 2r cos 6 cos 0df = w12,
—m/2

v = [ e (Ve )= [eaeo =

. o 3

In principle we may now compute the volume of balls in all dimensions induc-
tively this way.

Exercise 3.6 (Change of variables for elementary matrices). Let f :
R? — R be a continuous function with compact support. Show by direct calcu-
lation that;

dee7| [ f@)de= [ f)dy (37)
Rd Rd
for each of the following linear transformations;
1. Suppose that ¢ < k and
T(w1,22...,0q) = (T1, -+, i1y Thy Tig1 - -+ Th1, Ti, Tht 1, - - - Td),

i.e. T swaps the ¢ and k coordinates of z. [In matrix notation T is the
identity matrix with the ¢ and &k column interchanged.]

2. T(x1,.. . Ty yxg) = (T1,...,CTk, ... 24) where ¢ € R\ {0}. [In matrix
notation, T = [eq] ... |ex—1|cer|erti]---|ed] ]
i’th spot
3. T(x1,29...,2q) = (T1,...,2T; + Tk, ... Xk, ... xq) where ¢ € R. [In matrix
notation T' = [e1]...|ei| ... |ex + ce;lexti] - - |ed]-

Hint: you should use Fubini’s theorem along with the one dimensional
change of variables theorem.
[To be more concrete here are examples of each of the T appearing above
in the special case d = 4,
1000
0010
0100
0001

1.Ifi=2and k=3 then T =

macro: svmonob.cls date/time: 28-Feb-2020/17:50



1000
0100
2. If k=3 then T = 00col"
0001
3.If i =2 and k = 4 then
T1 T 1000 T
T T2 | | x2t+cra|  [010c¢c T2
T3 B X3 o 0010 I3
Ty Ty 0001 Ty

while if i =4 and k = 2,

T T 1000 T
T i) _ X9 _ 0100 To
T3 T3 0010 T3
T4 T4 + CT2 0cO1 T4

3.2 *Appendix: Another approach to the linear change of
variables theorem

Let (x,y) or x - y denote the standard dot product on R?, i.e

d
(wy)=z-y=> z;
j=1

Recall that if A is a d x d real matrix then the transpose matrix, A", may be
characterized as the unique real d x d matrix such that

(Az,y) = <x,Atry> for all z,y € R%.

Definition 3.10. A d x d real matriz, S, is orthogonal iff S**S = I or equiva-
lently stated S = S—1.

Here are a few basic facts about orthogonal matrices.

1. A d x d real matrix, S, is orthogonal iff (Sz, Sy) = (x,y) for all z,y € R,
2. If {uj}d is any orthonormal basis for R? and S is the d x d matrix deter-

mined by Se; = u; for 1 < j < d, then S is orthogonalﬂ Here is a proof for
your convenience; if x,y € R?, then

2 This is a standard result from linear algebra often stated as a matrix, S, is orthog-
onal iff the columns of S form an orthonormal basis.

Page: 15 job: 150BNotes
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(x,S"y) = (Sz,y) = g (x,e;) (Sej, y) E (z,ej) (uj,y
Jj=1 Jj=1

d
Z (2,8~ uj uj,y>:<x,571y>

Jj=1

from which it follows that S = S~1.
3. If S is orthogonal, then 1 = det I = det (S**S) = det S* - det § = (det S)?
and hence det §' = £1.

The following lemma is a special case the well known singular value de-
composition or SVD for short..

Lemma 3.11 (SVD). If T is a real d x d matriz, then there exists D =
diag (A1, ..., q) with Ay > Ay > -+ > Ny > 0 and two orthogonal matrices
R and S such that T = RDS. Further observe that |detT| = det D = Ay ... \q.

Proof. Since T%T is symmetric, by the spectral theorem there exists an
orthonormal basis {uj};l:l of R and A\y > Xy > -+ > Az > 0 such that

T"Tu; = )\?uj for all j. In particular we have
(Tuj, Tug) = (T"Tuj,up) = N0 V 1 < j, k < d.

Case where det T # 0. In this case A;...\g = det T"T = (det T)?
d
and so Aq > 0. It then follows that {Uj = %Tuj} is an orthonormal basis
3 j=1

for R9. Let us further let D = diag (\1,...,Aq) (i.e. Dej = Aje; for 1 < j < d)
and R and S be the orthogonal matrices defined by

Rej; =v; and Strej = Silej =u; forall 1 <j <d.
Combining these definitions with the identity, Tu; = A;v;, implies
TS~ 'e; = A\jRe; = R\jej = RDe;j for all 1 < j < d,

i.e. TS~ = RD or equivalently T = RDS.

Case where detT = 0. In this case there exists 1 < k < d such that
A > A > > A > 0= Agp1 = -+ = Ag. The only modification needed
for the above proof is to define v; := /\%Tuj for 7 < k and then extend choose

Vkt1,---,vq € R? so that {v; };.lzl is an orthonormal basis for RY. We still have
Tu; = Ajvu; for all j and so the proof in the first case goes through without
change. [

In the next theorem we will make use the characterization of my that it is
the unique measure on (Rd) which is translation invariant assigns unit measure

to [0,1]%.
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Theorem 3.12. If T is a real d x d matriz, then mgoT = |det T| myq.

Proof. Recall that we know mqT = § (T') mq for some 6 (T') € (0,00) and
so we must show ¢ (T') = |det T'| . We first consider two special cases.

1. If T'= R is orthogonal and B is the unit ball in Rdﬂ then § (R) my (B) =
mg (RB) = mgq (B) from which it follows § (R) =1 = |det R].

2. If T = D = diag (\y,...,\g) with A; > 0, then D[0,1]% = [0, Ay] X --- x
[0, Ag] so that

§ (D) = 6 (D) my ([07 1]d) = my (D 0, 1]d) = 1. Mg = det D.

3. For the general case we use singular value decomposition (Lemma [3.11)) to
write T'= RDS and then find

5(T)=6(R)S(D)5(S)=1-detD-1=|detT]|.

*B={zeR":|z|| <1}.
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Properties of Volumes

The goal of this short chapter is to show how computing volumes naturally
gives rise to the idea of the key objects of this book, namely differential forms,
i.e. alternating tensors. The point is that these objects are intimately related
to computing areas and volumes.

Let Q" :={x € R":0<+¢; <1V j}=10,1]" be the unit cube in R" which
we I think all agree should have volume equal to 1. For n-vectors, ay,...,a, €
R™, let

P(ay,...,an) =la1]...an] Q =Y tja;:0<t; <1V j

j=1
be the parallelepiped spanned by (a1, ...,a,) and let
0(ay,...,a,) = “signed” Vol (P (vy,...,v5)).

be the signed volume of the parallelepiped. To find the properties of this
volume, let us fix {ai}?:_ll and consider the function, F (a,) = ¢ (a1,...,a,).
This is easily computed using the formula of a slant cylinder, see Figure [4.1] as

F(a,)=0(a1,...,a,) =+ (Area of base ) -n-a, (4.1)
where n is a unit vector orthogonal to {ai,...,a,—1}.

Ezample 4.1. When n = 2, let us first verify Eq. (4.1) in this case by considering

b2 b2
0 (ae1,b) = / [slice width], dh = / adh =a(b-es).
0 0

The sign in Eq. (4.1) is positive if (a1,...,an—1,n) is “positively ori-
ented,” think of the right hand rule in dimensions 2 and 3. This show a,, —
d(aty...,an_1,ay) is a linear function. A similar argument shows

aj—>5(a1,...,aj,...,an)

is linear as well. That is § is a “multi-linear function” of its arguments. We
further have that § (a1, ..., a,) = 0if a; = a; for any i # j as the parallelepiped
generated by (ay,...,a,) is degenerate and zero volume. We summarize these

Fig. 4.1. The volume of a slant cylinder is it’s height, n - a,,.

two properties by saying ¢ is an alternating multi-linear n-function on R".
Lastly as P (ey,...e,) = Q we further have that

d(er,...,en) =1 (4.2)

Fact 4.2 We are going to show there is precisely one alternating multi-linear
n-function, 8, on R™ such that Eq. holds. This function is in fact the
function you know and the determinant.

Ezample 4.3 (n =1 Det). When n = 1 we must have § ([a]) = £a, we choose a
by convention.

Ezample 4.4 (n =2 Det). When n = 2, we find
0 (a,b) =6 (are1 + agea, b) = a10 (e1,b) + az0 (e2,b)
= a10 (e1,bre1 + boeg) + azd (e2, bier + baes)
= a1b26 (61, 62) + a2b16 (62, 61) = a1b2 — G,le
= det [a|b] .

We now proceed to develop the theory of alternating multilinear functions
in general.
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Multi-linear Functions (Tensors)

For the rest of these notes, V' will denote a real vector space. Typically we
will assume that n = dimV < oo.

Example 5.1. V= R"™, subspaces of R", polynomials of degree < n. The most
general overarching vector space is typically

V = F (X,R) = {all functions from X to R}.
An interesting subspace is the space of finitely supported functions,

Fr(X,R) ={f e F(X,R) : # ({f # 0}) < o0},

where

{f#0 ={zeX:f(z)#0},

5.1 Basis and Dual Basis

Definition 5.2. Let V* denote the dual space of V, i.e. the vector space of all
linear functions, £ :V — R.

Ezxample 5.3. Here are some examples;

1.If V. =R", then ¢ (v) = w-v =w"v for w € V is in V*.

2. V = polynomials of deg < n is a vector space and ¢y (p) = p (0) or £ (p) =
f_llp (z) dx given £ € V*.

3. For {aj}?zl C R and {xj}’;:l C X, let £(f) = Z?:l a;f (z;), then £ €
F(X,R)".

Notation 5.4 Let §:= {e;};_, be a basis for V and B* := {e;}_, be its dual

basis, i.e.
n
£; <Z aiei> = a; for all j.
i=1

The book denotes €; as €;. In case, V. =R" and {ej}?zl 1s the standard basis,

we will later write dz; for €; = €j.

Ezample 5.5.1f V = R™ and 3 = {¢;}]_, is the standard basis for R™, then
gi (v) =e;-v=elv for 1 <i < n is the dual basis to 3.

Ezample 5.6. If V denotes polynomials of degree < n, with basis e; (z) = 27 for
0<j<n,thene;(p) = %p(j) (0) is the associated dual basis.

Ezample 5.7. For z € X, let 6, € Fy (X,R) be defined by

lify =
0z (y) = 1y (y)_{oif:ly/;éi'

One may easily show that {d,},.y is a basis for F;(X,R) and for f €
Fr(X,R),
f= Z f (@) ba.
@i f (2)#0
The dual basis ideas are complicated in this case when X is an infinite set

as Vaki mentioned in section. We will not consider such “infinite dimensional”
problems in these notes.

Proposition 5.8. Continuing the notation above, then

M=

gj(v)e; forallveV, and (5.1)
1

<.
I

l(ej)e; foralll e V™. (5.2)

<
Il
i

-

Moreover, 5*, is indeed a basis for V*.

Proof. Because {e;} is a basis, we know that v = Z?:1 aje;. Applying ey
to this formula shows

er (v) = Zajsk (ej) = ax

and hence Eq. ((5.1) holds. Now apply ¢ to Eq. (5.1]) to find,
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)= e ) lle;) =Y Llej)e; () =D tlej)es | (v)
j=1 j=1 j=1

which proves Eq. 1) From Eq. 1) we know that {¢; }?:1 spans V*. More-

over if N N
0= Zajej = 0=0(e) = Zajaj (ex) = ax
j=1 j=1

which shows {e;}"_, is linearly independent. [

Exercise 5.1. Let V = R™ and § = {uj}?zl be a basis for R™. Recall that

every £ € (R™)" is of the form ¢, (z) = a -z for some a € R™. Thus the dual
basis, 8*, to 8 can be written as {u;‘ = La, };;1 for some {aj}?zl C R™. In this

problem you are asked to show how to find the {a; }?:1 by the following steps.
1. Show that for j € [n], a; must solve the following k-linear equations;
8ik = Lo, (u) = aj -up, = ujla; for k € [n]. (5.3)

2. Let U := [uq]...|uy] (i.e. the columns of U are the vectors from j3). Show
that the equations in (5.3) may be written in matrix form as, U%a; = e;,
where {e;}7_, is the standard basis for R™.

3. Conclude that a; = [U“]_1 e;j or equivalently;
-1
[a1] ... |a,] = [U"]

Exercise 5.2. Let V = R? and 3 = {u1,uz2}, where

u = M and uy = {—11].

Find aj,as € R? explicitly so that explicitly the dual basis f* :=
{uy =Ly, ul =0,,} is the dual basis to (. Please explicitly verify your
answer is correct by showing u} (ux) = d;x.

Exercise 5.3. Let V = R", {aj}§:1 C V,and ¢ (z) = aj -z for z € R”
and j € [k]. Show {éj}?zl C V* is a linearly independent set if and only if
{a; }§:1 C V is a linearly independent set.

Exercise 5.4. Let V = R", {aj}le C V,and {j(z) = aj - x for z € R”
and j € [k]. If {éj}?zl C V* is a linearly independent set, show there exists
{u; }?:1 C V so that ¢; (u;) = &;; for 4, j € [k]. Here is a possible outline.
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. Using Exercise [5.3] and citing a basic fact from Linear algebra, you may

choose {a;}7_, ; CV so that {a;} _, is a basis for V.

2. Argue that it suffices to find u; € V' so that
a; -uj = 0;; for all 4,5 € [n]. (5.4)

3. Let {e; }?:1 be the standard basis for R™ and A := [aq] ... |a,] be the n x n

matrix with columns given by that {a; }?:1 . Show that the Egs. l) may
be written as
A%uj; =ej for j € [n]. (5.5)

4. Cite basic facts from linear algebra to explain why A := [ay]...|a,| and A"
are both invertible n x n matrices.
5. Argue that Eq. (5.5 has a unique solution, u; € R™, for each j.

5.2 Multi-linear Forms

Definition 5.9. A  function T : V¥ = R is multi-linear
(k-linear to be precise) if for each 1 < i < k, the map

VB’UZ'—>T(U1,...,Ui7...vk)ER

is linear. We denote the space of k-linear maps by L* (V) and element of this
space is a k-tensor on (in) V.

Lemma 5.10. Note that L* (V) is a vector subspace of all functions from
VE - R.

Example 5.11. 1 £y,... £y € V*, welet {1 ® -+ ® £, € LF (V) be defined

k
(1@ @) (vr,. o) = [ & (v)

j=1
for all (v1,...,v;) € VE.
Exercise 5.5. In this problem, let
U1 w1
v=|vy| and w= | we
VU3 ws

Which of the following functions formulas for T' define a 2-tensors on R3. Please
justify your answers.
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T (v, w) = viws + Viws + vowy + TvW1.

T (v,w) = vy + Tvy + va.

T (v,w) = viwz + vown,

T (v,w) = sin (v1ws + Viws + vowy + Tvrwy) .

Theorem 5.12. If {ej}?zl is a basis for V, then {e;, ® ---®¢j, : j; € [n]} s
a basis for L¥ (V) and moreover if T € L* (V), then
T= Z T(ejl?""ejk)'sjl®"'®5jk (5.6)
J15e-dk€ln]

and this decomposition is unique. [One might identify 2-tensors with matrices
via T — A;j :=T (e;,¢€5) ]

Proof. Given vq,...,v; € V, we know that
n
Ui = Z €4 (vl) €3
Jji=1
and hence

T(viy...,v) =T Zsjl (v1) e, .-, Zejk (k) €j,

Jji=1 Jr=1

— Z Z T(gj1 (vl)ejl,...,zfjk (Uk)ejk)

=1 je=1

= D T(ej--mrei)en (0) . g ()

J1yesdk€[N]
= Z T(ej17"'7€jk)5jl®"'®5jk('l)1,...7’l}k>.
Tlyeens Jk€[n]

This verifies that Eq. (5.6) holds and also that
{E.jl ®- - ®ej, 1 Ji € [n]} spans ck (V).

For linearly independence, if {a;, ... ;. } C R are such that

0= § : Ajy gy €5 @ @ Ejy,

J1se-s ik €[N

then evaluating this expression at (e;,,...e;, ) shows
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0=00(ei,...€;)= Z Gy, " Ej1 Q- Q €4y, (€iys..-€i)
J1seesdk €[N
= § : Ajy,.ji " € (eil) - E (elk)
J1se-dr €[N
= > g O Oy = iy,
JisesJk €[]
which shows a;, ... ;, = 0 for all indices and completes the proof. [ |

Corollary 5.13. dim £* (V) = nF.
Definition 5.14. If S € LP (V) and T € L1(V), then we define S® T €
LPTL(V) by,

ST (V1,...,Vp,W1,...,Wyq) =S (V1,...,0p) T (w1,...,wy4).
Definition 5.15. If A : V. — W s a linear transformation, and T € L* (W),
then we define the pull back A*T € LF (V) by

(A*T) (v1, ..., v5) = A(Tvy,..., Tog) .
VxeoooxV—s Wx...xW — R
(vl,...,vk) — (A’Ul,...,A’Uk) — T(Avl,...,Avk).
It is called pull back since A* : LK (W) — L* (V) maps the opposite direction
of A.
Remark 5.16. As shown in the book the tensor product satisfies

(RS)®T=Ro(S®T),
TRWI1+852)=T®S+T®5S,,
(S1+52)T=5T+5T,

Remark 5.17. The definition of T} ® T3 and the associated “tensor algebra.”
[Typically the tensor symbol, ®, in mathematics is used to denote the product of
two functions which have distinct arguments. Thusif f: X - Randg:Y — R
are two functions on the sets X and Y respectively, then f®g: X xY — R is
defined by
(f@g)(@y) =[f(=)g(y).
In contrast, if Y = X we may also define the more familiar product, f-g: X —
R, by
(f-9)(x)=f(x)g ().

Incidentally, the relationship between these two products is

(f-9) (@) =(feg)(z).
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Lemma 5.18. The product, ®, defined in the previous remark is associative
and distributive over addition. We also have for A € R, that

Mog=fog) =1 fog. (5.7)

That is ® satisfies the rules we expect of a “product,” i.e. plays nicely with the
vector space operations.

Proof. If h : Z — R is another function, then

(feg)@h)(r,y,2) = (f@g)(x,y)-h(2) = (f(x)g(y)) h(z)
=f(@)(gWh(2)=(f@(@®hn))(z,y,2).

This shows in general that (f® ¢g)@h = f® (g ® h), i.e. ® is associative.
Similarly if Z =Y, then

(f@(g+h)(zy)=f(z)(g+h)(y) =f(z):
=f(@)-g(y)+f(x) hy)
=(f®g)(z,y) + (f@h)(z,y)
=(feg+foh)(zy)

(9(y) +h(y)

from which we conclude that
fe+th=fog+fah

Similarly one shows (f+h)® g = f®g+ h® g when Z = X. These are the
distributive rules. The easy proof of Eq. (5.7)) is left to the reader. [
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Alternating Multi-linear Functions

Definition 6.1. T € L* (V) is said to be alternating if T (v1,...,v;) =
=T (wy,...,w) whenever (wy,...,wg) is the list (v1,...,v) with any two en-
tries interchanged. We denote the subspac of alternating functions by A* (V)
or by A¥ (V*) with the convention that A° (V) = A° (V*) = R. An element,
T € A (V) = A% (V*) will be called a k-form.

Remark 6.2. If f (v,w) is a multi-linear function such that f (v,v) = 0 then for
all v,w € V, then

O:f(v+w,v+w) :f(v,v)+f(w,w)+f(v,w)+f(w,v)
:f(w,v)+f(v,w) = f(’U,’UJ) = —f(w,v).

Conversely, if f(v,w) = —f (w,v) for all v, and w, then f (v,v) = —f (v,v)
which shows f (v,v) = 0.

Lemma 6.3. If T € L* (V) then the following are equivalent;

1. T is alternating, i.e. T € A* (V*).
2.T (v1,...,v;) =0 whenever any two distinct entries are equal.
3. T (v1,...,v) =0 whenever any two consecutive entries are equal.

Proof. 1. = 2. If v; = v; for some i < j and T € A* (V*), then by
interchanging the i and j entries we learn that T (vy,...,vg) = =T (v1,...,vk)
which implies T (vy,...,v5) = 0.

2. = 3. This is obvious.

3. = 1. Applying Remark with

flo,w) =T (v1,...,9j-1,0,W, Vjt2,...,Vk)

shows that T (vi,...,vx) = =T (wi,...,wg) if (wy,...,wg) is the list
(v1,...,v;) with the j and j + 1 entries interchanged. If (ws,...,w;) is the
list (vy,...,v) with the ¢ < j entries interchanged, then (ws,...,wy) can be
transformed back to (v1,...,v;) by an odd number of nearest neighbor inter-
changes and therefore it follows by what we just proved that

T(vy,...,v8) = =T (wy,...,wg).

! The alternating conditions are linear equations that 7' € £¥ (V) must satisfy and
hence A* (V) is a subspace of £* (V).

For example, to transform
(Ula Vs, U3, V4, V2, Uﬁ) back to (vla V2, U3, V4, Vs, vﬁ) )

we transpose vs with its nearest neighbor to the right 2 times to arrive at the
list (v1,v3,v4,v5,v2,v6) . We then we transpose vy with its nearest neighbor to
the left 3 times to arrive (after a sum total of 5 adjacent transpositions) back
to the list (v1,ve,vs,v4,v5,v6) . For the general ¢ < j the number of adjacent
transposition needed needed is 2 (j — i) — 1 which is always odd. ]

Exercise 6.1. If T € A* (V*), show T (vy,...,v;) = 0 whenever {vi}le cVv
are linearly dependent.

A simple consequence of this exercise is the following basic lemma.

Lemma 6.4. If T € A* (V*) with k > dimV, then T = 0, i.e. A¥(V*) = {0}
for all k > dim V.

At this point we have not given any non-zero examples of alternating forms.
The next definition and proposition gives a mechanism for constructing many
(in fact a full basis of) alternating forms.

Definition 6.5. For £ € V* and o € A* (V*), let Ly be the multi-linear k + 1
— form on V' defined by

k
(L) (UQ,...,vk):Z(—l)iﬂ(vi)w(vo,...,f}i,...,vk).

for all (v, ..., vg) € VFHL
Proposition 6.6. If £ € V* and ¢ € A* (V*), then (Lyp) € AFHL(V*).

Proof. We must show Ly is alternating. According to Lemma/[6.3] it suffices
to show (L) (vo,...,v,) = 0 whenever v; = v,4; for some 0 < j < k. So
suppose that v; = v;41, then since ¢ is alternating
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k .
(Le) (Vo ok) = > (=D)L (vi) @ (v0, -, i -, vk)
=0
J+1 .
= (—=1)" 2 (v;) (Vg -+ s Diy e vy VE)
i=j
= [+ P @) (v, u) =0
]

Proposition 6.7. Let {e;}.—, be a basis for V and {e;}!"_, be its dual basis for
V*. Then ‘
¢j 1= Le,Leyy, - Le,_yen € AM7FH (V) \ {0}

for all j € [n] and in particular, dim A¥ (V*) > 1 for all 0 < k < n. [We will
see in Theorem below that dim A (V*) = (Z) for all0 <k <nl]

Proof. We will show that ¢; is not zero by showing that
wj(ej,...,en) =1forall j € [n].

This is easily proved by (reverse induction) on j. Indeed, for j = n we have
©n (en) = en(en) =1 and for 1 < j < n we have ¢; := L., ;41 so that

n

k—j -~

0 (ejmen) =Y ()" gj(er) @1 (€jye s Chyennrn)
k=j

= 0jt1 (€, 54155 6n) = Pip1 (€41, -s6n) =1

wherein we used the induction hypothesis for the last equality. This completes
the proof for j € [n]. Finally for k = 0, we have A° (V*) = R by convention
and hence dim A% (V*) = 1. ]

Notation 6.8 Fiz a basis {e;};_, of V with dual basis, {e;}_, C V*, and then
let
Y =¢1 = L51L52 cee Lsn_l{':n- (61)

Proposition 6.9. When V =R" and {ej}?zl is the standard basis for V, then
olar,...,ap) =det[ar]...la,] V {a;};—, CR™ (6.2)

Proof. Let us note that if

v(ay,...,caiy ... an) =cplay,...,a,) and
@, @iy + €Ay, Gr)
=p(an,. ..., 0.0, 0n) F o (A1, Qe Gy

= p(area) +e-0=p(ar,...,a,).
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Thus both ¢ and det behave the same way under column operations and agree
with a; = e; which already shows Eq. (6.2) holds when {a;}._, are linearly
independent. As both sides of Eq. are zero when {a;};_, are linearly
dependent, the proof is complete. [

Definition 6.10 (Signature of o). For o € Xy, let

(_1)0 = (p(eala .- ~7ean) 5

where ¢ is as in Notation , We call (—1)° the sign of the permutation,
.

Lemma 6.11. If o € X, then (—=1)° may be computed as (—1)" where N is
the number of transpositionﬂ needed to bring (ol,...,0on) back to (1,2,...,n)

and so (—1)° does not depend on the choices made in defining (—1)° . Moreover,

if {vj}?zl C V, then

© (Voly- s Von) = (=1)7 @ (v1,...,v4) ¥V o € Y.

Proof. Straightforward and left to the reader. ]
Corollary 6.12. If o € X,, is a transposition, then (—1)7 = —1.

Proof. This has already been proved in the course of proving Lemma [6.3] m
Lemma 6.13. If 0.7 € Yy, then (=1)77 = (=1)7 (=1)" and in particular it
follows that (=1)7 = (=1)7.

Proof. Let v; := es; for each j, then

(=177 := @ (orts s €orn) = @ (Vr1y .oy Urn)

(=)@ (i, yva) = (=1)7 @ (eo1y---»€0d)

=D (=17,

Lemma 6.14. A multi-linear map, T € L¥(V), is alternating (i.e. T €
AR (V) = A% (V7)) iff

T (Vo1,---,0ok) = (=1)7 T (v1,...,v) for all o € Zy.

2 N is not unique but (—1)" = (=1)7 is unique.
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Proof. (-1)7 = (—l)N where N is the number of transpositions need to
transform o to the identity permutation. For each of these transpositions pro-
duce an interchange of entries of the T function and hence introduce a (—1)
factor. Thus in total,

T (ot 0ok) = (=D T (vy, .. 00) = (1) T (v1,. .., 0).

The converse direction follows from the simple fact that the sign of a transpo-
sition is —1. u

Notation 6.15 (Pull Backs) Let V and W be finite dimensional vector
spaces. To each linear transformation, T : 'V — W, there is linear transfor-
mation, T* : AF (W*) — A* (V*) defined by

(T*6) (1, 0g) = ¢ (Tws, ..., Ty)

for all p € AF (W*) and (v1,...,v;) € VF. [We leave to the reader the easy
proof that T*p is indeed in AF (V*) ]

Exercise 6.2. Let V, W, and Z be three finite dimensional vector spaces and

suppose that V' L w 5 Z are linear transformations. Noting that V' 5T Z,
show (ST)* = T*S*.

6.1 Structure of A™ (V*) and Determinants

In what follows we will continue to use the notation introduced in Notation [6.8]

Proposition 6.16 (Structure of A™ (V*)). If ¢» € A™(V*), then ¢ =
Y (e1,...,en) p and in particular, dim A™ (V*) = 1. Moreover for any {v, }?:1 -
v,

@1, vn) = Y (=1)7 g1 (v1) ... En (vn)

oceX,

— Z (—=1)7 &1 (V1) -+ -&n (Von) -

oeX,

The first equality may be rewritten as

Q= Z (—1)7 €51 @+ @ Egn.

oeX,

Proof. Let {v;}_, C V and recall that
= Z €k; (’Uj) €L
k=1
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Using the fact that 1 is multi-linear and alternating we find,

n

n
¢(Ul»~~,vn): Z Hsk]‘ (vj) w(eklv'“vekn)
k1,....kn=1 | j=1

= Z HEJj(’Uj) U (oyse-yon)

oceX, j:l ]
= Z H[_:U] v] (71)0111)(613"'3677«)
oceX, ] 1

while the same computation shows

PV, v) = Y He(,j(vj) (1) @ (e1,. .. en)

oceX,

= Z (=1)7 €01 (v1) - .- €0n () -

ceX,

Lastly let us note that

n n
H Eoj (U] H €oo—1j ’U(7 1) = H ’Ua 15
j=1 j=1

so that

> ﬁga‘ (vo-15) (=1)°

ceX, j=1

Z HEj (Uo—lj) (—1)071

ceX, j=1

> ITeiwai(

ceX, j=1

© (U1, ., 0p)

wherein we have used ¥, 3 0 — ¢~ € X, is a bijection for the last equality. m

Exercise 6.3.If ¢y € A™(V*) \ {0}, show ¥ (v1,...,v,) # 0 whenever
{v;}; C V are linearly independent. [Coupled with Exercise it follows
that ¢ (v1,...,v,) # 0 iff {v;}]_, C V are linearly independent.]

Definition 6.17. Suppose that T : V. — V is a linear map between a finite
dimensional vector space, then we define det T € R by the relationship, T*y =
det T -1 where 1 is any non-zero element in A™ (V*). [The reader should verify
that det T' is independent of the choice of ¥ € A™ (V*)\ {0}./
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28 6 Alternating Multi-linear Functions
The next lemma gives a slight variant of the definition of the determinant.

Lemma 6.18. If ¢y € A™ (V*) \ {0}, {ej}?zl is a basis for V, and T : V -V
is a linear transformation, then

Y (Tey,...,Tey)
Y(er,...,en)

Proof. Evaluation the identity, det T - ¢ = T*%, at (ey,...,ey,) shows
detT - (e1,...,en) = (T*Y) (e1,...,en) =0 (Te1,...,Tey,)
from which the lemma directly follows. [

Corollary 6.19. Let T be as in Deﬁm’tion and suppose {ej}?zl 15 a basis
for V and {Ej}?zl is its dual basis, then

det T = (6.3)

detT= Y (=1)7e1(Teq1) .. cn (Teon)
oceX,

= Z (—1)7 o1 (Ter1) ... on (Tey).

oeX,

Proof. We take ¢ € A™ (V*) so that ¢ (eq,...,e,) = 1. Since T*p € A™ (V*)
we have seen that T*p = Ay where

A= (T"p) (e1,...,en) =@ (Te1,...,Tey,)
= Z (=1)7 e51 (Te1) ... €on (Ten)

oceX,

= Z (—1)061 (Tegl)...€n (Te,m).

oceX,

Corollary 6.20. Suppose that S,T : V — V are linear maps between a finite
dimensional vector space, V, then

det (ST) = det (S) - det (T) .
Proof. On one hand
(ST)" p = det (ST) ¢.
On the other using Exercise we have
(ST) o =T"(S*p) =T*(det S - ) =det S - T* (p) =det S -detT - .

Comparing the last two equations completes the proof. ]
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6.2 Determinants of Matrices

In this section we will restrict our attention to linear transformations on V' = R"
which we identify with n x n matrices. Also, for the purposes of this section let
{e; }?:1 be the standard basis for R™. Finally recall that the i*" column of A is
v; = Ae; and so we may express A as

A=v1]...|vn] = [Aeq] ... |Ae,].

Proposition 6.21. The function, A — det (A) is the unique alternating multi-
linear function of the columns of A such that det (I) = det [eq]...|e,] = 1.

Proof. Let ¢ € A™ (R™) \ {0}. Then by Lemma

Aeq,..., A
detA:w( €1, ) en)
Y(er,...,en)
which shows that det A is and alternating multi-linear function of the columns

of A. We have already seen in Proposition that there is only one such
function.

Theorem 6.22. If A is a nxn matriz which we view as a linear transformation
on R™, then;

LdetA=3% v (=1)7ao11 - Gonn,

2.det A=3 5 (-1)7 @161 .-G on, and

3. det A = det A",

4. The map A — det A is the unique alternating multilinear function of the
rows of A such that det I = 1.

Proof. We take {e;};_, to be the standard basis for R" and {e;}._, be its
dual basis. Then by Corollary [6.19]

det A = Z (—=1)7 &1 (Aep1) .. .en (Aesn)

oEX,

= ) (-1)7eq1 (Aer) ... con (Aen)

oeX,

which completes the proof of item 1. and 2. since ¢; (Ae;) = a; ;. For item 3 we
use item 1. with A replaced by A% to find,

det A" = " (=1)7(A") | (A7) = D (“1)  aren - non

ceX, oceX,

This completes the proof item 3. since the latter expression is equality to det A
by item 2. Finally item 4. follows from item 3. and Proposition [6.21] |
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Proposition 6.23. Suppose that n = ny + ng with n; € N and T is an X n
matriz which has the block form,
A B
T= ,
|:0n2 Xni C:|
where A is a nq X n1 — matriz, C is a no X ny — matriz and B is a ny X ny —

matriz. Then

detT =det A-detC.

Proof. Fix B and C and consider 6 (A) := det [O 4 g} . Then 6 €
no XNy
A" (R™) and hence
I B
d(A)=08(I)-det (A) =det (A) - det
On2><n1 O

By doing standard column operations it follows that

I B I Opyxns | %
det |:0n2><n1 C] = det [Ongxm C ] =:0(C).

Working as we did with § we conclude that 6 (C) = det[C] - § (I) = det C.
Putting this all together completes the proof. [
Next we want to prove the standard cofactor expansion of det A.

Notation 6.24 If A is an X n matriz and 1 < 4,5 <mn, let A(i,7) denotes A
with its it" row and j** — column being deleted.

Proposition 6.25 (Co-factor Expansion). If A is a n X n matriz and 1 <
7 <mn, then

n

det (4) = (=1)"" a;; det [A (i, j)] (6.4)

i=1
and similarly if 1 <i <mn, then

n

det (A) = (1) a;; det [A (i, )] . (6.5)

Jj=1

We refer to Eq. as the cofactor expansion along the j"* — column
and Eq. as the cofactor expansion along the i'" — row.

Proof. Equation (6.5) follows from Eq. (6.4) with that aid of item 3. of
Theorem To prove Eq. (6.4), let A = [v1]...|v,] and for b € R™ let
b@) := b — b;e; and then write v; = >, a;;e;. We then find,
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n
det A = Zaij det [v1]...|vj_1]es|vjq1] ... |vn]
i=1

= Za” det {U£Z)| e |v§21\ei|v§21\ . |v£f)}
n
j—1 i 7 7 i
= ay (1 det [ei|u§>|...|v§jl\v§+>1|...w}
1 0

- iaij (=171 (=)' det [0 A (m‘)]

= Z (—1)i+j Qjj det [A (Zv])]

@
Il
-

wherein we have used the determinant changes sign any time one interchanges
two columns or two rows. |

Example 6.26. Let us illustrate the above proof in the 3 x 3 case by expanding
along the second column. To shorten the notation we we write det A = |A|;

ai1 aiz ais ai1 1 ags ai1 0 a3 ai1 0 a3
a1 Q22 a23 | = @12 |a21 0 a3 | + aia|az1 1 ags | + aiz | az1 0 ao3
asy asz ass a31 0 aszs a31 0 ass az1 1 ass
where
ail 1 ai13 010 10 0 a a
21 @23
a1 0 asz| = |ag1 0 ass| = —|0aoq ass | = — = —det A (1, 2),
0 0 0 aszi ass
a1 0 ass az1 0 ass a1 ass
al 0 a3 a1 0 ai13 010 10 0
as1 1 ags | = 010 = —|ai 0 a1z | = 0 ai11 a13 | = det [A (2,2)] )
az1 0 azz a3 0 azz az1 0 azz 0 a3y ass
and
ai1 0 a3 0 a1 a3 0 a1 a3 10 0
any 0 agsz | = — 0 a91 A23 | = 10 0 =—1|0 a11 a1z | = — det [A (3, 1)] .
a31 1 aszs 10 0 0 az1 a3 0 a21 as3

6.3 The structure of A* (V*)

Definition 6.27. Letm € N and {Ej};n:l C V*, we define (4N - Ny, € A™ (V)
by
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30 6 Alternating Multi-linear Functions

by (v1) oo Ly (i) Exercise 6.4. Let {ei}?zl be the standard basis for R* and {¢; = e;‘}?zl be
la(v1) ... L2 (vm) the associated dual basis (i.e. g; (v) = v; for all v € R%.) Compute;
(LL A Nly) (U1, ..., up,) = det . ) . (6.6)
) ’ ; 1 0 1
o, (Ul) R . (Um) 2 1 0
m 1. ez Neg Ney 3l 1211713 ,
=Y () = X D o) b o). (67 R RE
ocEX i=1 oc€EX
1 0
or alternatively using det A% = det A, 2 1
2. ez NéEg 3] -1 ,
61 (v1) L2 (v1) i (v1) 4 1
by (v2) Lo (v2) ... L (v2)
(Ly AN ANly) (U1, ...y Uy) = det . (6.8) 1 0
: : : : 2 1
01 (Um) L2 (V) + .. L (V) 3. ahe|lq 1| |
m 4 1
=3 O [[lei )= > (=17 lor (v1) - o (vm) - (6.9) 1T o
oc€EX i=1 ceX,, 2 1
which may be written as, 4 (e1+es) Ae 317 -1 , and
4 1
bAoAy = Z (_1) b1 @+ @ lom. (610) 5. eqaNE3NEINEY (61,62,63,64).

oeX,

Remark 6.28. 1t is perhaps easier to remember these equations as The next problem is a special case of Theorem [6.30] below.

Exercise 6.5. Show, using basic knowledge of determinants, that for

(61 /\"'/\fm) (vl,...,vm)
by, l1,45,03 € V* that

—él (’Ul,...,’Um)
~ det 52(/017""77)?71) and (fo—l—el)/\ég/\gg):fo/\fg/\fg—i-gl/\gg/\gg.
Remark 6.29. Note that
| m (U1, .., Um)
I U1 U1 U1 Eal/\"'/\gam:(*1)061/\"‘/\£m
V2 V2 (%)
=det | 1 : £ : R - : for all ¢ € X, and in particular if m = p + ¢ with p,q € N, then
L Um Um Um Cpgrt Ao ANy NN ANl = (=1)PTl AN ANy Ay A e Ay,
where Theorem 6.30. For any fized { ..., 0 € V*, the map,
£<U17...7’Um) = I:g('lil) g(Um)] and V*9£1_>£1/\/\£ke/1k(v*)
V1 é(’Ul)
V2 4 (vg) is linear.
/ =
: : Proof. From Eq. (6.7) we find,
U, £ ()
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((81 + c€~1> A-ee /\ﬁk) (v1,...,0k)
= 3 17 (4 er) (o) o L (vo)

o€l
= Z (=1)7 41 (vo1) - - -k (vor) +C Z (=1)7 01 (V1) - . - Ly (Vo)
ceXy o€Xy

=0 ANl (o1, o)+ Ly A ANl (v, ..., 0)
= (61A~-~A£k+c-l71A~-~Mk) (U1, ..., Vk).
As this holds for all (vy,...,vx), it follows that
(£1+cl71)A---/\Ek:61/\---/\£k+c-z71/\~--/\£k

which is the desired linearity. [
Remark 6.31. If W is another finite dimensional vector space and T : W — V
is a linear transformation, then T* (€1 A -+ A lp,) = (T*l1) A -+« A (T*L,,) . To
see this is the case, let w; € W for i € [m], then
T* (fl /\"'/\Em) (wl,...,wm)
=l A Nly) (Twy, ..., Twy)

= > ()]t @we) = > (1) [[ () (we:)

o€l i c€X, i=1
= (T )N N(T ) (w1, .. W)

Z 13

Ezample 6.32. Let T € A? ([Rﬂ*) and v,w € R3. Then

T (v,w) =T (vie1 + vaes + v3es, wre1 + waes + wses)
=T (e1, ea) (v1wg — wiva) + T (€1, e3) (viws — wivs)
+ T (es, e3) (vows — wavs3)
=[T (e1,e2)e1 Nea+ T (er,e3)e1 Aes + T (ea,e3) ea Aes] (v, w)

from this it follows that
T =T (e1,e2)e1 Nea+T (e1,e3)e1 Nes + T (ea,e3) £2 Aes.
Further note that if
1261 N €g + a1361 N ez + agzea ANeg =0

then evaluating this expression at (e;, e;) for 1 < ¢ < j < 3 allows us to conclude
that a;; = 0 for 1 <i < j < 3. Therefore {e; Ae; : 1 <i < j <3} is a basis for

A2 ([R3] *) . This example is generalized in the next theorem.
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Theorem 6.33. Let {ei}f\;l be a basis for V and {Ei}fil be its’ dual basis and
for

J={1<a1<az<---<a, <N} CI[N],
let with # (J) = p,
e = (€ays---€a,), and ey :=cq, A+ Neg,. (6.11)
Then;
1.8, = {esj:J C[N] with# (J)=p} is a basis for AP (V*) and so

dim (AP (V*)) = (J;[), and
2. any A € AP (V*) admits the following expansions,

-,ejp)€j1 /\"'/\Ejp (612)
= Z Ales)ey. (6.13)
N

Proof. We begin by proving Eqgs. (6.12) and (6.13). To this end let
v1,...,Vp € V and then compute using the multi-linear and alternating prop-

erties of A that

N
A(vl,...,vp): Z €51 ('Ul)---ffjp (vp)A(er...,ejP) (614)
1y dp=1
N

= E : E 5]al Ul

Ji,-- ajp—l UEZ

= Z Z 7 ey (Vg-11) .. .€5, (vo-1p) A(ejy,s-- - €5,)

J1se- a]p*l . 0'62

1
= H Z A (ejl geey
jl,...,jp:1

Ejap (’Up) A (Ejgl g ,ejap)

6jp)€j1 /\"'/\z’:‘jp (vl,...,vp),

which is Eq. (6.12)). Alternatively we may write Eq. (6.14) as
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N

Z Z €apy (V1) ... Eq,, (vp) A (eaa17 . ,eaap)

1<a1<a2<--<ap,<NocX,

Z Aleays---,€a,) Z (-1)7 €a,, (v1) .. €a,, (vp)

1<ai<az<--<ap<N oeX,

= Z A(eal,...,e%)sal/\~~~/\5ap(vl,...,vp)

1<ai<az<--<ap<N

= Z A(BJ)EJ(Ul,...,Up).
JC[N]

which verifies Eq. (6.13)) and hence item 2. is proved.
To prove item 1., since (by Eq. (6.13) we know that 5, spans AP (V*), it
suffices to show 3, is linearly independent. The key point is that for

J={1<a1<ay<---<ap, <N} and
K:{1§b1<b2<"'<bp§N}

we have

Eap (6b1) 5ap (ebp)
Thus if }° ;- (nyases =0, then

0=0(ex) = Z aseg(ex) = Z ajdjK = ak
JC[N] JC[N]
which shows that ax = 0 for all K as above. [ |
Exercise 6.6. Suppose {/; }?Zl C [R"]*.
1. Explaining why ¢; A -+ Al =0 if ¢; = ¢; for some i # j.
2. Show #4 A --- AN, =0 if {¢; }?:1 are linear dependent. [You may assume
that ¢, = Z?:z a;¢; for some a; € R\]
Exercise 6.7. If {/; }5:1 C [R"]" are linearly independent, show
by N N #0.
Hint: make use of Exercise 5.4l



7

Exterior/Wedge and Interior Products

The main goal of this chapter is to define a good notion of how to multiply
two alternating multi-linear forms. The multiplication will be referred to as
the “wedge product.” Here is the result we wish to prove whose proof will be
delayed until Section [7.4]

Theorem 7.1. Let V be a finite dimensional vector space, n = dim (V) , p,q €
[n], and let m = p+ q. Then there is a unique bilinear map,

M, : AP (VF) x AT (VF) — A™ (V)
such that for any {fi},_, C V* and {gj}?':1 Cc V*, we have,

Mpg(fiNANfp gt N ANgg) =Fi N ANfpAgr A= Agg. (7.1)

The notation, M, 4, in the previous theorem is a bit bulky and so we intro-
duce the following (also temporary) notation.

Notation 7.2 (Preliminary) For A € AP (V*) and B € A1 (V*), let us sim-
ply denote M, , (A, B) by A - BE|

Remark 7.8. 1f m = p+ q > n, then A™ (V*) = {0} and hence A- B =0.

7.1 Consequences of Theorem

Before going to the proof of Theorem (see Section let us work out some
of its consequences. By Theorem it is always possible to write A € AP (V*)
in the form

«

A= "aiff A NS (7.2)
i=1

for some a € N, {a;}, C R, and {fi:jelpl and i€ [o]} C V*. Similarly we
may write B € A9 (V*) in the form,

1 'We will see shortly that it is reasonable and more suggestive to write A A B rather
than A - B. We will make this change after it is justified, see Notation @ below.

B
B:ijg{/\~-~/\gg (7.3)
j=1

for some 8 € N, {bj}jyzl C R, and {g; :j€g) and j € [6]} C V*. Thus by
Theorem [Z.1] we must have

a B _ _
A-B = My (A, B) =33 aibiMyy (FiA- A figl A ng])

i=1j=1
=D abifin-Afingl A Agl. (7.4)
i=1 j=1
Proposition 7.4 (Associativity). If A € A?(V*), B € A2(V*), and C €
A" (V*) for some r € [n], then
(A-B)-C=A-(B-0). (7.5)
Proof. Let us express C' as
.
C=> ckhf A= AR
k=1
Then working as above we find with the aid of Eq. (7.4) that
a B
(A-B)-C=>_

i=1j

Y
> aibjerfin- NFEAGIN - Agh ABE A ABE.
1 k=1

A completely analogous computation then shows that A - (B - C) is also given
by the right side of the previously displayed equation and so Eq. ([7.5)) is proved.
]

Remark 7.5. Since our multiplication rule is associative it now makes sense to
simply write A - B - C rather than (A- B)-C or A-(B-C). More generally if
Aj € APi (V*) we may now simply write Ay --- - Ay,. For example by the above
associativity we may easily show,
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A-(B-(C-D))=(A-B)-(C-D)=((A-B)-C)-D

and so it makes sense to simply write A- B-C'- D for any one of these expressions.
Corollary 7.6. If {@-}?Zl C V*, then
gl.....gp:gl/\.../\gp_

Proof. For clarity of the argument let us suppose that p =5 in which case
we have

by -ly -y -y - ls =1y - ( )
=Ly (2 (L5 (54Af5)))
=01 (ly- (U3 NLy N E5))
— 01 (fy Ay ALy A L)
— 0y ALy Al ALy AL

by - (03 (g~ C5)

]

Because of Corollary [7.6] there is no longer any danger in denoting A - B =

M, (A, B) by AN B. Moreover, this notation suggestively leads one to the
correct multiplication formulas.

Notation 7.7 (Wedge=Exterior Product) For A € AP (V*) and B €
AT (V*), we will from now on denote M, , (A, B) by AN B.

Although the wedge product is associative, one must be careful to observe
that the wedge product is not commutative, i.e. groupings do not matter but
order may matter.

Lemma 7.8 (Non-commutativity). For A € A? (V*) and B € A7 (V*) we

have
ANB=(-1)""BAA.
Proof. See Remark [6.29 [ ]

Ezxample 7.9. Suppose that {5]} is the standard dual basis on R® and

j=1
a:2€1—3€3, 5262/\544-(81 +€3)/\E5.
Find and simplify formulas for o A a, a A 8 and B A 5.

l.aAa=0sincea ANa=—aA .
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2.
a/\B:(2€17353)/\52 /\€4+(2€1*3€3)/\(€1+€3)/\€5
=261 Neg ANeg+3ea Neg Ney
+251/\(81 +E3)/\E5—3€3/\<51 +€3)/\E5
=2e1Neag Neg+3ea NegNeg+ 261 Neg ANes + 361 Aeg Nes
=2e1 Neg ANeg+ 369 ANeg Neg + De1 ANeg Aes.
3. Finally,

BAB=leaNes+ (61 +¢€3) Nes| Aea ANea + (€1 +€3) Aes]
=egNegA(e1+e3)Nes+ (e1+e3)ANes Aeg ANey
=g Neg Negr Nes+eaNegNeg Nes
+e1NesNea Neg+eg3Nes NeEa Ney
=1 Neag NegNETNE;—EaNEZNELNES
+e1NeaNegNeg —ea NeEg Neg NeEs.

Theorem 7.10 (Pull-Backs and Wedges). If A: V — W is a linear trans-
formation, w € A¥ (W*), and n € AL (W*), then

A (wAn) =A"w A A%y (7.6)
and in particular if 01, ..., 0, € W*, then
A [l Ao Nl = A" N N ALy, (7.7)

Proof. Equation ([7.6) follows directly from Eq. (7.18)) used below in the
proof of Theorem Equation (|7.7)) then follows from Eq. (7.6 by induction
on k. However, not wanting to use the proof of Theorem in this proof we
will give another proof which only use the material presented so far.

To prove Eq. |D simply let {vi}le C V and compute

A* [fl/\'“/\fk] (’Ul,...,Ak) :Kl/\-“/\fk(Avl,...,A’Uk)
= det [{¢; (Av;)}] = det [{A™4; (v))}]
= (A" N NA) (1, ..., 0k)

As this is true for all (v1,...,vx) € V¥, Eq. (7.7) follows.
Since both sides of Eq. (7.6 are bilinear functions of w and 7, it suffices to
verify Eq. (7.6)) in the special case where

w=L0 AN Nlpandn=fi A---Af

for some {1, ..., 0k, f1,... fi € W*. However this is now simply done using Eq.

2.
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A" (wAn) = A" (LA N ANFIA-AS1)
=AU N NAUNAT LN NAT S
=[A N NAUAN[A LA NA ]
=A"w A A™n.

7.2 Interior product

There is yet one more product structure on A™ (V*) that we will used through-
out these notes given in the following definition.

Definition 7.11 (Interior product). Forv eV and T € A™ (V*), let i, T €
AT=L(V*) be defined by i,T =T (v,--+).

Lemma 7.12. If {¢;}", CV*, T =l A+ ANlp, and v € V, then
iy (LL A - =Y (- Yo lL A AL A A L. (7.8)
j=1

Proof. Expanding the determinant along its first column we find,

ly (v1) ... O (o)
fg (’Ul) fg (’Um)

T(Ula sy Um) =

by (V1) ool (V)
El (UQ) . él (Um)
Y4 (”02) 62 (Um)

= Z (—1)]‘71 fj (Ul) . éj_l (1}2) PN gj_l (’Um)

j=1 éj—&-l (’UQ) . €j+1 (Um)

ém (UQ) e ZTTL (U’m)
Ul) (fl/\”'/\é\j/\'”/\fm> (Ug,...,vm)
j=1
from which Eq. (7.8) follows. [
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Example 7.13. Let us work through the above proof when m = 3. Letting T =
1 N\ by A €3 we have

1 (1) 1 (v2) 4 (v3)
T (Uly Vg, 1)3) 2 (’Ul) Oy (’02) ly (vd)
3 (v1) L3 (v2) £3 (v3)

= (fl (’Ul)EQ ANl — lo (U1)£1 Nl + U3 (’Ul)gl /\Eg) (’1}2,’1)3)
and so
Ty, (51 Al /\ﬁg) =/ (’Ul)fz ANl — bo (Ul)fl Nl + V3 (’Ul)fl A Lo,

Exercise 7.1. Let {5]} , be the standard dual basis and v = (1,2, 3)" € R3,
find aq,a9,a3 € R so that

iy (61 Neg Ae3) = ar1e2 N eg + azeq A es + azer Aea.
Corollary 7.14. For A € AP (V*) and B € A7 (V*) and v € V, we have
iy [ANB] = (i,A) A B+ (=1)" AA (i,B).

Proof. It suffices to verify this identity on decomposable forms, A = ¢; A
-~Adlpand B =/, 1 A--- Nl sothat ANB =41 A--- AL, and we have

iv (AN B)

=S V)T ) A NG A Ay

p
=D )T @) A NG Ay Ny A Ny

j=1
m ~
YT @) A by Ny A AL A Ay
j=p+1
= T1 + TQ
where
p ~
= > (- )l A-- AL A ...y NB=(i,A)AB
j=1
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36 7 Exterior/Wedge and Interior Products

and
Ty =AN Z (_l)j_lgj(v)gp—&-l/\"'/\[j/\"'/\ém
Jj=p+1
=(-DPAA | ST (TP ) Gy A AL A Ay
Jj=p+1

= (1)’ AA (i, B).

[
Lemma 7.15. If v,w € V, then i2 = 0 and iyiy = —iyiy.
Proof. Let T € A* (V*), then
i =T (w,v,—) =T (v, W,—) = Gyi,T.
[

Definition 7.16 (Cross product on R3). Fora,b € R3, let axb be the unique
vector in R® so that

det [c|a|b] = ¢ - (a x b) for all ¢ € R®.
Such a unique vector exists since we know that ¢ — det [c|a|b] is a linear func-
tional on R3 for each a,b € R3.

Lemma 7.17 (Cross product). The cross product in Definition agrees
with the “usual definition,

ijk
axb=|ai as as
b1 by b3

—'i a9z as s aj as ai ag

T by by | | by bs by by |’

where i = ey, j = es, and k = e3 is the standard basis for R3.

Proof. Suppose that a x b is defined by the formula in the lemma, then for
all c € R,

_ az az| a as ai az
(axb)-c=c by bs cs by bs + c3 by by
C1 C2 C3
= |ay az a3 | = det|[c|alb],
by by b

wherein we have used the cofactor expansion along the top row for the second
equality and the fact that det A = det A' for the last equality.
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Remark 7.18 (Generalized Cross product). If a1, as...,a,—1 € R™, let a1 X az X
-+ X anp—1 denote the unique vector in R™ such that

det [clai]az]| ... |an—1] =c a1 X az X -+ X a,_1 ¥V c € R".

This “multi-product” is the n > 3 analogue of the cross product in R3. I don’t
anticipate using this generalized cross product.

7.3 Exercises

Exercise 7.2 (Cross I). For a € R3, let £, (v) = a-v = a'Tv, so that ¢, €
(R?*)". In particular we have &; = £, for i € [3] is the dual basis to the standard

basis {e;}>_, . Show for a,b € R3,
Lo N\ Ly :iaxb[61/\€2/\€3] (7.9)
Hints: 1) write £, = 2?21 a;e; and 2) make use of Eq. (7.8)

Exercise 7.3 (Cross II). Use Exercise to prove the standard vector cal-
culus identity;

(@xb)-(zxy)=(a-z)(b-y)—(b-z)(a-y)

which is valid for all a,b, z,y € R3.Hint: evaluate Eq. (7.9) at (x,y) while using
Lemma [T.17

Exercise 7.4 (Surface Integrals). In this exercise, let w € Az (R?) be the
standard volume form, w (vy,ve,vs) := det[v1|va|vs], suppose D is an open
subset of R?, and ¥ : D — S C R? is a “parameterized surface,” refer to Figure
If F: R? = R3 is a vector field on R3, then from your vector calculus class,

//SF NdA = //DF(E(U»”)) [ 2w (w,v) x Xy (u,v)] dudv (7.10)

where e =1 (e = —1) if N (¥ (u,v)) points in the same (opposite) direction as
X (u,v) X Xy (u,v) . We assume that € is independent of (u,v) € D.
Show the formula in Eq. (7.10) may be rewritten as

//SF NdA = 5//]J (ir (@) (B (,0), Dy (u,0)) dudv— (7.11)

where
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Fig. 7.1. In this figure N is a smoothly varying normal to S, n is a normal to
the boundary of S, and T is a tangential vector to the boundary of S. Moreover,
D 3> (u,v) = X (u,v) € S is a parametrization of S where D C R?.

1 fw(NoX, X, %2,)>0

e:=sgn(w (N o X, 2, %,)) = {_1 if w(NoX, %y, %,) <O0.

Remarks: Once we introduce the proper notation, we will be able to write

Eq. (7.11)) more succinctly as

//SF~NdA://Siszze//DE*(ipw).

Definition 7.19 (Curl). If F : R? — R3 is a vector field on R3, we define a
new vector field called the curl of F by

VxF= ((92F3 — (93F2) e — (31F3 — 83F1) es + (81F2 — 82F1)63 (712)

where {e1, ez, ez} is the standard basis for R3. This usually remembered by the
following mnemonic formulas;

€1 €2 €3
V x F = det 81 (92 33
F, Fy I
_ 82 83 81 83 a1 a2
= ey det |:F2 Fg} — eg det [Fl F3] + ez det [F1 FJ .

Exercise 7.5 (Boundary Orientation). Referring to the set up in Exercise
[7-4] the tangent vector T' has been chosen by using the “right-hand” rule in
order to determine the orientation on the boundary, 05, of S so that Stoke’s
theorem holds, i.e.

[VxF]-NdA= | F-Tds. (7.13)
/1, L
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Show by using the “right hand rule” that T'=c- N x n with ¢ > 0 and then
also show
c=w(N,n,T) = (inizw) (T).

Also note by Exercise that Eq. (7.13) may be written as

// ’ivXFw Z/ F-Tds (714)
S o8

Remark: We will introduce the “one form”, F'-dr and an “exterior deriva-
tive” operator, d, so that
d[F . dl‘] = ivXFw

and Eq. (7.14) may be written in the pleasant form,
//d[F-da:]: F - dx.
S a8

7.4 *Proof of Theorem [7.1]

[This section may safely be skipped if you are willing to believe the results as
stated!]

If Theorem is going to be true we must have M, ,(4,B) = A-B =D
where, as written in Eq. ,

=17

The problem with this presumed definition is that the formula for D in Eq.
(7.15)) seems to depend on the expansions of A and B in Egs. and (7.3
rather than on only A and B. [The expansions for A and B in Egs.
and are highly non-unique!] In order to see that D is independent of the
possible choices of expansions of A and B, we are going to show in Proposition
below that D (v1,...,v,,) (with D as in Eq. ) may be expressed by a
formula which only involves A and B and not their expansions. Before getting
to this proposition we need some more notation and a preliminary lemma.

B

abjfi N ANFEAGIA - Agl. (7.15)
1

Notation 7.20 Let m = p + ¢ be as in Theorem and let {v;}", C V be
fized. For each J C [m] with #J = p write

J:{1§a1<a2<~~<ap§m},
JO={1<b; <by<---<by <m},

vy = (val,...,vap), and vje = (vbl,...,qu).
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38 7 Exterior/Wedge and Interior Products
Also for any o € X, and B € X, let

- _ 1 ... p p+1... m
S Aql - - QAap bgl bgq ’

When o and 8 are the identity permutations in X, and Xy respectively we will
simply denote 045 by oy, i.c.

1...pp+1l...m
gy = .
ai ... ap b1 bq
The point of this notation is contained in the following lemma.

Lemma 7.21. Assuming Notation [7.20,

1. the map,
’Pilhm X Ep X Eq > (J,Oz,ﬁ) — O0JaB € Yms

s a bijection, and
2. ()7 = (=1)7 (1) (=1)"

Proof. We leave proof of these assertions to the reader. [
Lemma 7.22 (Wedge Product I). Let n = dimV, p,q € [n], m := p+ q,
{fi}f_, cve, {gj}?‘:1 c V* and {vj};n:l C V, then

(in-ANfpAgi A Ngg) (V1,...,0m)
= > DTS A A L) (00) (90 A Agg) (vge) (7.16)

#J=p

Proof. In order to simplify notation in the proof let, ¢; = f; for 1 <i < p
and £j4p, = g; for 1 < j < g so that

AN A AGLA - Agg=L1 A Al
Then by Definition [6.27] of ¢; A

(61/\-~-/\£m)(v1,...,vm)

-+ Ay, along with Lemma[7.21] we find,

m

= det [{6: )}y | = 30 (D)7 [T 4 (o).

S IDIDILCIEES | (LU

J acX, e,
m
S EIED DI SRS | (TN | AR
J acX, peX, i=1 i=p+1
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Combining this with the following identity,

Z Z H (UUJa,ﬂi) (_1)06 H l; (U"'J,cx,ﬁi)
a€X, fES, i=1 i=p+1

= > 0] @) Yo D7 T 4 (v,

acX), =1 BeEX 1=p+1

(61 A p) (V1) (b1 A=+ ANl (vge)
=(fin-Afp)(vg) (g1 A Ngg) (ve)

completes the proof. [

Proposition 7.23 (Wedge Product II). If A € AP (V*) and B € A9 (V™)
are written as in Eqgs. and D € A™ (V*) is defined as in Eq. (7.15),
then

D1, yvm) = Y (=) A(vy)B(vse) V {n}1, CV. (7.17)

#J=p
This shows defining A N B by Eq. is well defined and in fact could have

been defined intrinsically using the formula,
AANB (1. om) = Y (=1)7" A(vy) B (vye). (7.18)
#J=p
Proof. By Lemma [7.22]
Fin- NFIAGIA - NG (1, o)

= > DT (HA A @) (d A Agd) ()

#J=p
and therefore,
D (v1,...,0m)
a B 4
=3 >ty (A AfiAG A AG) (1, vm)
i=1j=1
a B A
=3ty 3 0 (A A L) o) (gl A A g)) ()
=1 j=1 #J=p
a B ' B
= 2 O a (A nf) @) b (el Ao A (v)
#J=p i=1 j=1 j=1
= (=1)%" A(vs) B (vye)
#J=p
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which proves Eq. and completes the proof of the proposition. [

With all of this preparation we are now in a position to complete the proof
of Theorem [T.1l

Proof of Theorem [7.1] As we have see we may define A A B by either
Eq. or by Eq. @ . Equation ensures A A B is well defined and
is multi-linear while Eq. ensures A A B € A™(V*) and that Eq.
holds. This proves the existence assertion of the theorem. The uniqueness of
M, ,(A,B) = A A B follows by the necessity of defining A A B by Eq. . ]

Corollary 7.24. Suppose that {ej};lzl is a basis of V and {Ej};.lzl is its dual
basis of V*. Then for A € AP (V*) and B € A% (V*) we have

AANB =

n
T Z A(ejl,...,ejp)B(ejp+1,...,ejm)sj1/\...~~/\5jm.
L

(7.19)

Proof. By Theorem [6.33] we may write,

N
1
A:E Z A(eju""ejp)gjl/\"'/\€jpand
J1yeeJp=1
1 n
BZ*‘ Z B(ejp+17""ej7n)5jp+l/\"'.'./\ejm

" pttsenim=1

and therefore Eq. (7.19) holds by computing A A B as in Eq. (7.4)). ]
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8

Derivatives, Tangent Spaces, and Differential Forms

In this chapter we will develop calculus and the language of differential forms
on open subsets of Euclidean space in such a way that our result will transfer
to the more general manifold setting.

8.1 Derivatives and Chain Rules

Notation 8.1 (Open subset) I use the symbol “C,” to denote containment
with the smaller set being open in the bigger. Thus writing U C, R™ means U
is an open subset of R™ which we always assume to be non-empty.

Notation 8.2 For U C, R"™, we write f : U — R™ as short hand for saying
that f is a function from U to R™, thus for each x € U,

fi(z)

Ja(z
f= |

fm ()
where f; : U — R for each i € [m].
Definition 8.3 (Directional Derivatives). Suppose U C, R™ that f : U —

R™ is a function, so For p € U and v € R™, let

(00) () = oS -+ 10)

be the directional deri'vativeﬂ of f at p in the direction v. By definition,
the j*"-partial derivative of f at p, is

af

aEL’j (p) = (aejf) (p> = %|Of (p+t6j) .

where {ej}?zl is the standard basis for R™. We will also write 0;f for % =

de, I

! 'We use this terminology even though no assumption about v being a unit vector is
being made.

Definition 8.4. A function, f: U — R, is smooth if  has partial derivatives
to all orders and all of these partial derivatives are continuous. We say f : U —
R™ 1is smooth if each of the functions, f; : U — R, are smooth functions.

Notation 8.5 We let C* (U,R™) denote the smooth functions from U to R™.
When m = 1 we will also write C* (U,R) = 2° (U) and refer to these as the
smooth 0-forms on U. We also let C* (U,R™) denote those f : U — R™ such
that each coordinate function, f;, has partial derivatives to order k an all of
these partial derivatives are continuous.

Let us recall a some version of the chain rule.

Theorem 8.6. If f € C* (U,R™), pe U, and v = (v, ... ,fun)tr € R™, then
)
0.0) ) =Y 25 )y = /' (p)v
=1 9%

where ' (p) = Df (p) is the m x n matriz defined by

f@zﬂﬂmgz.~$@>

o (p) |
[ O f1 (p) 02 f1 (p) On f1 (p)

O1f2(p) Oaf2(p) .. Onf2(p)

01 fon (9) Onfon (0) DS (D)

We refer to f' (p) = Df (p) as the differential of [ at p.
More generally, if, 0 : (—e,¢) = U is a curve in U such that 6 (0) =
4|0 (t) € R™ exists, then

Lol (0(8) = (9500)f) (0:0)) = (0 0)) 5(0)

> 5 (e (0)50). (s.)
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T
bi ($1> = sinl(;l)

Example 8.7. If

T
2 Toe®l
then
2 €2 Eal
f’( 1) = [cos(z1) O
T2 ToeTl e™1

Ezxample 8.8. Let

Then

f/(p): (]jéila and

@.0w=[0s] 1] =["2"]
r(5)=1ram] o (5) e»
f (2) and then show det [f/ (2)] _

Exercise 8.2. Let

Exercise 8.1. Let

Find;

r rsin @ - cos 6 r
fl o] =|rsinp-sind| for | 4 | € R
© 7 COS %)
Find;
r r
f'| 0 | and then show det | f' [ @ = —r?sin .
2 2
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The following rewriting of the chain rule is often useful for computing di-
rectional derivatives.

Lemma 8.9 (Chain Rule II). Let 0 € U C, R™ and f : U — R™ be smooth
function. Then

d n d n d j position

— t.t,...,t) = — te;) = — 0,....0 t 0,...,0]).

dt|0f(a ) ) ) Zdt‘of(e_]) ;dtbf( ) s Yy » Uy ) )
Proof. Let o (t) = (t,¢t,... ,t)tr7 then by the chain rule,

Shof (bt o) = Tlof (0 () = 7' (0 (0)) 5 0)

j=1 j=1
[ ]
Exercise 8.3. Let
Ay A o Ay,
A21 A22 cee A2n
A= : oL : = lai]...|an)
Anl An2 Ann
be an n x n matrix with i*"-column
Ay
Ag;
a; = .
Ani
Given another n x n matrix B with analogous notation, show
((93 det) (A) = Zdet [a1| . \aj,1|bj|aj+1| e ‘bn} . (82)
j=1

For example if n = 3, this formula reads,
(Op det) (A) = det [b1|a2|a3] + det [a1|b2|a3] + det [a1|a2|bg] .

Suggestions; by definition,
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d d
(Op det) (A) := %|0 det (A+1tB) = £|0 det [ag + tby]. .. |an + tby] .
Now apply Lemma [8.9] with

fx1,...,zn) =det[ag + 21b1] ... |an + T0by) -

Exercise 8.4 (Exercise continued). Continuing the notation and results
from Exercise show;

1. If A =1 is the n x n identity matrix in Eq. (8.2)), then

(9 det) (I) Z Bj;.

2. If A is an n x n invertible matrix, shows
(0p det) (A) = det (4) - tr (A™'B).
Hint: Verify the identity,
det (A+tB) = det (A) - det (I + tA™"B)
which you should then use along with first item of this exercise.
Corollary 8.10. If A is an n X n matriz, then det (eA) = etr(4),

Proof. Let f (t) := det (e4), then

: d d
_ _ % (t+s)A

F8) = —lof (t+5) = —lodet (e+94)

d o
= £|0 det (etAe A) det (etA) Is
— () (a%‘ i det) (e OA) £(t) (04 det)( )
— F(®)tr (4) with £ (0) = det (I) =
Solving this differential equation then shows,

det (c4) = ettr(4),

4 det (e4)
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8.2 Tangent Spaces and More Chain Rules
Definition 8.11 (Tangent space). To each open set, U C, R™, let

TU :=U xR" ={v, = (p,v) : pe U and v € R"}.
For a given p € U, we let
T,U = {v, = (p,v) : v € R"}

and refer this as the tangent space to U at p. Note that

TU = UpevTpU.

For vy, w, € T,U and A € C we define,
vp + Awp 1= (v + Aw),

which makes T},U into a vector space isomorphic to R".

Notation 8.12 (Cotangent spaces) For p € R", let T;U := [T,U]" be the
dual space to T,U.

Definition 8.13. If f € C*™ (U,R™) and v, € T,U let
df (vp) = (0uf) (p) = f' (p) v.
We call df the differential of f and further write df, for df|r,u € [T,U]".

We will mostly (probably exclusively) use the df notation in the case where
m=1.

Ezample 8.14. Let f (z1,72) = 123, then

[ 21 2 r [ P1 2
= 2 == 2 .
f (x2> [23 21120 = f (p2> [p3 2p1p2 |
Therefore,

v
df (vp) = [p3 2p1p2 ] L}j = p3u1 + 2p1pava.

Notation 8.15 (Coordinate functions) Note well: from now on we will
usually consider x = (x1,. .. ,xn)tr to be the identity function from R™ to R"
rather than a point in R™, i.e. if p = (p1,pas---,pn)" then x; (p) = p;. We still
however write

of

8iL'i

(p) :== 0if (p) = (0, f) (p)
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46 8 Derivatives, Tangent Spaces, and Differential Forms

Ezample 8.16. We have for each i € [n]

pi +tv;) = ;.

dz; (vp) = (Ovzi) (p) = %bxl (p+tv) = %b(

Proposition 8.17. If f € 2° (U), then

df =) T dx;
i=1

where the right side of this equation evaluated at v, is by definition,

0 "0
( 8f dxl> ; ) - dz; (vp)

Proof. By definition and the chain rule,

& () = =3 g, =30 5 ) ()

Exercise 8.5. Using Proposition [8.17] find df when
fx1,@0,23) = x? sin (€¥2) 4 cos (x3) .

Lemma 8.18 (Product Rule). Suppose that f,g € C*> (U), then d(fg) =
fdg + gdf which in more detail means,

d(fg) (vp) = f (p)dg (vp) + g (p) df (vp) for all v, € TU.
[You are asked to generalize this result in Exercise . ]
Proof. This is the product rule. Here are two ways to prove this result.

1. The first method used the product rule for directional derivatives,
d(fg) (vp) = (v (f9)) (p) = (Ouf - g+ fOug) (D)
=g (p)df (vp) + f (p) dg (vp) .

2. For the second we use Proposition and the product rule for partial
derivatives to find,

Z@ Ydx; =Y [0;f - g+ fO;9) dx;
=1

<.

1
gZa fdx; +fZajgde = gdf + fdg.

j=1 j=1
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Ezample 8.19 (Example revisited). Let f (z1,72) = 2123 be as in Example
then using the product rule,

df = mgdml + z1d [x%} = x%dwl + 2x120dxs.
Proposition 8.20. If f € 2°(U) and o (t) is curve in U so that ¢ (0) exists,
then

Liof (0 0) = df (5 0)yqe))

Proof. By the chain rule and the definition of df (v,),

Liof (o (0) = /(0 (0)5(0) = (Do 1) (7 0) = df (5 (0)p))
| |
Exercise 8.6. Let ¢1,92,...,9» € C*({U,R), f € C*(R",R), and u =
fg1,---,9n), e
uw(p)=f(g1(p),---,9n () forallpelU.
Show

Jj=1

which is to be interpreted to mean,

n

du(v,) = > (9;£)(91(P) .-, 9n (b)) dg; (vp) for all v, € TU.
j=1
Hint: For v, € TU, let 0 (t) = (g1 (p +tv), ..., gn (p + tv)) and then make use
of the chain rule (see Eq. (8.1)) to compute du (vp) .

Here is yet one more version of the chain rule. [This next version essentially
encompasses all of the previous versions.|

Exercise 8.7 (Chain Rule for Maps). Suppose that f : U — V and g¢ :
V — W are C'-functions where U, V, and W are open subsets of R”, R™, and
RP respectively and let go f : U — W be the composition map,

gof:ULV&VV.

Show
(go ) () =9 (f(p)f (p) forallpeU. (8.3)

Hint: Let v € R” and o (¢) := f (p + tv) — a differentiable curve in V. Then use
the chain rule in Theorem twice in order to compute,

(901 (D)0 = o9 (F 0+ 1)) = log (0 (1)
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We now want to define a derivative map which fully keeps track of the base
points, unlike df which forgets the target base point.

Definition 8.21 ( f. : TU - TV). If U Co,R" and V Co, R™ and f : U =V
is a smooth function, i.e. f: U — R™ is smooth with f (U) C V, then we define
a map, f. : TU =TV by

fevp = [(0uf) (D) 5y = U (D) V] () for all (p,v) €TU =U xR™.  (8.4)

We further let f., denote the restriction of f. to T,U in which case f.p : T,U —
TV which is seen to be linear by the formula in Eq. .

Jev,=(foo)'(0)

Fig. 8.1. Describing the differential in geometric context.

Proposition 8.22 (Chain rule again). Let f and g be as in Fzercises .
Here are are last two reformulations of the chain rule.

1. If o (t) is a curve in U such that 6 (0) = v and o (0) = p, then

Fatn =1 (50),0) = | ot 0 0)] .

2. The chain rule in Eq. may be written in the following pleasing form,

(g0 f), = gufe

Proof. We take each item in turn.
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Jswn=(foo)'(0)

90 =(g0 foo) (O=(go v, | g(f(m)

B\

Fig. 8.2. The chain rule in pictures.

1. Let v, € TU. By the chain rule,

d ’ . /
Slof (@ (0) = (¢ ()6 0) = f (p)v

and therefore,

d
—|of (o (¢ = [f" (p)v], = fivp.
s =1, =

2. By the chain rule in Exercise
(gof)ivp = [(g © f)/ (p) 'U] (gof)(®) — lg" (f ) f" () U]g(f(p)) :
On the other hand,
Gu fsp = gx ([f/ (p) U]f(p)) =o' (f ) f' () v]g(f(p))

and hence (g o f), vp = g« fivp for all v, € TU, ie. (go f), = g fs.

8.3 Differential Forms

Standing notation: throughout this section, let {e;}!_; be the standard basis
on R™, {e;}!"_; be its dual basis, {z;},"_; be the standard coordinate functions
on R™ (so z; (v) = &; (v) = v; for all v = (vy,...,v,)" € R") and U be an open
subset of R™.
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48 8 Derivatives, Tangent Spaces, and Differential Forms

Definition 8.23 (Differential k-form). A 0-form on U is just a function,
f:U — R while (for k € N) a differential k-form (w) on U is an assignment;

Usp—w,c A ([T,R™]") for allp e U.
The form w is said to be C" if for every fized vy,...,vr € R™ the function,
Usp—wp ([vl]p,...,[vk]p> eR
is a C" function.

In order to simplify notation, I will usually just write

w ([vl]p e, [Uk]p) for w,, ([vl]p ey [vk]p) .

Notation 8.24 For an open subset, U C R™ and k € [n], we let 2% (U) denote
the collection of C*° (smooth) k-forms on U.

Example 8.25. If {fi}fzo are smooth functions on U, then w = fodfy A -+ Adfy
defined by

w ([m]p . [uk}p) = fo(P)gdfs A+ Adfy ([m]p . [vk]p>

(o (),
= fo (p) det [{(8Ujfi) (p)}ij:1:|

Iffi=ay,. ..., fu =2, forsome 1 <[} <ly <--- <l <n, then
w (o) [l ) = fo (o) et [{er, (07)}F, ]

:f0<p)511/\"'/\€lk (’l}l,...7’l}k>

Lemma 8.26. There is a one to one correspondence between k-forms (w) on U
and functions & : U — AF ([R"]*) . The correspondence is determined by;

@) (v1,...,v%) = wp ([vl]p b [vk]p) forallp e U and {vi}le C R™.

Under this correspondence, w is a C" k-form iff & : U — A* ([R"]") is a C"-
function.

Definition 8.27 (Multiplication Rules). If a € 2% (U) and B € 2 (U), we
define a A B € Q¥ (U) by requiring

[anBl,=a, B € AMH([T,R™Y) for all p € U.
Ifa=feQ°U), then the above formula is to be interpreted as
[fBl,=f(p) B € Al ([T,R™]") for allp € U.

Page: 48 job: 150BNotes

macro: svmonob.cls

Remark 8.28. Using the identification in Lemma these multiplication rules
are equivalent to requiring

aAB(p)=a(p)ApB(b) forall peU.
Notation 8.29 For
J={1<j1 <jo<---<jr<n}Cln], (8.5)
let
dvy = dxj, A--- Ndxj, € 28 (R™) and
eg=¢cj A Aej, € A" (R"])
Proposition 8.30. If w is a k-form on U, there exist unique functions wy :

U — R such that
w= Z wydzy, (8.6)
JC[n]:|J|=k

and all possible functions wy : U — R may occur. Moreover, if J C [n] as in
Eq. , then wy s related to w by

Wy (p) =W ([ejl]p yeees [ejk]p> =w (p) (6]‘1, sy ejk) f07’ allp e U.
Corollary 8.31. If w is given as in Fq. then

@ (p) = Z wy (p)es

JC[n]:|J|=k
and w is smooth iff the functions wy are smooth for each J C [n] with |J| = k.

Ezample 8.32. If w € 2% (U), then

w = Z wijdxi A dxj and @ = Z Wij€&; A €j

1<i<j<n 1<i<j<n
for some functions w;; € 2° (U).

The following lemma is a direct consequence of our development of the
multi-linear algebra in the previous part.

Lemma 8.33. If {ai}le C Y (U), thenay A---Aag € 2% (U) and moreover
if {v;}le C T,U, then

an Ao e (i) = ot [{a (o)} ]
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where
SRR
{{az( )}7]1}: 2 (01 2.2. 2 (Vg
k(v1) o (v2) ... o (vg)

or its transpose if you prefer.

Remark 8.34 (Book Ezercise 2.3.iii). Here is some help on Exercise in the
book which asks you to show the following. Suppose U is an open subset of R”
and f; € C* (U) for each j € [n]. Let F (p) = (f1 (D), -, fn (p))", show

dfy A---Ndfp, =det F' -dxy A -+ Adzp.
Well by Proposition [8:30] we know that
Afi A Adfy = w-daz A--- A day,

where

df: g[eﬂp dfy (les],) -~ dfi (lea],

dfa (leal, ) dfz ( [e2], dfa ( len],
= det . _

it (fe),) i (le2),) - (),
= det [F' (p)]

Ezample 8.35. If

a = fodfi A--- Ndfy, € 2% (U) and

B =godgy A--- Ndg; € 2 (U)

for some functions { f; }§:0 U {gi}ﬁzo C 2°(U), then
aA B = fogodft AN Ndfy ANdgy A -+ Ndg; € Qk—H(U).

Exercise 8.8. Suppose that {z; }jzl are the standard coordinates on R*, p =
(13 717 27 3)“ € R4> vl = (17 27 374)” ’ ’U2 = (07 13 717 1)tr ’ ,US = (17 Oa 33 2) )

a = x4 (dry + dxs), B =x122 (desg + dzy), and w = (m% + x%) drs ANdxo Adxy.

Compute the following quantities;
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Exercise 8.9. Let {:ci}le be the standard coordinates on R® and let
w = dxy Adzy + das A deg + des A deg € 22 (RG) .

Show
wAwAw=cdr; ANdxo Adxrs Adry Adxs A dxg,

for some ¢ € R which you should find.

8.4 Vector-Fields and Interior Products

Definition 8.36. A vector field on U C, R", is an assignment to each p €
U to and element F (p) € T,U. Necessarily, this means there exists a unique
function, f = (f1,.. .,fn)tr : U — R™, such that F (p) = [f (p)}p for all p € U.
We say F is smooth if f € C* (U,R™). To simplify notation, we will often
simply identify f with F.

Definition 8.37 (Interior Product). For w € 2% (U) and v, € T,M, let
Gy, Wp 1= Wp (Vp, ... )

be the interior product of v, with w, € A* (TI;k U) as in Definition . If F
s a vector field as in Deﬁm’tion we let ipw € 21 (U) be defined by

[iFW]p = ip(p)Wp = if(p)p‘*’p-
[We will abuse notation and often just (improperly) write ijw for ipw.]

Example 8.38. If w = godg1 A - - - A dgg, then from Lemma

sz—gOZ dgj -)dgl/\...d/g\j/\~-~/\dgk

k
=90 (1)’ (9rg;) dgy A...dg; A+ N\ dgg.
j=1

If go =1 and g; = z; for 1 < j <k, then dz; (F) = f; and the above formula
becomes,

k
p(dzy A Aday) :Z V)7 faday Ao Aday A A day,. (8.7)
j=1
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50 8 Derivatives, Tangent Spaces, and Differential Forms

8.5 Pull Backs

Definition 8.39 (Pull-Back). Suppose that V C, R™ and U C, R™ and ¢ :
V = U is a smooth function. Then for w € 27 (U) we define o*w € 2P (V) by

(SD*(“)) (vla s 77)17) =w (QD*’Uh ceey SD*UP) :
Lemma 8.40. If f € 2° (V) and w = df € 2 (V), then
prdf =d[p"fl =d(fop). (8.8)

Proof. For v, € T,,V, let o (t) = ¢ (p + tv) and use the chain rule to find,

Lot (oot t0)) = Lo (0 (1) = df (5(0),0)) = (puy).

Therefore,

(6°df) () = df (puy) = o (o (p-+ 10))

:%|0[f0go(p+tv)] = d(f o) (vy) =d[e"f] (v).
]

Proposition 8.41. If w € 2% (U), n € 2'(U), and ¢ and 1 are maps such
that ¢ o @ makes sense, then

e P*w = (o) w (8.9)

and
" (wAR) = wAp™. (8.10)

Proof. The first identity follows from Exercise [6.2] and the second from
Theorem [Z.101
[

Corollary 8.42. Suppose that V.C, R™, U C, R", ¢ : V. — U is a smooth
function, g; € C> (U) for 0 < j < k. Then

©* [godgr A=+~ Ndgr] = goow-dgio@] A~ ANd[groy]. (8.11)

Proof. Let a = godgy N - -+ A dgg.-
First proof. Using Eq. (8.10)) it follows that

P a =" (godg1 A+ Ndgr) = ¢"go [ dgr A -+ A pdgy].
This result along with Lemma completes the proof of Eq. (8.11)).
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Second proof. Let {v } C R™ and ¢q € V, then
(p*a) (vg:---,vg) = () (Puv a~~-7<ﬂ*v§)
=90 (¢ (@) dg1 A -+ Adgk (pavg, ... puvk)
k

= g0 (¢ (q)) - det {{dgl (xv )}i,jzl} :

But finally we have by Lemma [8.40] that

dg; (pxvy) = (¢"dgi) (v]) = (d]gi o ¢]) (v])
and so

det [{dgi (ga*vg)}ijzl} =(dlgrop] A Ad[gk o ¢]) (v;, . ,vf;)

and hence
(") (vg, - vh) = (g009) (@) (d[gro @] A=~ Adlgr o)) (v),...,vF)
which again proves Eq. (8.11)). [

Ezample 8.43. Suppose that f : R3> — R? is given by f(z1,22,73) =

(z3e*2, m123) and w = xzdy and a = cos (zy) dz A dy as forms on R? where

(x,7) are the standard coordinates on R2. Here are the solutions;
ffo=wzof-dlyof]=zie™ - dlrixs] = x]e™ - (v3dw) + x1dx3)
and

[ra = cos (ziez123) [d (27e™)] A [d (z123)]
= cos (m?xge ) e®? [2x1dxy + dxo) A (z3dxy + 21dws)
= coS (x:fxgemz) e”? [Qx%dxl Adzg — z3dzy A dzy + z1dws A das)]
Basically in this case we need only let “x = x7e*2” and y = x;x3 and then
follows our nose in computing w = zdy and « = cos (zy) dz A dy.

Ezample 8.44. Let w = udv where u(z,y) = sin(z+y) and v(z,y) = e*¥
and suppose again that f (z1,22,z3) = (:C%e”,mlxg) . Again the rule is to let
x = x2e®? and y = 173 and then compute

f*w = sin (a:%e + x12x3) - dexp (av%e3122 . xlxg)

2 e’ + x1x3) - dexp (:ci’xge“)

) -
) -

+ xlxg) - exp (a:‘rfa:gem) d (xfxge“)
) - exp (xlacde ) (3x%x36”dx1 + x3e””2dx3 + x‘;’x;;e“d:rg)
)

- exp (xil”zge“) xle 2 (3xdxy + x1x3das + x1e%2drs) .
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8.6 Exterior Differentiation

Now that we have defined forms it is natural to try to differentiate these forms.
We have already differentiated O-forms, f, to get a 1-form df. So it is natural
to generalize this definition as follows.

Definition 8.45 (Exterior Differentiation). If w = Y wydz; € 2F (U),
we define

dw == Zde Adxy € QM (U) (8.12)
7

or equivalently,
= Z Z (8Z'CUJ) d(El AN dl’J.
i=1 J

It turns out in order to compute dw you only need to use the Properties
of d explained in the next proposition. You may wish to skip the proof of this
proposition until after seeing examples of computing dw and doing the related
exercises.

Proposition 8.46 (Properties of d). The exterior derivative d satisfies the
following properties;

1..df (vp) = (0uf) (p) for f € 2°(U).
2.d: QP (U) — QP (U) is a linear map for all 0 < p < n.
3. d satisfies the product rule

dlwAn =dwAn+ (-1’ wAdy

for allw e 2P (U) and n € 29(U).

4. d?w =0 for allw € 27 (V).
Suggestion: rather than reading the proof on your first pass, instead jump
to Lemma and continue reading from there. Come back to the proof
after you have some experience with computing with d.

Proof. In terms of the identification of w € QP (U) with
@ e C> (U, A* ([R"]")) in Lemma we have

dw = i;(@iwj)ei Neg= isi /\EJ:(@'WJ)EI

which may be written as

dw = do =Y &; A O, (8.13)
=1
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This last equation describes dw without first expanding w as a linear combi-
nation of the {dz;}. This turns out to be quite convenient for deducing the
basic properties of the exterior derivative stated in this proposition. To simplify
notation in this proof we will not distinguish between w and @ and d and d and
we will exclusively (in this proof) view forms as function from U to A* ([R"]").
We now go to the proof proper.

The first item immediate from the linearity of the derivative operator. The
second item is consequence of the product rule for differentiation;

0
dwAn) = w/\n ZEJ [ An+w /\8777
J

/\n+Zej/\w/\a—xj

>
D

=doAn+ (=1)PwA Zej

=dwAn+ (-1)" w/\dn.

Lastly,

- 0 " Ow
d*w = Y A —
@ ;6 633% ;5] 8.’17j

= giNE;
Z inEn 89:1833]

1,j=1

0w 0%w
:*Z SN oz, TN B om
105

n

Z 5»/\5-/\&—54/\6»/\ P =0
= ! / 8%8% ! J 8:@8% o

i,j=1

DN | =

wherein we have used the fact that mixed partial derivatives of C2-functions
(vector-valued or not) are equal. ]

Lemma 8.47. If {g;}/_, C 2°(U), then
dlgo-g1 N Ndgp] = dgo Ndg1 N\ --- N dgp. (8.14)

This formula along with the knowing df for f € Q°(U) completely determines
d on 27 (U).
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52 8 Derivatives, Tangent Spaces, and Differential Forms

Proof. The proof is by induction on p. Rather than do the general induction
argument, let me explain the case p = 3 in detail so that w = godgs A dgs A dgs.
Then using only the properties developed in Proposition [8.46]

dw = dgo A [dg1 N dga A dgs] + god [dgy A dga A dgs]
where

= d*g1 A (dga A dgs) — dgi A d (dgs A dgs)
=0—-dg A [d2gg Adgs — dga N dggg] =0.

Thus we have shown
dw = dgg N\ dgy N dgs A dgs

as desired. =
The next corollary shows that the properties in Proposition actually
uniquely determines the exterior derivative, d.

Corollary 8.48. Ifd : 2% (U) — 2*T1 (U) is any linear operator satisfying the
four properties in Proposition[8.46}, then d is in fact given as in Definition[8.73.

Proof. Let w = Y ;wydz; € 2% (U) where the sum is over J C [n] with
|J| = k. By Lemma which was proved using only the properties in Propo-
sition [8:46] we know that

dwydry] =dwydxj, A--- Ndzj, ) = dwy ANdxj, A--- Ndzj,
=dwy ANdzy.

Thus using the assumed linearity of d, it follows that

dw = Z dwy Ndxy
J
in agreement with the definition in Eq. (8.12).
|

Example 8.49. In this example, let z,y, z be the standard coordinates on R3
(actually any smooth function on R? or R* for that matter would work). If

a = zdy — ydr + zdz,

then
da=dr Ndy —dy Ndx + dz AN dz = 2dx A dy.

If B = e ¥ +°dz A dy, then
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dem V' +2° — gty +2° g (x + 9%+ 23)
= em v+ (dx + 2ydy + 322dz)
and therefore,
dB = de™ "+ Ndo N dy = YT (da + 2ydy + 322dz) Ade A dy
= "tV 32202 A da A dy = eV HZ 3200 A dy N dz.

Definition 8.50. A form w € 2% (U) is closed if dw = 0 and it is exact if
w = du for some p € Q1 (U).

Note that if w = du, then dw = d?u = 0, so exact forms are closed but the
converse is not always true.

Example 8.51. In this example, again z,y, z be the standard coordinates on R3
(actually any smooth function on R? or R* for that matter would work). If

a = ydx + (zcosyz + x) dy + ycosyzdz
then
do = dyNdz+((cosyz — yzsinyz) dz + dx)Ady+(cosyz — zy sinyz) dyAdz = 0,
i.e. « is closed, see Definition [8.50)

Exercise 8.10. Let a = xdx — ydy, § = zdx A dy + xdy A dz and v = zdy on
R3, calculate,
aANB, aANBAvy, da, dB, dy.

Exercise 8.11. Let (x,y) be the standard coordinates on R?, and define,
~1
o= (2 +y?) - (zdy —ydz) € ' (R*\ {0}).
Show « is closed. [We will eventually see that this form is not exact.]

Exercise 8.12 (Divergence Formula). Let f = (f1, fo, f3,..., fn) and w =
dxy A --- Adxy,. By Example with k£ = n we have

n
ifw=1lpw = Z(—l)r1 fidxy A=+ ANdxj A - ANday,.
j=1

Show .
dlipw] = (V- f)w where V- f = Zaifi,

i=1

i.e. V- f is the divergence of f from your vector calculus course.
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Exercise 8.13 (Curl Formula). Let f = (f1, f2, f3) € C*° (R3,R?),

w =dzi AN dxs N dxs, and
o= f-(dry,dxs,dxs) := fidey + fodrs + f3dxs.

Show da = ivxjw where V x f is the usual vector calculus curl of f, see Eq.

(712) of Definition [7.19 with F' replaced by f = (f1, fo, f3) -

Theorem 8.52 (d commutes with ¢*). Suppose that V C, R™ and U C, R™
and ¢ : V. — U is a smooth function. Then d commutes with the pull-back, p*.
In more detail, if 0 < p <m and o € 2P(V) then d(p*a) = ¢*(da).

Proof. We may assume that a = godgi A --- A dgp in which case

Y= " (godgi A--- Ndgp)
= gold(p g1) N Nd(9*gp)]
and so
dp*a=d(p"go) Nd(p*g1) A=+ Nd(9"gp)
while from Lemma [8.47]
@ da = p*dgo N ¢ dgi N+ N @*dg,
=d(p go) Nd (@ g1) N Nd (¢ gp) = d[p al.






9

An Introduction of Integration of Forms

One of the main point of differential k-forms is that they may be integrated
over k-dimensional manifolds. Although we are not going to define the notation
of a manifold at this time, please do have a look at Chapter 6 starting on page
75 of Reyer Sjamaar’s notes: Manifolds and Differential Forms, for the notion of
a manifold and associated tangent spaces along with lots of pictures! (Pictures
is one thing in short supply in our book.)

9.1 Integration of Forms Over “Parameterized Surfaces”

Definition 9.1 (Basic integral). If D C, R¥ and o = fdxi A - ANdxy €

Q2% (D), we define
/Da = /Dfdm

provided the latter integral makes sense, i.e. provided fD |fldm < oco. Often
times we will guarantee this to be the case by assuming f € C° (D).

We now want elaborate on this basic integral.

Definition 9.2. Let D C, R* and U C, R™. We say a smooth function,  :
D — U, is a parameterized k-surface in U.

Definition 9.3. If v : D — U is a parameterized k-surface in U and w €
QF(U) is a k-form, then we define,

/w::/'y*w.
¥ D

Ezxample 9.4 (Line Integrals). Suppose that w = Z?Zl fidz; € 2' (U) and v =

Yseesm)'™ [a,b] — U is a smooth curve, then letting t be the standard
coordinate on R (i.e. t (a) = a for all a € R) we find,

I
NE

v f fiov(#®)d(zjovy(t) = ij (v () d (v (1))

<.
Il
—

[
NE

fi (v ()4 (t) dt

<.
Il
—

and hence
n b
— j t'jtdt: f t)) - A () dt
Af /[a,b];f”””” / (v (1)) -4 (1)

where £ = (f1,..., fn)tr thought of as a vector field on U.

Ezample 9.5 (Integrals over surfaces). Suppose that D = (-1, 1)2 CR2 U=
R3, and v (z,y) = (z,y,2 — 2? — y?) as in Figure and let

Y w = fdx A dy.

In this picture we have divided the base up into little square and then found

-1

Fig. 9.1. This is the plot of graph of v (z,y) = (m, y,2 —a% — y2) over D.

their images under ~. It is reasonable to assign a contribution to fww from a

little base square, @, := p; + ¢ [0, 1]2 to be approximately,


http://pi.math.cornell.edu/~sjamaar/manifolds/manifold.pdf
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w (’y* ([z—:el]pj) s Ve ([seQ]pj)) Yw ([5@1 , [eea] )

= f(pj)€* = f (p;) - Area(Q;)

and therefore we should have
/W = Zf(pj) - Area (Q;) —>/ fdm as e ] 0.
Y j D

Theorem 9.6 (Stoke’s Theorem II). Suppose that D = H =
{(p1;---,pn) € R™: p; <0} is the “left half space”, U C, R™, v: D = U is
a parameterized n—surfacﬂ and p € 2771 (U), then assuming that v*u is the
restriction of a smooth compactly supported n — 1-form on R" ™1, we have

[or=],
v Oy

where Oy : R"™1 — U is defined by

8’}/(t1,...,tn_1) :’}/(O,tl,...,tn_l).

Fig. 9.2. Half space

Proof. If, as in book Exercise 3.2viii (our first version of Stoke’s theorem),
we let i : R"~1 — R” be the inclusion map,

L(tl, . 7tn,1) = (O,tl, N ,tnfl) s

then 07 := vy ot : R" ! — U. Therefore, using pull-backs commute with d, the
definitions of integration we have given along with your book Exercise 3.2viii,
we find,

! We assume v extends to a smooth function into U on an open neighborhood of H.

Page: 56 job: 150BNotes

Ldu ::/Hv*duz/ﬂﬂdh*u] :/RHL* [ ]
:/RH (WOL)*MZ/WH ((‘%)"u::/avw

9.2 The Goal (Degree Theorem):

In the end of the day we would really like to define an integral of the form,
fﬁ/( D)W by which we mean we want the integral to depend only on the image of
~ and not on the particular choice of parametrization of this image. For example
of f: D' — D is a diffeomorphism, so that v (D) = yo f (D’), we are going

to want,
/L)V*w=Lw=Lofw=//(70f)*w= [ 1o,

In other words we would like to show if f : D’ — D is a diffeomorphism then
the following change of variable theorem hold,

/ a= fra forall a € 2F (D). (9.1)
D D’

This last assertion will actually only be true up to sign ambiguity when D
is connected and we will have to take care of this sign ambiguity later by
introducing the notion of an orientation. Nevertheless, the next very important
step in our development of integration of forms is to find how to relate || o [T
to | p @ This will lead us to the deepest topic of this course, namely degree
theory and the change of variables theorem.

Definition 9.7 (Compact support). If V is an open subset of R™ we let
2% (V) denote the “compactly supported” k-forms on V. This means there is
a closed and bounded subset, K C V, such that w, =0 if p ¢ K.

Definition 9.8. Let U and V' be connected open subsets of R™ and suppose
that f : U — V is a diffeomorphism. Then f is orientation preserving if
det f' > 0 and orientation reversing if det f' < 0. [Because U is connected
and det [’ is never 0, it follows that det f’' is either always positive or always
negative. |

Here is the statement of the theorenﬂ we are heading to prove.

2 This theorem is probably is the most important and deepest theorem of this course.
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Theorem 9.9. Let U and V' be connected open subsets of R™ and f: U — V
be a smooth propeﬂ map. Then there exists an integer, deg (f) € Z, such that

/ ffw :deg(f)~/ w for allw e 20 (V).
U v
The degree function has the following properties;

1. deg (f o g) = deg (f) - deg(g),

2.deg (f) = 1 (=1) if f is an orientation preserving (reversing) diffeomor-
phism,

S.deg(f) =01 f(U) &V,

4.if g € V is a regular valufﬁ of f, then

deg(f)= ) san(det /' (9)).
pef~1({a})
Ezample 9.10. t U = (a,b) and V = (¢, d) are bounded open intervals in R and
f:U — V is a smooth map. There are four possible ways for f to be a proper
map, see Corollary [10.49| below. In what follows we write f (a+) = limg, f ()

and f (b—) := limgqp f ().

L flat)=fb-)=c
2. fla+) = f(b—) =d.
3. f(a+)=cand f(b—)=d
4. f(a+) =d and f(b—) =c.

In the first two case deg (f) = 0 while in case deg (f) =1 and deg (f) = —1
in case 4, see Figure [9.9] below.

Exercise 9.1. Let f : R?> = R? be the smooth map,

f(xay) = (1'2 - y272xy) .

Show ||f (z,y)|| = oo when ||(z,y)|| = oo which turns out to be equivalent to
the statement the f is proper, see Example [10.43| below. Further compute the

deg (f)-

We are going to spend a fair bit of time understanding the hypothesis and
proving Theorem To understand the hypothesis we need to discuss some
basic topological notions, which we do in the next chapter. We will also need to
construct lots of smooth compactly supported functions on open subsets of R™.
The next section is the grist mill for constructing smooth compactly supported
functions.

31f U and V are bounded open sets then ¢ : U — V is proper if ¢ (p) is near the
boundary of V' when p is near the boundary of U. The general definition of proper
will be given later.

4 A point ¢ € V is a regular value of ¢ if for all p € p=* ({¢}), det ¢’ (p) # 0.
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9.2 The Goal (Degree Theorem): 57

a b

Fig. 9.3. Here are three examples of proper map one dimensional maps with their
degrees which are 0, —1, and 1 respectively. Let us also note in the first case, the map
is not surjective which always leads to a degree zero map. In the one dimensional case,
the degree can only take the values {0,1,—1}.
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10

Elements of Point Set (Metric) Topology
Definition 10.1 (Euclidean metric). Let X be a subset of R™ and for p,q €
X, let

d(p,q) = Ilp—al = (10.1)

be the Fuclidean distance between p and q.
Remark 10.2. The function d has the following basic properties for all p, ¢, r € X

1.d(p,q) 2 0 with d(p,q) =0 iff p=gq,
2.d(p,q) = d(g,p) and
3.d(p,q) <d(p,r)+d(r,q).

Definition 10.3 (Metric Space). A metric space is a set X equipped with a
function, d : X x X — [0,00), satisfying the three properties in Remark
above.

Example 10.4. There are many examples of metric spaces. For example, one
might let X be the points on the surface of the earth and for p,q € X, let d (p, q)
be the geodesic distance between p and ¢. This distance function generalizes to
general “Riemannian manifolds.”

Although we are likely to only use metric spaces of the form in Definition
[103] I will give many of the basic definitions and properties for general metric
spaces as it require no extra work. You are free to always assume that X is a
subset of R™ and d (p, q) is given by Eq. if you prefer.

Definition 10.5 (Limits of sequences). A sequence {z,},., in a metric
space (X, d) is said to be convergent if there exists a point x € X such that
lim, oo d(x,2,) = 0. In this case we write lim, oo T, = T or T, — T as
n — oo.

Exercise 10.1. Show that x in Definition [10.5|is necessarily unique by showing
d(z,y) =0if 2, » 2 and 2, — y as n — .

10.1 Continuity

Definition 10.6 (Continuity). Let (X,d) and (Y,dy) be two metric spaces.
A function f: X =Y is continuous at x € X if

nlingof (zy) = f(z) for all {z,},>, C X with nhHH;O Tp =T

We say [ is continuous on X if it is continuous at all points in X which may
be stated as

lim f(x,)=7f (nh_)rr;o xn) whenever nlgrgo x,, exists in X.

n— oo

A

°

Definition 10.7. A function f : (X,d) — (Y,dy) is said to be Lipschitz (con-
tinuous) if there exists K < oo such that

dy (f (), f(2)) < Kd(z,2") for all z,2" € X. (10.2)
[Note f is continuous since if T, — x then

dy (f (zn), f () < Kd(2n,2) = 0 as n — 00,
If f satisfies Eq. we will say that f is Lip —K continuous.
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Example 10.8. Any function, f : R — R which is everywhere differentiable is
Lipschitz iff K := sup,cp |f' ()] < co. Indeed if

lf (y) = f (@) < K|y —a| forall z,y € R

then

W =F@ a2 e R,

Conversely, if K := sup,cg |f' ()| < oo, then by the mean value theorem, for
all y > x there exists ¢ € (z,y) such that

R RITICIES 2

It turns out that every metric spaces with an infinite number of elements
comes equipped with a large collection of Lipschitz functions.

Lemma 10.9 (Distance to a Set). For any non empty subset A C X, let
da (z) ;= inf{d(z,a)la € A},

then
|[da (z) —da(y)| < d(z,y) Vz,y € X, (10.3)

i.e. dg : X — [0,00) is Lip —1 continuous.
Proof. Let a € A and =,y € X, then
da(z) <d(xz,a) < d(z,y) + d(y,a).
Take the infimum over a in the above equation shows that
da (v) < d(w,y) + daly) Va,y€ X,

Therefore, da (z) — da(y) < d(z,y) and by interchanging x and y we also have
that da(y) —da (z) < d(z,y) which implies Eq. (10.3). ]

Ezample 10.10. For fixed z € X, the function f (y) = d (z,y) is Lip-1 continuous
as is seen by taking A = {z} in Lemma [10.9]

Corollary 10.11 (Optional on first read). The function d satisfies,
‘d(i& y) - d(xla y/)| < d(yv y,) + d(x, xl)‘

Therefore d : X x X — [0,00) is continuous in the sense that d(z,y) is close
to d(z',y") if © is close to &’ and y is close to y'. In particular, if x,, — x and
Yn — Yy then

lim d(zp,yn) =d(z,y) =d ( lim z,, lim yn> .
n—oo

n— 00 n— 00
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Proof. First Proof. By Lemma for single point sets and the triangle
inequality for the absolute value of real numbers,

|d(z,y) — d(a, )| < |d(z,y) — d(z,y)| + |d(z,y") — d(2’, )]
<d(yy') +d(z,a').
Second Proof. By the triangle inequality,
d(z,y) <d(w,a') +d (@' y) <d(@,2') +d(@y") +d (' y)
from which it follows that
d(z,y) —d(@'y) < d(z,2") +d(y,y).
Interchanging x with 2’ and y with ¢/ in this inequality shows,
d(a,y') —d(z,y) < d(z,2") +d(y',y)
and the result follows from the last two inequalities. [
Ezxample 10.12. Let f : R — R be the function defined by

lif z €@
f(z){mfw@.

The function f is discontinuous at all points in R. For example, if o € Q we
may choose z,, € R\ Q such that lim,, . 2, = 2o while

lim f(x,)= lim 0=0#1= f (o).

n— o0 n— oo

Similarly if if 2o € R\ Q we may choose z,, € Q such that lim, . x, = o
while

lim f(x,)= lim 1=1#0= f(xo).
n—oo n—oo

Exercise 10.2. Consider N as a metric space with d(m,n) := |m —n| and

suppose that (Y,d) is a metric space. Show that every function, f : N — Y is

continuous.

We will assume the reader is familiar with the basic properties of complex
numbers and in particular with the following theorem.

Theorem 10.13. If {w, },~, and {z,},—, are convergent sequences of complex
numbers, then

1 1limy o 00 (Wy 4 25) = limy, 00 Wy, + limy, o0 25,

2. limy, 00 (W, + 2p,) = limy, 00 Wy, - limy, o0 2,
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3. if we further assume that lim, .o 2, # 0, then

. (wn) lim,, o0 Wy,
Im (| — | = —""—

Exercise 10.3. Suppose that (X, d) is a metric space and f, g : X — C are two
continuous functions on X. Show;

1. f + ¢ is continuous,
2. f - g is continuous,
3. f/g is continuous provided g (z) # 0 for all z € X.

Ezample 10.14. The functions f : C\ {0} — C defined by f (2) = 1/z is contin-
uous since g (z) = z is Lip-1 continuous as |g (z) — g (w)| = |z — w], it follows
that f (z) = 1/g(z) is continuous by part 3. of Exercise [10.3]

Exercise 10.4. (You only need explain parts 1. and 5. of this problem as we
have done the other parts in class.) Show the following functions from C to C
are continuous.

1. f(z) = c for all z € C where ¢ € C is a constant.

2. f(2) = |z|. [Hint: f (z) = d(z,0) where d (z,w) := |z — w| is the Euclidean
norm on C = R?

3. f(z)=zand f(2) ==z

4. f(z) =Rez and f(2) =Imz=.

5. f(2) = ZN Qm,n2™Z" where a,, , € C.

m,n=0

Exercise 10.5. Suppose now that (X, d), (Y,dy), and (Z,dz) are three metric
spaces and f : X Y and g:Y — Z Let 2 € X and y = f (z) € Y, show
go f: X — Z is continuous at x if f is continuous at x and ¢ is continuous
at y. Recall that (go f) (z) := g (f (x)) for all z € X. In particular this implies
that if f is continuous on X and g is continuous on Y then f o g is continuous
on X.

Ezample 10.15. If f : X — C is a continuous function then |f| is continuous

and
N

= Z amnfm.fn
m,n=0

is continuous.

Definition 10.16. A map f : X — Y between topological spaces is called a
homeomorphism provided that f is bijective, f is continuous and f~':Y —
X is continuous. If there exists f : X — Y which is a homeomorphism, we say
that X andY are homeomorphic. (As topological spaces X andY are essentially
the same.)
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10.2 Closed and Open Sets

Definition 10.17 (Closed Sets). A set F C X is closed iff every convergent
sequence {xy} - which is contained in F has its limit back in F. We will write
F C X to indicate F is a closed subset of X.

Definition 10.18 (Open Sets). A set V C X is open iff V¢ is closed and we
write V. C, X to indicate the V is an open subset of X.

Notation 10.19 To simplify notation in future arguments we will write;

1. zp, € A i.o. (read z, € A infinitely often) to mean # {n:z, € A} = c©
and

2. zp € A a.a. (read z, € A almost always) to mean #{n: z, ¢ A} < oc.
[Equivalently, z,, € A a.a. iff there exists N < oo such that z, € A for all
n > N

Theorem 10.20. The closed subsets of (X,d) have the following properties;

1. X and O are closed.

2. If {Ca}oep is a collection of closed subsets of X, then NaerCo is closed in
X.

3. If A and B are closed sets then AU B 1is closed.

Proof. 3. Let {zn}ff:l C AU B such that lim,,_,o 2, =: z exists. Then
zn € A i.0. 0r z, € B i.0. For sake of definiteness say z, € A i.0. in which case
we may choose a subsequence, wy := z,, € A for all k. Since limg_, oo wi = 2
and A is closed it follows that z € A and hence z € AU B. Thus we have shown
AU B is closed. [

Exercise 10.6. Prove item 2. of Theorem [10.20} If {Cy},; is a collection of
closed subsets of X, then N,c;Cy is closed in X.

Ezxample 10.21. Let X =R and —oo < a < b < 0.

1. The sets, [a,b], [a,00) and (—o0,a] are all closed sets. For example if
{xn}flozl C [a,b] and x = lim, 00 Tp, then a < x, < b for all n and
therefore by the “sandwich lemma,” a < x < b.

2. The sets (a, b) , (a,0), and (—oo, a) are all open sets. For example, (a, b)
(—00,a] U [b,00) is the union of closed sets and hence closed.

3. The sets (a,b] and [a,b) are neither closed nor open.

C_

Exercise 10.7. Let (X, d) be a metric space and C := {z1,...,z,} be a finite
subset of X. Show C' is closed and hence X \ C' is an open.

Corollary 10.22. Let (X,d) be a metric space. Then the collection of open
subsets, T4, of X satisfy;
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1. X and 0 are in 74.

2. 74 is closed under taking arbitrary unions. i.e. if {Ua},c; is a collection of
open sets then Unac1Uy, is open..

3. 14 is closed under taking finite intersections, i.e. if U and V are open sets
then then U NV is open as well.

Proof. 1) Since X¢ = () and () = X are both closed it follows that X, () are
open, i.e. in 74. 2) If {Uy},c; are open sets then {Ug} ., are closed sets and
therefore Nye US is closed and s0[NaerUS]S = UaerU, is open. 3. If if U and
V are open then U¢ and V¢ are closed. Therefore, U¢ U V¢ is closed and hence
[UcUVe =UnNV is open. |

Theorem 10.23. Let (X,d) and (Y,dy) be two metric spaces and f : X —Y
be a continuous function. We then have;

1. if C CY is closed then f=1(C) is closed in X, and
2.if V.CY is open then f=1(V) is open in X.

Proof. If {z,},~, C f~*(C) and = = lim,,_, T, exists in X, then f (z,,) €
C for all n. So by the continuity of f and C being closed it follows that

Fx)=Ff (nli_{roloxn) = lim f(z,) €C = € [H(C)

which shows f~!(C) is closed. If V is open in Y then V¢ is closed in Y and
therefore, f=1 (V) = f=1(V¢) is closed which implies f~! (V) is open. [

Lemma 10.24. If f : X— R is a continuous function and k € R, then the
following sets are closed,

A={zeX : f(x)<k}, B:={zxeX:f(x)=k}, and
C={xeX:f(x)>k}.

Proof. First note that A = f~1((—o00,k]), B = f~1({k}), and C =
f1([k,0)). Since (—o0,k], {k}, and [k,00) are all closed subsets of R the
result follows from Theorem [10.23]

[

Ezample 10.25. Using Exercise along with Lemma shows the follow-
ing subsets of C are closed;

1.{z€C:a<Imz<b} foralla <binR.
2.{zeC:a<Rez<b}forala<binR.
3.{z€C:Imz=0and a <Rez <b} foralla <binR.
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Definition 10.26 (Open/Closed Balls). The open ball B(z,§) C X cen-
tered at x € X with radius § > 0 is the set

B(z,6) :={y € X : d(z,y) < 6} (10.4)

We will often also write B(x,d) as B, (0).
The closed ball centered at x € X with radius 6 > 0 as the set

Cp(0) =C (x,0) :={y € X : d(z,y) < 6} (10.5)

Fig. 10.1. Balls in R? corresponding to the 1 — norm, 2— norm, 5 — norm, and % -
“norm.”

Lemma 10.27. Closed balls are closed and open balls are open.

Proof. Let 6 > 0. As we have seen f(y) := d(z,y) is continuous and
therefore

Cy(0) ={yeX:d(z,y) <} ={yeX:f(y) <4}

is a closed set by Lemma [10.24] [Notice that {x} = C, (0) is a closed set for all
x € X.] Similarly

By(6)":= X\ By (0) ={y € X :d(z,y) 26} ={y € X : f(y) = 6}

is closed and so B,(d) is open. |
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Proposition 10.28. Let U be a subset of a metric space (X,d). Show the fol-
lowing are equivalent;

1. U is open,
2. for all z € U there exists r > 0 such that B, (r) C U.
3. U can be written as a union of open balls.

Proof. 1 = 2. We will show (not 2 = not 1). If there exists a z € U
such that B, (r) € U for all r > 0 then for each n € N there exists z, €
B, (1/n) \ U. We then have z, € U¢ for all n and lim,, o, 2, = z € U, i.e.
z ¢ U°. This shows that U is not closed. [Alternatively: by Lemma
below, if z € U then r := dy. (z) > 0 and therefore B, (r) C U]

2 = 3. Given 2. for all z € U there exists r, > 0 such that B, (r,) C U.
We then have that U = U,cy B, (r) which shows that U may be written as a
union of open balls.

3 = 1. From Lemma [10.27] we know that open balls are open. Thus if U
is written as a union of open balls it must be open as well by Corollary [10.22] m

Exercise 10.8. Give an example of a collection of closed subsets, {A,} -, of
C such that U2 ; A, is not closed.

Lemma 10.29 (Approximating open sets from the inside by closed
sets). Let U C X be an open set and

F.:={zx € X|dy- (x) > e} C X.
Then F is closed for alle >0 and F. T U ase | 0.

Proof. The set F. is closed by Lemma and the fact that dy- is con-
tinuous. It is clear that dy. (z) = 0 for z € U€ so that F. C U for each ¢ > 0
and hence U.~oF. C U. Now suppose that € U C, X. By Proposition [10.28]
there exists an € > 0 such that B,(e) C U, i.e. d(z,y) > ¢ for all y € U°. Hence
x € F. and we have shown that U C U.~oF-. Finally it is clear that F. C F.
whenever ¢’ < e. ™

It turns out that metric spaces always have lots of continuous functions.

Lemma 10.30 (Urysohn’s Lemma for Metric Spaces). Let (X,d) be a

metric space and suppose that A and B are two disjoint closed subsets of X.
Then d ()
B \T

r)=——"89H———

f( ) dA(CE)+dB(x)

defines a continuous function, f : X — [0,1], such that f () =1 forx € A and
f(x)=01ifz e B.

forze X (10.6)
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Proof. By Lemma da and dp are continuous functions on X. Since
A and B are closed, da(x) > 0if 2 ¢ A and dp(x) > 0 if © ¢ B. Since
ANB=0,du (z)+dp (z) >0 for all z and (ds + dp)~ " is continuous as well.
The remaining assertions about f are all easy to verify. ]

Sometimes Urysohn’s lemma will be use in the following form. Suppose
F Cc V C X with F being closed and V being open, then there exists f €
C (X,[0,1])) such that f =1 on F while f = 0 on V¢ This of course follows
from Lemma by taking A= F and B = V°.

10.3 Compactness

Throughout this section, let (X, d) be a metric space.

Definition 10.31 (Open covers). Let A be a subset of a metric space, (X,d) .
An open cover of A is a collection of, U, of open subsets of X such that
A C UyeyV. We further say that A has a finite subcover if there exists a
finite subcollection, Uy C ¢ U such that Uy is still a cover of A.

There are two (equivalent) notions of a compact subset, K C X.

Definition 10.32 (Open cover compactness). The subset K C X is open
cover compacﬂ if every open cover of K has finite a sub-cover. (We will write
K CC X to denote that K C X and K is compact.)

Definition 10.33 (Sequential compactness). As subset K C X is (sequen-
tially) compact if every sequence {z,},-, C K has a convergent subsequence,
{wg == 2, }oey such that limy_,o wy, € K.

Fortunately these two notions of compactness above are the same as the
following theorem states.

Theorem 10.34. If (X, d) is a metric space, then X is sequentially compact iff
it is open cover compact. In the future we will just refer to compact sets with
out the any extra adjectives.

Proof. This theorem should be proved in Math 140. A proof may be found
in Theorem of Appendix [A] [

Exercise 10.9. Suppose that K and F' are compact subsets of a metric space,
(X,d). Show K U F is compact in X as well.

The following theorem is typically also prove in an undergraduate real anal-
ysis class.

! We will usually simply say A is compact in this case.
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Theorem 10.35 (Bolzano—Weierstrass / Heine—Borel theorem). A sub-
set K C RP is compact iff it is closed and bounded.

Proof. A proof is sketched at the start of Appendix [A] ]

Ezample 10.36 (Warning!). It is not true that a closed and bounded subset of
an arbitrary metric space (X, d) is necessarily compact.

The results in the next few exercises explain the importance of compact sets.
As these results are so important I will supply solutions in the text.

Exercise 10.10. If (X,d) is a metric space and K C X is compact. Show
subset, C' C K, which is closed is compact as well.

Proof. Let {z,},—, C C, then {2, },~, C K and therefore has a convergent
subsequence, wy := 2z, . As C is close limg_, o, wi, € C and so every sequence
in {z,},—; C C has a convergent subsequence to an element in C, i.e. C' is
compact. |

Exercise 10.11. Let (X,d) and (Y, p) be metric spaces, K C X be a compact
set, and f : K — Y be a continuous function. Show f (K) is compact in Y. In
particular, for C' C K closed, we have f (C) is closed and in fact compact in Y.

Proof. Let {w,}.-, C f(K) be a given sequence. By definition of f (K) this
implies there exists {z,},., C K such that f (z,) = wy. Since K is compact,
there is a subsequence, zj := 2, of {z,},—, such that lim 2}, = 2z €
K. Then wj, := f(z},) is a subsequence of {w,} -, such that limj_, w}, =
limg oo f(2,) = f(2) € f(K). This shows that f(K) is compact. Now if
C C K is closed then it is compact by Exercise It then follows that f (C)
is compact and hence closed. [

Exercise 10.12. If K C R is compact then sup (K) € K and inf (K) € K, i.e.
sup (K) = max (K) and inf (K) = min (K).

Proof. Choose z, € K such that x,, 1 sup (K). Since K is compact, there
exists a subsequence, y, := x,, such that limj_,. yx exists in K. But then
sup (K) = limg_,00 yx € K. The proof that inf (K') = min (K) is analogous. m

Exercise 10.13 (Extreme value theorem). Let K be compact subset of
X and f : K — R be a continuous function. Show —oco < inf,ex f(z) <
sup,cx f (x) < oo and there exists a,b € K such that f(a) = inf,cx f (x) and
f(b) =sup,cg f (x). Hint: first argue that there exists {2, },.; C K such that

f (Zn) T SUPgc i f (Jf) as n — 00.
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Proof. By Exercise f (K) is a compact subset of R and hence
ig{f (z) =inf (f (K)) = min (f (K)) and
sup f (z) = sup (f (K)) = max (f (K)).

So if M = max (f(K)), then M € f(K) which means M = f (b) for some
b € K. Similarly inf,cx f (x) = f (a) for some a € K.
[

Exercise 10.14 (Compacts are closed and Bounded). Let K be compact
subset of an arbitrary metric space (X, d), then K is closed and bounded. [This
proves the easy direction in Theorem [10.35|]

Proof. (K is closed.) Let {z,,},-, C K such that z,, — 2 € X. By compact-
ness, there exists a subsequence, {xnk}iil , which converges to a point y € K.
But by uniqueness of limits we must have x =y € K and so K is closed.

(K is bounded.) Let o € X be fixed and then apply the extreme valued
theorem with f(z) = d(z,0) = do) (x) to find R = max (f (K)) < oo, i.e.
K C C, (R) which shows K is bounded. ]

10.3.1 *More optional results
You may jump to Section [I0.4] and skip this subsection on first reading.

Exercise 10.15 (Uniform Continuity). Let K be compact subset of X and
f : K — C be a continuous function. Show that f is uniformly continuous,
ie. if € > 0 there exists § > 0 such that |f(z) — f(w)| < ¢ if w,z € K with
d(w, z) < d. Hint: prove the contrapositive.

Proof. If not, there would exist € > 0 and sequences w,, and z, in K such
that d (wp,z,) — 0 while |f(z,) — f(wy)| > e for all n. Using sequentially
compactness of K, we may assume, by passing to subsequences if necessary,
that w, - w € K and z, — 2z € K. Since d (wy, z,) — 0 we must have z = w
and hence we arrive at the contradiction:

e < lim [f(zn) = fwn)| = [f(2) = f(w)] = 0.

n—oo

This variant of Exercise [[0.13]is left to the reader.

Exercise 10.16 (Extreme value theorem II). Suppose that f: X — R is
a continuous function on a metric space (X, d). Further assume there exists a
compact subset K C X and zg € K such that f (zg) < f(x) for all z € X \ K.
Show there exists k € K such that inf,ex f(x) = f (k).
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Theorem 10.37 (Fundamental Theorem of Algebra). Suppose that
p(2) = Y p_garz" is a polynomial on C with a, # 0 and n > 0. Then there
exists zg € C such that p (z9) = 0.

Proof. Since

n—1
lim |p(i)| = Z Lk +an| = |aq],
|z| =00 |Z| |z| =00 P zn—k

if R > 0 is sufficiently large, then
p ()] = lanl[2]" /2 > |an| R" /2 > |ao| = [p (0)] for || > R.

Applying Exercise [10.16] with K = {z € C: |z| < R} and xy = 0 there exists
20 € K C Csuch that |p(20)| < |p(2)| for all z € C. It now follows from Lemma

10.38| below that p (z9) = 0.

Lemma 10.38. Suppose that p(z) = > ,_, apz® is a polynomial on C with
an #0 andn > 0. If |p(2)| has a minimum at zy € C, then |p (z0)| = 0.

Proof. For sake of contradiction, let us suppose that p (z9) # 0 and set
1) i=plaot2) =) anz+x)" =3 ot
k=0 k=0

Then 0 < |¢(0)] = |awo| < |g(2)] for all z € C and ay, = a,, # 0. Let I > 1 be
the first index such that a; # 0 so that

q(z) =ao+ a2+ + ap2”

« «
= Qp |:1—|—lzl+..._|_"zn]
Qg Q
Evaluating this at z = re’® with 6 chosen so that 2Le®? = — |2L| = —¢ implies
0 o
for r > 0 small that
lao| < |g (re®)| = |ao| |1 — er' + crprr™ + - + cur”|

<lao| [1 —ert + |crrr™ + -+ cpr™|]
< ol [1 - erl + CTZ'H] = |ao| [1 - e — Crl]
where {c;} and C are certain appropriate constants. Choosing r € (0,e/C)

then gives the |ag| < |a| which is absurd and we have reached the desired
contradiction. u
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Remark 10.39. The fundamental theorem of algebra does not hold for polyno-
mials in z and Z or in z and y. For example consider the polynomial

p(z,2)=1+4+z2z=1+2%+19°

The point is that Lemma [10.38| does not hold for these more general classes of
polynomials.

10.4 Proper maps

Again let (X,d) and (Y, p) be metric spaces and f : X — Y be a continuous
function.

Ezample 10.40.If f : R — R is the function, f(x) = 0 for all € R, then
f is continuous, K = {0} is a compact subset of R, while f~!(K) = R is
not compact. This shows in general that inverse images of compact sets under
continuous maps need not be compact. It is however always true that f~! (K)
is closed in X for all compact K C Y.

Definition 10.41 (Proper Maps). A continuous function, f : X — Y, is
proper if f~1 (K) is compact in X for all compact subsets of K CC Y.

Example 10.42.1f f : X — Y is a homeomorphism, then f is proper. Indeed, in
this case g = f~! is a continuous map and hence f~! (compact) = g (compact)
is compact.

Example 10.43. Suppose that f : R™ — R™ is a continuous map such that
lim; | —oo [|f (2)|| = 0o, then f is proper. Indeed if K C R" is a compact set
then it is closed and bounded and f~! (K) is closed because f is continuous.
If f~'(K) were not bounded, there would exist {z,} C f~!(K) such that
lim,, o0 ||Zn|| = oo and then by assumption, lim, o ||f (z,)| = oo. Since
f (z) € K for all n this would imply K is not bounded which violates K being
compact.

Let us now suppose that U and V are open subsets of R and f : U — V is a
continuous function. We are going to state and prove a necessary and sufficient
criteria for f to be proper. Before doing so let us record a few more properties
involving compact subsets of V.

Definition 10.44. Given a non-empty open subset, V.C R™ and ¢ > 0, let

1

KY = {yEV:ch (y) > € and d(y,0) < 6} and (10.7)
1

wY .= {y eVidye(y) >¢e and d(y,0) < E} . (10.8)

See Figure[10.2
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66 10 Elements of Point Set (Metric) Topology

Fig. 10.2. The shaded area indicates KY where as WY is the region K with its
boundary removed.

Remark 10.45. Let V be an open subset of R” and let d (z,y) = ||z — y|| for all
z,y € R™

1. KY is a closed bounded subset of R" (hence compact), WY is an open set
such that WY c KY c V and WY 1tV ase ] 0.

2. If K is any compact subset of V, then there exists an € > 0 such that K C
KY. Indeed {W‘EV}DO is an open cover of K and hence K ¢ WY c KY
for some ¢ > 0.

3. If K is a compact subset of V, then

d(K,V¢) = Ilg}f{dvc (x) = min dye(z) >0

because dy-. (+) is continuous, dy. () > 0 for all z € K, and K is compact.

Theorem 10.46. Suppose that U and V' are open subsets of R™ and f : U -V
is a continuous function. Then f is proper iff for all € > 0 there exits a 6 =
d (e) > 0 such that

f(U\Kggs))cv\KEV.

Proof. We are first going to prove the following claim.

Claim: f is proper iff for every e > 0, there exists a 6 = § (¢) > 0 such
that f~* (KY) c K§.

Proof of claim. (=) If f is proper, then f~! (KEV) is a compact subset
of U and so by item 2. of Remark there is a 0 = d(¢) > 0 such that
fH(KY) c K¥.

(<= ) We now suppose that for every ¢ > 0, there exists a § = §(¢) > 0
such that f~! (KEV) C KY and let K be a compact of R" contained in V. By
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item 2. of Remark [10.45} there exists ¢ > 0 such that K C K and then by the
given assumption there exists § = § (¢) > 0 so that

fUE) € fH(EY) kY c U

This shows that f~! (K) is bounded in R” and so f~! (K) will be compact if
we can show f~1 (K) is closed and also closed in R™. To this end, suppose that
{zp}o2, C f7H(K) and limy, 00 ¥, = z exists in R™. As KV is closed we know
that z € Kg C U and therefore f (z) = f (limp oo Tn) = limy 00 f (2n) € K,
ie.z € f71(K) and so f~!(K) is closed in R™ and the proof of the claim is
complete.

The theorem now follows from the claim the observations that iff

FFUKY) K] <= U\NK{ cv\f ' (KY)=f"(V\KY)
— [ (U\KY,) cV\KY.

Remark 10.47 (Meaning of Proper). Since
1
U\ng:{er:dUc(x)<(5}U{xEU:d(a:,O)>6}

we see that € U \ KY iff z is é-close to the boundary of U or 1/§-far from 0.
With this in mind, Theorem states (a bit informally):

A continuous function, f : U — V, is proper iff whenever = € U is
close to U° or ||z|| is large, then f (x) € V is either close to V¢ or || f (z)||
is large.

Corollary 10.48. If U and V are bounded open subsets of R™ and f : U —
V is a continuous map, then f is proper iff dye (f(z)) = 0 as x € U with

Corollary 10.49. Let —co < a <b < 00, —c0o <c<d < o0, and f : (a,b) —
(c,d) be a continuous map. Then f is proper iff f(b—) = limy f(x) and
fla+) = limyq f (x) both exist (in the extended sense, i.e. we also allow for
{£oo} as possible limits) and f (a+), f (b—) € {c,d}.

Proof. Suppose that f is proper. If lim,4, f () does not exists in the ex-
tended sense then there exists ¢ < ¢y < dy < d and a sequence {z,,} —; C (a,b)
such that =, T b asn — oo and f(z,) < ¢ for n odd and f(z,) > dy
for n even. By the intermediate value theorem it follows that there exists
{yn}ory C f7* ({co}) such that y,, 1 b. On the other hand f~* ({cp}) is com-
pact and hence b = lim, oo yn € f'({co}) C (a,b) which is impossible.
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Thus it follows that f(b—) = lim,p f (z) exists and by a similar argument,
f(a+) = limy, f (x) exists as well. We leave it to the reader to use Theorem
(see Remark [10.47)) to show that both of these limits must be in {c,d}.
Conversely, suppose that f (b—) := limgq f (2) and f (a+) = limg, f ()
both exist and f (a+), f (b—) € {c¢,d}. From this it follows that f(x) near
{¢,d} when z € (a,b) is near {a,b}. [Here for example, we say z is near {a, 0}
iff either x is near a or x is very large and positive.] ]

Example 10.50. There are four possible case for the limits in Corollary
(at) = ( ) .
(a+) = d.
(a+) =c and f =)
(a+) =dand f (b—) =

Lf
2. f
3. f
4. f

In the first two case deg (f) = 0 while in case deg (f) =1 and deg (f) = —1
in case 4, see Figure below.

Exercise 10.17. Explain why;

1. f:(0,00) = (0,00) defined by f () = 1/x is a proper map.
2. f:(0,00) = (—00,00) defined by f(z) =1/x is not a proper map.

Exercise 10.18. Let V := R?\ {0} and f : V — V be defined by f (x) =

for x = (21, 22) € R

=z
[ER

1. Explain why f is a proper map.
2. Show f o f(x) = x so that f is in fact a homeomorphism.
3. Compute the deg (f). [Hint: evaluate f’ (p) at your favorite point in V.]

10.5 Connectedness and the Intermediate Value Theorem

Definition 10.51. Let (X,d) be a metric space. We say A C X is a (path)
connected subset of X if for all a,b € A, there exists a continuous path, o :
[0,1] = X, such that o (0) = a and o (1) = b.

Theorem 10.52 (Intermediate Value Theorem). If A C X is connected,
p: A — R is continuous, and a,b € A then for every y € R between p (a) and
p (b), there exists x € A so that p (z) =y.

Proof. Choose a continuous path, ¢ : [0,1] — X such that ¢ (0) = a and
o (1) =0band let v (t) = p(o (t)). Then apply the intermediate valued theorem
to the continuous function v to find a ¢, € [0, 1] so that y = v (to) = p (o (to))
and the result is proved by taking x = o (¢) . ]
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a b

Fig. 10.3. Here are three examples of proper map one dimensional maps with their
degrees which are 0, —1, and 1 respectively. Let us also note in the first case, the map
is not surjective which always leads to a degree zero map. In the one dimensional case,
the degree can only take the values {0,1, —1}.
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Corollary 10.53. If U is a connected open subset of R™ and p : U — R\ {0}
is a continuous function then either p(x) >0 or p(x) <0 for all x € U.

Proof. If there exists a,b € U such that p(a) < 0 < p(b), then by the
intermediate value theorem there would exists x € U such that p (z) = 0 which
contradicts the assumption that p is never 0 on U. ]

Corollary 10.54. If f : U — V is a diffeomorphism of connected open sets,
then sgn(det f' (q)) is constant for all g € U. We let sgn(f) denote this constant
value.

Proof. Take p(q) := det f' (¢) € R which is continuous on U and is never
zero. Indeed, if g : V' — U is the inverse map, so that g (f (¢)) = ¢ for all ¢ € V,
it follows by the chain rule that

g (f(q) f(q)=1forallgeV.

From this equation it follows that f’(g) is invertible or equivalently ¢ (¢q) # 0
for all ¢ € U. The result now follows from Corollary |

Remark 10.55. Suppose that A (t) is a continuous path of invertible n x n real
matrices, then sgn (det A (¢)) is constant in ¢.



11

Degree Theory and Change of Variables

11.1 Constructing elements of C° (open rectangles)
Here is the statement of the theorerrEI we are heading to prove.
Exercise 11.1. Let y
e /Tif x>0
o) = {

0 ifz<0,
see Figure Show f € C*°(R,[0,1]). Here is a possible outline.

Fig. 11.1. Plot of y = f ().

1. First show for > 0 and n € N there is a polynomial function, p, (¢), such
that f(") (2) = p, (z71) f (z). For example p; (t) = t* and p, () = t* —2t3.

2. Show lim; o (t"e™?) = 0 for all n € N (hint take logarithms) and then use
this to show lim, o f™ (z) = 0 for all n € Ng = NU {0} .

3. Show by the mean value theorem along with induction on n that f €
C™ (R,R) and f*) (0) =0 for 0 < k < n for all n € N,

Notation 11.1 (Approximate Heavyside) For a > 0, let

Ho (z) = f(z) /) (f (x) + [ (a —x))

so that H, € C* (R,[0,1]) such that Hy (x) = 0 for x < 0, Hy (x) = 1, see
Figure . [He, is a smooth approxzimation to the Heaviside function and tends
to a heaviside function in the limit as a | 0.]

! This theorem is probably is the most important and deepest theorem of this course.

Ml

Fig. 11.2. This is a plot of the funciton, Hs (z) = f (z) / (f (z) + f (x — 2)).

Definition 11.2. For —oo < a < b < oo, let

Pap (r) = fla+2z)f(b-1x),
see Figure|11.5

These bump functions, @, 5, satisfy; 1) @q € CF (R, [0,1]), 2) @ap (x) >0
for x € (a,b), 3) and @, (x) = 0 for z ¢ (a,b) and in particular supp (pas) =

(@) = [a,b].

Definition 11.3. For a,b € R?, let us write a < b to mean a; < b; for j € [d]
and when a < b, let R = (a,b) and R = [a,b] denote the open and closed
rectangles respectively,

R = (a,b) :=(a1,b1) x -+ x (aq,bq) and
RZ [a,b] = [al,b1] X oo X [ad,bd}.

We further for R = (a,b), let or = Qa1 b, @+ @ Pay by, b€ for x =
(w1,...,2q) € R let

PR (T) = Pay by (71) ®@ -+ @ Pay b, (Ta) -

Note again that 1) pr € C° (R4, [0,1]), 2) ¢r(z) > 0 for z € (a,b), 3)
and g (x) =0 for = ¢ (a,b) and in particular supp (¢r) = (a,b) = [a,b] . We
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Fig. 11.3. Here is the plots for ¢o.5,3 (black) and ¢_21 (red).

will use these functions a little later to construct many for compactly supported
smooth functions.

Fig. 11.4. Plot of 20 - g (z,y) where R = (—3,3) x (=2,1).

11.2 The statement of the degree theorem

Lemma 11.4. If f : U — V is a smooth proper map and w € 27 (V), then
ffwe 22 (U).
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Proof. The only thing to prove here is that f*w is compactly supported.
However this is the case since if K is a compact subset of V' such that w, =0
for ¢ ¢ K, then (f*w), = wip) (fip ()s---i fip (1) = 0if f(p) ¢ K, ie. if
p ¢ f~1(K). But this shows supp (f*w) C f~!(K) which is compact since f
is proper. [ |

Let us repeat the statement of Theorem which is the main theorem we
wish to prove in this chapter.

Theorem 11.5. Let U and V be connected open subsets of R™ and f: U — V
be a smooth proper map. Then there exists an integer, deg (f) € Z, such that

/ f*w:deg(f)-/ w for allw € 2% (V). (11.1)
U 1%
The degree function has the following properties;

1. deg (f o g) = deg (f) - deg(g),

2.deg (f) = 1 (1) if f is an orientation preserving (reversing) diffeomor-
phism (recall Definition[9.8),

5. deg (f) = 0 if £ (U) G V,

4.if g € V is a regular value of f, then

deg(f)= 3 sen(detf (p)). (11.2)
pef~t({q})

[Tt is a property of the properness of f along with the inverse function
theorem that f=1 ({q}) is necessarily a finite set.]

Proof. We will give the full proof of this theorem with the exception of item
4 in the course of this chapter. Let us give a sketch of item 4. here and refer the
reader to Section 3.6 of the text, namely see Theorem 3.6.4, for a more detailed
proof.

Step 1. By Sard’s theorem (again see the book), there exists a regular value,
q, for f.

Step 2. Making use of the inverse function theorem and properness of f

one shows that k = # (f~* ({¢})) < oc. Let

S Had) = {p1, - oot

Step 3. Again, as a consequence of the inverse function theorem, there is
an open neighborhood O of ¢ contained in V' and disjoint open neighborhoods
N; C U of p; such that f; := f|n, : N; — O is a diffeomorphism.

Step 4. Choose w € (2 (O) such that [,w = 1. Then

k k u
deg(f):/Uf w—;/]\]jfjw—;sj/ow—;)fj
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Fig. 11.5. Here we suppose that g is a regular value and f~! ({¢}) is a set of size 4.

where ¢; € {£} with ¢; = 1 if f; is orientation preserving and ; = —1 if f; is
orientation reversing, i.e. ¢; = sgn(det f’ (p;)). ]

Exercise 11.2. As mentioned in class, the study of complex variables is essen-
tially the study of functions (or vector-fields if you prefer) f € C! (U — ]RQ)
(U is an open subset of R?) of the form f (z,y) = (u(z,y),v (z,y))"" such that
u and v satisfy the Cauchy Riemann equations;
Uy = —V, and v, = u, on U. (11.3)
Show under these assumptions that
det f' =u? +ul = v} +v; >0on U

Remark 11.6. For who have taken Math 120A, you have seen lots of functions
f as in Exercise For example you will have learned that

u(z,y) = Rez" = Re[(z +iy)"] and v (z,y) =Imz" = Im [(z + iy)"].

satisfy Egs. . You will have also found explicitly the n-roots of the equation
2" = 1. Given this we may conclude that for f = (u,v)" with v and v as above
that deg (f) = n which is consistent with the deg (z™) as a polynomial function
in z. On the other hand if g (x,y) = f (, —y) which now corresponds to z", we
will have deg (¢g) = —n. The point is that ¢ = f o R where R (z,y) = (x,—y)
and so deg (g) = deg (f) - deg (R) = n - (—1) = —n. See Theorem 3.6.17 of the
book which generalizes this result to general polynomial functions of z and then
used it to prove all such polynomials have roots.

Ezample 11.7. Let f (z,y) = (v +iy)® = 23 — 32y® + i (32%y —y?), ie. f =
u + v where u = 2% — 3xy? and v = 323 = 3. Let us note that

fo = 322 — 3y% + ibzy
fy= —6zy% +1i (3x2 - 3y2) =ify
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so that f satisfies the C.R. Equations. As z> = 1 has three roots, namely 1,
e™/3 and €7/3 it follows that deg (f) = 3.

Let us now write out Eq. (L1.1)) in terms of functions rather than forms. Let
x=(x1,...,2y) and y = (y1, ..., Yn) be the standard coordinates on U and V'
respectivelyﬂ Then let

w=g(y)dys \--- Ndy, € 22 (V)
in which case we have seen that (let y; = f; (z)) that
ffo=go f(x) -detf (z)dxy A+ Adxy,.

Then with notation, Eq. (11.1)) becomes,

/90f(w)-detf’(x)dwl/\~-~/\dxn=deg(f)/g(y)dyl/\-~-Adyn. (11.4)
U 14

This can be remembered as follows. Let us make the change of variables, y; =
fij () = fj(z1,...,2,), then one has

g dyr A+ Ndyn = go f(z) - dfr (z) A+ ANdfy (x)
=go f(x)-det f (x)dz1 A+ Ndxy,

and so then notation suggests that

[ s@adnn-ndp = [ gofia)-dets (@) da e nda,
174 U

which is not quite correct but only off by the factor of deg (f). The following
theorem records this result without the differential form language.

Theorem 11.8. Let f : U — V and deg (f) € Z be as in be as in Theorem
then for all g € C (V) we have

/ go f-det f'dm = deg (f)/ gdm. (11.5)
U v

Corollary 11.9. Let f : U — V and deg (f) € Z be as in be as in Theorem
[11.3 If g: V — R is a (measurable) function such that

/ |g|dm+/ lgo f]-|det f'| dm < oo, (11.6)
14 U
then Eqgs. and still hold!

2 So & = y but it is safer to keep them separate.
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Proof. The proof follows by standard approximation theorems in the theory
of the Lebesgue integral and we omit this proof here. ]

Exercise 11.3. Using Eq. (11.4) (justified by Corollary [11.9)) show; if g : R? —
R is a bounded compactly supported function, then

/g(x2—y2,2zy)4(x2—|—y2)dx/\dy:2~/ g (u,v) du A dv.
R2 R2

Hint: make the “change of variables” (u,v) = f (z,y) = (x2 — 2, Qxy) and use
your results from Exercises [9.1
Exercise 11.4. Use Exercises to find the explicit value for the following
integral,
. L(1,2) (:c2 — yg) 10,1y (2y) - (;U4 — y4) dz A dy.
R:

(.174 _ y4) — (.1'2 _ y2) (1‘2 +y2) = (x2 +y2) )

Exercise 11.5. Let D be a connected open subset of R¥, U be an open subset
of R™, v : D — U be a parameterized k-surface in U as in Definition[9.3] Further
assume that w € 2% (U) is such that v*w € 2 (D). If Q is another connected
open subset of RF and ¢ : Q — D is a diffeomorphism, show

[ o sio [

where in this case deg (¢) € {£1}.

Hint:

11.3 Proof of the Degree Theorem

The proof of the next important theorem will be delayed until Chapter|12|below.

Theorem 11.10 (A Poincaré Lemma). If U C, R" is connected and w €
Q1 (U) with [;w =0, then w = du for some p € Q21 (U).

Proof. This is an easy consequence of Theorem in Chapter The
n = 1 case was the content of book Exercise 3.2.i ! ]

Theorem 11.11 (Defining the Degree). Let U,V be connected open sub-
sets of R™ and suppose that f : U — V is a smooth proper map. There there
exists a real number, deg (f) € R (we eventually see that deg (f) € Z) such that

/f*w:deg(f)/wforalle.Q?(V).
U 1%
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Proof. Let wy € 2" (V) be chosen so that [, wo = 1 and then define,

deg (f) ::/Uf*wo.

Now suppose that w € 27 (V) and ¢ := [{, w. Then [, [w — cwo] = 0 and hence
w — cwp = da for some o € 2771 (V). Thus we have

[ ro=c | ras [ fraa
—c-deg (1) + [ d(r)

where f*a € 271 (U) — it is compactly supported because f is proper! There-
fore [, d(f*a) =0 and we conclude that

/Uf*wzdeg(f)-c=deg(f)/vcv-

Corollary 11.12. Suppose that U, V,W are connected open subsets of R™ and
f:U—=V and g:V — W are smooth proper maps,

f

— Vv

N —
gof

g
U — W.
/
Then go f : U — W is proper and deg (g o f) = deg (g) deg (f) .

Proof. If K is a compact subset of W then (go )" (K) = f~' (97 (K))
is compact since both f and g are proper and so pull-back compact sets to
compact sets. Moreover if w € 27 (W) WWWw =1, then g*w € 27 (V) and
(go f) w= f*g*w € 27 (U) by Lemma So on one hand,

/ (gof)*wzdeg(gof)/ w=deg(gof)
U w

while on the other hand,

/U(gof) w=/Uf* (g*ov)=deg(f)/vg*w
— deg (f) - deg (g) / w = deg (f) - deg (g).

w
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Lemma 11.13. If U and V are open subsets of R™ and f : U — V is a proper
map, then f (U) is a closed subset of V. [Note we are not saying f (U) is closed
as a subset of R"™!] More generally, if C is a closed subset of U, then f(C) is
closed subset of V.

Proof. We will give the proof when C' = U and leave it to the reader to
see that the proof we give works more generally. Let {y,} -, C f(U) C V
be a sequence which we assume converges to some y € V. By assumption we
may choose x,, € U so that y,, = f (z,,) for all n. As you should verify, K :=
{y1,y2,... } U {y} is a compact subset of V and therefore f~! (K) is compact
and contains {z,,} -, . Thus we may find a subsequence, {z,, };—, such that
x = limy_, 00 Tp, exists in f~1 (K) C U. Therefore it follows that

y=Jim f (o) = J ((Jim o) = 1 @) € 7O V.

Thus we have shown f (U) is closed. ]

Corollary 11.14. If U and V are connected open subsets of R™ and suppose
that f : U — V is a smooth proper map which is not surjective, i.e. f(U) &V,
then deg (f) = 0.

Proof. By assumption V' \ f(U) is open and therefore we can find w €
Q7 (V'\ f(U)) so that [, w = 1. However, f*w is now identically zero, see the
proof of Lemma and therefore,

deg(f)=/Uf*w:0-

11.4 Degree’s of Diffeomorphisms

Let us recall the following lemma.

Lemma 11.15 (Smooth bump functions). There ezists p € C2°(R%, [0, 00))
such that p (0) > 0, supp(p) C B(0,1) and [p4 p(x)dx = 1. By translation and
scaling this shows there exists

Proof. Define h(t) = f(1—t)f(t+1) where f is as in Exercise[I1.1} Then h €
C°(R, [0,1]), supp(h) C [-1,1] and h (0) = e~2 > 0. Define ¢ =[5, h(|z|?)dz.
Then p (z) = ¢ h(|z|?) is the desired function. |

Theorem 11.16. Let f : U — V be a smooth diffeomorphism of connected
open sets. Then deg (f) = sgn (det ' (po)) € {£1} for any choice of py € U.
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11.4 Degree’s of Diffeomorphisms 73

Proof. Let qo = f (po). We will use the approximate §-function ideas in
order to compute the degree of a diffeomorphism. Here is the idea. Let p €
C°(B(0,1),[0,00)) such that [ pdm =1 and for e > 0 let p. (y) :== Zp(y/e)
for all y € R™. We then define for £ > 0 sufficiently small

We := pe (¥ — qo) dypn) € 27 (V) and / we = 1.
1%

Thus we have already seen that deg (f) = [,; f*w. for any £ > 0 and so we also
have

d =1 *We.
eg (f) =lim / frwe
We now are going to compute this limit. To this end we use

frwe = pe (f () — qo) det f (x) dapy
so that

/ frw. = / pe (F () — qo) det f' () dm. ()
- / Lo ((F @) = a0) Je) det ' (2) dim (z)

In this last integral we make the linear change of variables, x = py + €z in order
to find

[ Froe= [ (0 +2) — ) ) det £ o+ £2) i (2).
Formally letting ¢ | 0 this shows
deg (/) =tim [ [

=lim [ p((f (o +2) — qo) /e) det [' (po + €2) dm () (11.7)
= /151151 [p ((f (po +€2) — qo) /e) det [’ (po +e2)]dm (2)  (11.8)
= [ 07" o) ) det £ o) dim ()

= sgn(det /' (30)) [ p(f" () 2)[det ' (o) dim (2

= sgn(det /() [ p(s)dm (4) = sgn(det £ (o))

and so if we can justify switching the limit with the integral in Eq. (11.8)
the proof will be complete. This interchange of the limit with the integral will
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follow by the dominated convergence theorem where we produce an appropriate
dominating function, see Eq. (11.9) of Corollary [11.18|in the appendix of this
chapter. -

11.5 *Appendix: Constructing the dominating function

[You may omit reading this subsection on first reading.] Before we can produce
the desired dominating function we need to bound the size of the support of
the function, z — p((f (po +€z) — qo) /¢) . The next proposition is the key
ingredient to finding such bound.

Proposition 11.17. Let f : U — V be a C'-diffeomorphism of open sets,
po € U, and qo = f (po) € V. Then there existseg > 0 and C = C (f, po,€0) < 00
such that for all € € (0, &),

{zeU:|f(x)—ql <e}=f""(B(qg,¢)) C B(po,Ce).
Proof. Let S = f=1: V — U with S (qo) = po. By the fundamental theorem

of calculus,

S(q0+ ) = S (qo) +/015’(qo+tz)rdt =po+ 5 (w)z+7y (@)
where 1
1@)i= [ 18"+ ta) = ' ()]
Therefore given € > 0 small,
1S (90 + =) — po| < (|5 (90)| +e) |2 for || <e,

where 7. 1= max ;<. [y (z)| = 0 as e | 0. If we let C' = |S"(qo)| + 1, it then
follows for all € > 0 sufficiently small that

1S(q0o +x) —po| <Clz| V [z]<e
or equivalently stated,

|S (y) —po| < Cly —po| < Ce for all y € B(qo,e).

and hence

FH (B (a0,€)) = S ((B (90,€))) € B (po, Ce).

Page: 74 job: 150BNotes

macro: svmonob.cls

Corollary 11.18. Continuing the notation in Eq. , there exists g > 0
and C, M < oo such that for all € € (0, &)

10 ((f (po +e2) —qo) /e)det f' (po +€2)| < M -1,j<c ¥V 2 €R™.  (11.9)

Proof. If ey > 0 and C € (0, 00) are the constants introduced in Proposition

11.17] then

p((f(po+ez) —qo)/e) >0 = |f (po+e2) —qo| /e <1
— |f(po+ez)—qo| <e
> po+eze [T (B(qe))
= po+¢ez € B(poy, Ce)
= |z| < C.

This shows that z — p ((f (po + €2) — qo) /) is supported on B (0, C). To com-
plete the proof, let My = sup, g~ [p ()|, M2 > sup|,<.,c |[det f' (po + )|, and
M = M - My, in which case we find for all € € (0, gp] that

lp ((f (po +€2) — qo) /e) det f' (po + €2)| < My - Malj,j<c = M1, <c.
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The Poincaré Lemma Proof

The goal of this chapter is to prove Poincaré Lemma in Theorem [I1.10]
above. The outline of this chapter is as follows.

1. Section [12.1] gives a necessary conditions in order to differentiate past the
integral.

2. In Section [12.2] we will prove Theorem when U is an open rectangle.
3. Section[12.3]is devoted to smooth “partitions of unity.” This is a localization
technique that is used repeatedly in differential geometry and analysis.

4. Lastly in Section [12.4] we combine the results in Sections and to

prove Theorem below which is equivalent to the Poincaré lemma in

Theorem [TT.10l

12.1 Differentiating past the integral

Corollary 12.1 (Differentiation Under the Integral). Suppose that J C R
is an open interval and f :J x R® = R is a function such that

1.z — f(t,x) is measurable for each t € J.
2. f(to,-) € L*(m) for some to € J.
3. %{(t,x) exists for all (t,x).

4. There is a function g € L* (m)

%{(t,)‘ < g for each t € J.

Then f(t,-) € L' (m) for all t € J (i.e. [p.|f(t,x)]dm(z) < o0), t —
fRd ft,x)dm (z) is a differentiable function on J, and

d or

G L femam @) = [ G ram ).

Proof. By the mean value theorem,
|f(t,x) — f(to,z)] < g(x) |t —to| for allt € J (12.1)
and hence

|f @t 2)] < [f(t ) = fto, 2)[ + (o, z)| < g (x) [t —to| + | f (to, z)] -
This shows f(t,-) € L' (m) for all t € J. Let G(t) := [,4 f(t,)dm (z), then

G(t) —G(to) _ f(t7£17) _f(tOum)dm(x)
t— t() Rd t— tO
By assumption,
lim M of —L(t, ) for all z € R?

t—to t—to ot

and by Eq. (12.1)),

[t x) — f(to, x)

p— < g(x) forallt € J and z € R%.
— o

Therefore, we may apply the dominated convergence theorem to conclude

G(tn) — G(tO) — lim f(tna'r) — f(to,l‘) dm (l‘)

lim
n—oo tn — tO n—00 Jpd tn — tO
Rd n—oo t’I’L — to
0
= [ o, zydm
Rd
for all sequences t, € J\ {to} such that t, — to. Therefore, G(to) =
limy 4, G(ti:ig(t‘)) exists and
oy [ 9f
G(to) = ot = (to, x)dm (z) .
Rd

12.2 A Local Poincaré Lemma

Theorem 12.2 (A Local Poincaré Lemma). Letn € N, —oo < a; < b; < 00
fori € [n], and R be the open rectangle,

R = (a,b) = (al,bl) X

If w € Q7 (R) satisfies, [pw = 0, then there exits p € Q207" (R) such that
w = dpu.

X (an,by) CR™
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Proof. Let Vol = dzy A --- Adx, so that w = f Vol for some f € C* (R).
Further let g = (g1, 92,--.,9n) With g; € C2° (R) and then set

=igVol =Y (=1 gj-duy A ANday Ao Aday,
j=1

so, as you have proved, du = (V - g) Vol. Thus we may reformulate the problem
into given f € C° (R) such that [, fdm = 0, we want to find g; € C° (R)
such that f = V - g. The proof will be by induction on n.

For n =1 this is easily dondﬂ using

x)z/_lf(t)dt

Note that g (x) = 0 when = < b but sufficiently close to b, since then

@/lfwﬁg@)bffwﬁ

For the inductive step, let us write (z,y) € R x R"~! and then set

h(z,y) :=/_x f(ty)dt

We then have d1h (x,y) = f (x,y) as desired, however

Mww%=4fwwﬁ#0

To fix this we choose p € C2° ((a1,b1),[0,00)) so that [, p(t)dt = 1 and then
let

fa,y) = f(x,y) = p (@) h (o0, y)
which is still compactly supported in R. We then let

(2,y) / f(ty)dt =h(z,y) - / p(t)dt-h(co,y)
—00
which is again compactly supported in R. Moreover,

g (z,y) = f(x,y) — p(x)h(c0,y).
Since
[ weewy= [ 5y dudy =0,
Rnfl Rn

! In fact, you already did this in the book Exercise 3.2.i !
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we may use the induction hypothesis to find g2 (y),..., s (y) with compact
. n
support in [, (a;, b;) so that

=2 %5 (y
j=2
It then follows that taking g; (x,y) = p () g; (,y) gives g so that

Zajgj(%y):f(w,y)—p(x)h 00,y) +p (a Zajgj

=f(w7y)—p(x)h(oo7y)+p(x)h(ooay) = [(z,y)

as desired. [ ]

12.3 Smooth Uryshon’s Lemma and Partitions of Unity

Corollary 12.3 (C*° — Uryshon’s Lemma). Let U C R™ be an open set and
K C R"™ be a compact set such that K C U. Then there exists f € CZ°(R™,[0,1])
such that supp (f) CU and f =1 on K.

Proof. Since K is compact it may be covered by finitely many open rect-
angles, {R;}_, satisfying, K C U/";R; C U/ R; C U. Now let pp, €
C (R™,[0,1]) be the bump function constructed in Definition so that
¢r, () > 0 for v € R; and ¢g, () = 0 for + ¢ R;. Then the func-
tion, ¢ (z) = Z;":l @R, (z) is smooth, supported on the compact subset,
K = U;"le-_?j, which is contained in U, and is positive on K. By the extreme
value theorem it follows that a := min,¢ sz)( ) > 0 and so the function,
f(z):=H, (¢ (z)) (with H, as in Notation satisfies the required proper-
ties. [ ]

The next proposition is a powerful localization technique which allows us to
reduce many global problems in integration and differentiation theory to local
problems.

Proposition 12.4 (Smooth Partitions of Unity over Compacts). Sup-
pose that X is an open subset of R™, K C X is a compact set and U = {Uj};nzl
is an open cover of K. Then there exists a smooth (i.e. h; € C’°°( [O 1))
partition of unity {h; } _, of K such that h; < Uj for all j =1,2,.

Proof. For all x € K choose an bounded open rectangle, R, (or a more
general open precompact neighborhood, V,, if you prefer) of = such that R, C
U;. Since K is compact, there exists a finite subset, A, of K such that K C

U R.. Let
zeA
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F-:U{Rx:xeAandRmcU}.

Then Fj is compact, F; C U; for all j, and K C UL, F;. By Urysohn’s Lemma
(Corollary [12.3) there exists f; € C° (Uj,[0,1]) “such that f; =1 on Fj for
7=1,2,...,m. By convention we let f,,+1 = 1. We will now give two methods
to ﬁmsh the proof.

Method 1. Let h1 = f17 hg = f2(1 — hl) = f2(1 — f1),

h3 = f3(1 —h1 —hg) = f3(1 = f1 — (1 = f1)f2) = f3(1 = f1)(1 — f2)

and continue on inductively to define

k-1
hie=fe(l=hy— - —hea) = fi - [JA = f)VE=23,....m  (12.2)
j=1
while at the same time showing
Bms1 = (1 —hy — = hy, H1—fj (12.3)

From these equations it clearly follows that h; € C.(X,[0,1]) and that

supp(h;) C supp(f;) C Uj. Since [[/L,(1 = f;) = 0 on K, 377 h; = 1 on
K and {h; };nzl is the desired partition of unity.

Method 2. Let g := ) f; € C°(X). Then g > 1 on K and hence K C
j=1

{g > 1}. Choose ¢ € C,(X, [0,1]) such that ¢ = 1 on K and supp(¢) C {g > 1}
and define fy:=1—¢. Then fy=0o0n K, fy =1if g < % and therefore,

o+t it +fm=fot+g>0
on X. The desired partition of unity may be constructed as

fi (@)
fo(x)+-+ fm ()

Indeed supp (h;) = supp (f;) C U;, h; € C(X,[0,1]) and on K,

hj (z) =

fitdfn  fit et

T R iy Ty

hi+--+hn,
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12.4 Poincaré Lemma for connected sets
Lemma 12.5. Suppose that R and Q are two open rectangles such that RNQ #

0, w e 27(R) and o € 27 (Q) are such that [w = [«. Then there exists
pe 2 (RUQ) such that w — a = dp.

Proof. Choose wy € 27 (RN Q) such that [wy = [w = [a. Then we
know there exits p; € 2771 (R) and pp € 2771 (Q) so that w — wp = duy and
«a — wg = dpg. Subtracting these equations shows

w—a=d(u — p2)=du
where =1 —pg € 221 (RUQ) . |

Lemma 12.6. Suppose that U is a connected open subset of R" and R and Q
be open rectangles such that RUQ C U. If w € 27 (R) and a € 27 (Q) are
such that [w = [ «, then there exists p € 27~ (U) such that w — a = dp.

Proof. Choose a chain of rectangles {R; };n:O (see Figure 3.3.1 on page 87
of the book) such that Ry = R and R,,, = Q and R;NR;_; # () for 1 < j < m.
Then choose w; € 27 (R;) for 1 < j < n such that [w; = [w for all j. We
further let wyp = w and w, = a. Then by Lemma [12.5] there exists

RS .Q?il (Rj_l URj) C .(2271 (U) for 1 <j <n,
such that w; —w;_; = dp;. Summing this last equation on j shows
n n
5 SPERIE,
j=1 j=1
where pu = Z?Zl pj € 207H(U). ]

Theorem 12.7. If U C, R" is connected and w € 2 (U) with [, w =0, then
w = du for some p € Q1 (U).

Proof. Fix wy € 27 (Q) such that [wy = 1 and Q C U. We are going to
show for each w € 27 (U) there exists p € 27! (U) so that

w= (/w) cwo +dp (12.4)

which certainly suffices to prove the theorem.
Let R := {Rl}N be a covering of K = supp (w) C U by open rectangles

such that R C U for all j and then let {gaj} o be a partition of unity subor-
dinate to R such that ijo v; =1on K. Also let wj = ¢jw and ¢; = [w; for

macro: svmonob.cls date/time: 28-Feb-2020/17:50



each j. Then by multiple uses of Lemma [12.6} there exists u; € € 271 (U) such
that w; — cjwo = dp; for 0 < 7 < N. Summlng this identity on j then shows

waw]:Z (cjwo + dpy) = ch wo +du

J

where
M= ZMJ €20 1 (U) and

Suoxfon [5u- f-

Altogether, the last displayed equations prove Eq. (12.4). ]
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13

Manifold Primer

Conventions:

1. If A, B are linear operators on some vector space, then [A, B] := AB — BA
is the commutator of A and B.

2. If X is a topological space we will write A C, X, AC X and A CC X to
mean A is an open, closed, and respectively a compact subset of X.

3. Given two sets A and B, the notation f : A — B will mean that f is
a function from a subset D(f) C A to B. (We will allow D(f) to be the
empty set.) The set D(f) C A is called the domain of f and the subset
R(f) := f(D(f)) C B is called the range of f. If f is injective, let f~! :
B — A denote the inverse function with domain D(f~1) = R(f) and range
R(f~Y) =D(f). If f: A— Band g : B — C, then go f denotes the
composite function from A to C' with domain D(g o f) := f~}(D(g)) and

range R(go f) :=go f(D(go f)) = g(R(f) N D(g))-

Notation 13.1 Throughout these notes, let E and V denote finite dimensional
vector spaces. A function F : E — V is said to be smooth if D(F) is open in E
(D(F) = 0 is allowed) and F : D(F) — V is infinitely differentiable. Given a
smooth function F' : E — V, let F'(x) denote the differential of F' at x € D(F).
Ezxplicitly, F'(x) = DF (x) denotes the linear map from E to V determined by

DF (z)a = F'(x)a := %\OF(Q:—&—M) VackE. (13.1)
We also let

F" (z) (v,w) = F" (z) (v,w) := (8,0,F) (z) loF (z + tv + sw).

(13.2)

_i‘i
~dt'"ds

13.1 Imbedded Submanifolds

Rather than describe the most abstract setting for Riemannian geometry, for
simplicity we choose to restrict our attention to imbedded submanifolds of a
Euclidean space E = RV, E|We will equip RY with the standard inner product,

! Because of the Whitney imbedding theorem (see for example Theorem 6-3 in Aus-
lander and MacKenzie [?]), this is actually not a restriction.

N
(a,by = (a,bypn := Zaibi.
i=1

In general, we will denote inner products in these notes by (-, -).

Definition 13.2. A subset M of E (see Figure m is a d — dimensional
imbedded submanifold (without boundary) of E iff for all m € M, there is a
function z : E — RY such that:

1. D(z) is an open neighborhood of E containing m,

2. R(z) is an open subset of RV,

3. z:D(z) = R(z) is a diffeomorphism (a smooth invertible map with smooth
inverse), and

4. 2(MND(2)) =R(z) N (R? x {0}) C RV.

(We write M? if we wish to emphasize that M is a d — dimensional mani-

fold.)

D(HNM

\

2D(z)NM)

Fig. 13.1. An imbedded one dimensional submanifold in RZ.

Notation 13.3 Given an imbedded submanifold and diffeomorphism z as in the
above definition, we will write z = (z<, z~) where z~ is the first d components
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of z and z> consists of the last N — d components of z. Also let x : M — R
denote the function defined by D(x) := M N'D(z) and x := z<|p(s). Notice that
R(z) := x(D(x)) is an open subset of R? and that x=1 : R(z) — D(z), thought
of as a function taking values in E, is smooth. The bijection x : D(z) — R(z)
is called a chart on M. Let A= A(M) denote the collection of charts on M.
The collection of charts A= A(M) is often referred to as an atlas for M.

Remark 13.4. The imbedded submanifold M is made into a topological space
using the induced topology from E. With this topology, each chart x € A(M)
is a homeomorphism from D(z) C, M to R(z) C, R%.

Theorem 13.5 (A Basic Construction of Manifolds). Let F : E — RN =4
be a smooth function and M = F~*({0}) C E which we assume to be non-
empty. Suppose that F'(m) : E — RN~ is surjective for all m € M. Then M
is a d — dimensional imbedded submanifold of E.

Proof. Let m € M, we will begin by constructing a smooth function G :
E — R? such that (G, F)'(m) : E — RY = R4 x RVN~4 is invertible. To do this,
let X = Nul(F’(m)) and Y be a complementary subspace so that E = X @Y
and let P : E — X be the associated projection map, see Figure Notice
that F'(m) : Y — R¥~4 is a linear isomorphism of vector spaces and hence

dim(X) = dim(E) — dim(Y) = N — (N — d) = d.

In particular, X and R? are isomorphic as vector spaces. Set G(m) = APm
where A : X — R? is an arbitrary but fixed linear isomorphism of vector
spaces. Then for z € X and y € Y,

(G.F) (m)(@ +y) = (G'(m)(x + ), F'(m)(x + y)
= (AP(z + y), F'(m)y) = (Az, F'(m)y) € R? x RN~

from which it follows that (G, F')’(m) is an isomorphism.

By the inverse function theorem, there exists a neighborhood U C, E of m
such that V := (G, F)(U) C, RN and (G,F) : U — V is a diffeomorphism.
Let z = (G, F) with D(z) = U and R(z) = V. Then z is a chart of E about m
satisfying the conditions of Definition Indeed, items 1) — 3) are clear by
construction. If p € M ND(z) then z(p) = (G(p), F(p)) = (G(p),0) € R(z) N
(R? x {0}). Conversely, if p € D(z) is a point such that z(p) = (G(p), F(p)) €
R(z) N (R x {0}), then F(p) = 0 and hence p € M N D(z); so item 4) of
Definition is verified. [

Ezample 13.6. Let gl(n,R) denote the set of all nxn real matrices. The following
are examples of imbedded submanifolds.

1. Any open subset M of E.

Page: 82 job: 150BNotes

macro: svmonob.cls

RN=d  (G(e).1(e))

(G(m),F(m)) G(e)=APe

Fig. 13.2. Constructing charts for M using the inverse function theorem. For sim-
plicity of the drawing, m € M is assumed to be the origin of £ = X @Y.

2. The graph,
I(f)={(z,f(z) eRIx RNz € D(f)} cD(f) x RN"* CR",

of any smooth function f : R — RV ~¢ as can be seen by applying Theorem
13.5| with F'(z,y) := y — f (z). In this case it would be a good idea for
the reader to produce an explicit chart z as in Definition such that
D(z) =R(z) =D (f) x RN -4

3. The unit sphere, SNV~ := {z € RY : (z,2)gn = 1}, as is seen by applying
Theoremwith E =RYand F(x) := (x,2)g~ — 1. Alternatively, express
SN=1 locally as the graph of smooth functions and then use item 2.

4. GL(n,R) := {g € gl(n,R)| det(g) # 0}, see item 1.

5. SL(n,R) := {g € gl(n,R)|det(g) = 1} as is seen by taking F = gl(n,R)
and F(g) := det(g) and then applying Theorem [13.5 with the aid of Lemma
below.

6. O(n) := {g € gl(n,R)|¢g""g = I} where g* denotes the transpose of g. In
this case take F'(g) := g**g — I thought of as a function from E = gl(n,R)
to 8(n), where

S(n) :={A € gl(n,R): A" = A}

is the subspace of symmetric matrices. To show F’(g) is surjective, show
F'(g9)(gB) = B+ B" for all g € O(n) and B € gl(n,R).

7. 50(n) := {g € O(n)| det(g) = 1}, an open subset of O(n).

8. M x N C E xV, where M and N are imbedded submanifolds of E and
V' respectively. The reader should verify this by constructing appropriate
charts for £ x V by taking “tensor” products of the charts for £ and V
associated to M and N respectively.
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9. The n — dimensional torus,
T :={2€C": |z =1fori=1,2,...,n} = (SH",

where z = (z1,...,2,) and |z;| = +/zZ;. This follows by induction us-
ing items 3. and 8. Alternatively apply Theorem with F (z2) :=

(|z1\2 N P 1).

Lemma 13.7. Suppose g € GL(n,R) and A € gl(n,R), then
det’(g)A = det(g)tr(g—* A). (13.3)

Proof. By definition we have
/ d d —1
det '(g)A = %|0 det(g +tA) = det(g)£|0 det(I +tg~"A).

So it suffices to prove |o det(I +tB) = tr(B) for all matrices B. If B is upper
triangular, then det(I +¢B) = [[;_, (1 + tB;;) and hence by the product rule,

—\odet (I +tB)= ZB“ = tr(B

This completes the proof because; 1) every matrix can be put into upper trian-
gular form by a similarity transformation, and 2) “det” and “tr” are invariant
under similarity transformations. [

Definition 13.8. Let E and V be two finite dimensional vector spaces and
M? C E and N* C V be two imbedded submanifolds. A function f : M — N
is said to be smooth if for all charts v € A(M) and y € A(N) the function
yo fox~t:RY = RF is smooth.

Exercise 13.1. Let M¢ c E and N* C V be two imbedded submanifolds as
in Definition [[3.8]

1. Show that a function f : R¥ — M is smooth iff f is smooth when thought
of as a function from R* to E.

2.If F: E — V is a smooth function such that F(M N'D(F)) C N, show that
f:=7F|ym: M — N is smooth.

3. Show the composition of smooth maps between imbedded submanifolds is
smooth.

Proposition 13.9. Assuming the notation in Definition a function f :
M — N is smooth iff there is a smooth function F': E — V such that f = F|p.
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Proof. (Sketch.) Suppose that f : M — N is smooth, m € M and n =
f(m). Let z be as in Definition[I3.2]and w be a chart on N such that n € D(w).
By shrinking the domain of z if necessary, we may assume that R(z) =U x W
where U C, R? and W C, RY¥~¢ in which case 2(M ND(z)) = U x {0}. For
€ € D(2), let F(€) := f(271(2<(),0)) with z = (2<,2>) as in Notationm
Then F' : D(z) — N is a smooth function such that F|yp(.) = flanp(z). The
function F' is smooth. Indeed, letting z = z<|p(z)mM,

weoF =wco f(z7'(2(£),0)) =w< o foa o(2<(-),0)

which, being the composition of the smooth maps w- o f o =% (smooth by

assumption) and £ — (2<(§),0), is smooth as well. Hence by definition, F’
is smooth as claimed. Using a standard partition of unity argument (which we
omit), it is possible to piece this local argument together to construct a globally
defined smooth function F : E — V such that f = F|y,. ]

Definition 13.10. A function f : M — N is a diffeomorphism if f is smooth
and has a smooth inverse. The set of diffeomorphisms f: M — M is a group
under composition which will be denoted by Diff (M).

13.2 Tangent Planes and Spaces

Definition 13.11. Given an imbedded submanifold M C E and m € M, let
TmM C E denote the collection of all vectors v € E such there exists a smooth
path o : (—¢,&) = M with 6(0) = m and v = |oo(s). The subset T, M is
called the tangent plane to M at m and v € 7, M is called a tangent vector,

see Figure[13.3

T, M

Fig. 13.3. Tangent plane, 7., M, to M at m and a vector, v, in 7, M.
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Theorem 13.12. For each m € M, 7, M is a d — dimensional subspace of E.
If . E — RY is as in Deﬁnition then 1, M = Nul(z (m)). If z is a
chart on M such that m € D(x), then

{2l (aom) + sea)} iy

is a basis for T, M, where {e;}%_, is the standard basis for R%.

Proof. Let o : (—¢,¢) — M be a smooth path with ¢(0) = m and v =
4 1y0(s) and z be a chart (for E) around m as in Definition such that
x = z<. Then 2~ (0(s)) = 0 for all s and therefore,

0= Loz (o(s)) = 2 (m)v

which shows that v € Nul(2{ (m)), i.e. 7, M C Nul(24 (m)). In preparation for
the proof of the converse inclusion let us also notice that

Loz (0 (5)) = ~lo (2<(0(s)), 25 (0(5))) = (2 () o' 0),0) = (=L (p) . 0).

Now suppose that v € Nul(2{ (m)). We wish to find o(s) € M with
0(0) = m and ¢’ (0) = v. According to the previous equation we must have
that L|oz (0 (s)) = (2% (m)v,0) = 2’ (m) v which suggests we define

o(s)=2""(z(m) + sz (m)v) =271 (z(m) + s (2L (m)v,0)) =2~ (x (m) + sz~ (M) v).

For this choice of o (s) we have z (0 (s)) = z(m) + sz’ (m)v and therefore
z'(m)c’ (0) = 2/ (m)v from which it follows that ¢’ (0) = v as desired. We
have now shown Nul(z{ (m)) C 7, M which completes the proof that 7,,M =
Nul(24 (m)).

Since 2L (m) : 7, M = Nul(z4 (m)) — R is a linear isomorphisnﬂ the
above argument also shows

d _
oz z(m) + sw) = (2o (M)|rnr) " w € T M ¥V w € RY,

In particular it follows that

d
tis
is a basis for 7,,M, see Figure below. [

The following proposition is an easy consequence of Theorem [[3.12] and the
proof of Theorem [13.5]

oz~ (z(m) + se) Yy = {2 (m)]r00) e}y

2 The reader should convice herself of this fact if it is not evident.
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Proposition 13.13. Suppose that M is an imbedded submanifold constructed
as in Theorem[13.5 Then 7, M = Nul(F'(m)).

Exercise 13.2. Show:

. TmM = E, if M is an open subset of E.

. 7GL(n,R) = gl(n,R), for all g € GL(n,R).
TSNl = {m}+ for all m € SNL.

. Let sl(n,R) be the traceless matrices,

AENEGURN NI

sl(n,R) := {A € gl(n,R)|tr(A) = 0}. (13.4)
Then
74SL(n,R) = {A € gl(n,R)|g" A € sl(n,R)}
and in particular 7;SL(n,R) = sl(n,R).
5. Let so (n,R) be the skew symmetric matrices,
so(n,R) := {A € gl(n,R)|A = —A"}.
Then
7,0(n) = {A € gl(n,R)|g" A € so(n,R)}
and in particular 7,0 (n) = so (n,R). Hint: g=! = ¢* for all g € O(n).
6.If M C E and N C V are imbedded submanifolds then
Tmn)(M X N) = 1M x 7, N C E X V.

It is quite possible that 7,,M = 7, M for some m # m’, with m and m’
in M (think of the sphere). Because of this, it is helpful to label each of the
tangent planes with their base point.

Definition 13.14. The tangent space (T,,M) to M at m is given by
ToM :={m} x 1, M C M x E.

Let
TM .= UmE]\/ITmMy

and call TM the tangent space (or tangent bundle) of M. A tangent
vector is a point vy, = (m,v) € TM and we let 7 : TM — M denote the
canonical projection defined by w(v,,) = m. Fach tangent space is made into
a vector space with the vector space operations being defined by: c(vy,) := (cv)m
and U + Wy 1= (V4 W)y

Exercise 13.3. Prove that 7'M is an imbedded submanifold of F x E. Hint:
suppose that z : E — R¥ is a function as in the Deﬁnition Define D(Z) :=
D(z) x E and Z : D(Z) — RY x RN by Z(z,a) := (2(x), 2 (z)a). Use Z’s of
this type to check T'M satisfies Definition [I3:2}
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Notation 13.15 In the sequel, given a smooth path o : (—e,e) — M, we will
abuse notation and write o’ (0) for either

d
£|00(5) € To)M

or for p
(@(0), 7-100(5)) € To)M = {0(0)} X To(0) M-

Also given a chart x = (z%,22,...,2%) on M and m € D(z), let 3/0z"|,, denote
the element T,,, M determined by 0/0z"|,, = o'(0), where o(s) := z~1(x(m) +
se;p), i.e.

0 d

oz’ I = (m, ds

loz ™ (x(m) + se;)), (13.5)
see Figure[13.7)

0
Bﬂ’)g|m

Fig. 13.4. Forming a basis of tangent vectors.

The reason for the strange notation in Eq. (13.5)) will be explained after
Notation By definition, every element of T;,, M is of the form ¢’ (0) where
o is a smooth path into M such that o (0) = m. Moreover by Theorem
{0/0x,,}%_, is a basis for T, M.

Definition 13.16. Suppose that f : M — V is a smooth function, m € D(f)
and v, € T,,M. Write

vf = df(om) = o f(0(5))

where o is any smooth path in M such that o'(0) = vy,. The function df :
TM — V will be called the differential of f.
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Notation 13.17 If M and N are two manifolds f : M x N = V is a smooth
function, we will write dyrf (-,n) to indicate that we are computing the differ-
ential of the function m € M — f(m,n) € V for fized n € N.

To understand the notation in , suppose that f = Fox =
F(z' 2%, ..., 2%) where F : R? — R is a smooth function and x is a chart
on M. Then

9f(m)

ox?
where D, denotes the " — partial derivative of F. Also notice that

dz? (:|m) = &;; so that {dz’ TmM}jzl is the dual basis of {0/07|,,}¢ ,
and therefore if v,, € T,,, M then

0
= b f = (D) (a(m)),

th

d
; 0
U =Y da* (vm) @m. (13.6)
i=1
This explicitly exhibits v,, as a first order differential operator acting on
“germs” of smooth functions defined near m € M.

Remark 13.18 (Product Rule). Suppose that f: M — V and g : M — End(V)
are smooth functions, then

om(00) = 10 (o () (0 (5))] = g - Fm) + g(m)vin

or equivalently
d(gf)(vm) = dg(vm)f(m) + g(m)df (vm).
This last equation will be abbreviated as d(gf) = dg - f + gdf.

Definition 13.19. Let f : M — N be a smooth map of imbedded submanifolds.
Define the differential, f., of f by

fevm = (f00)'(0) € Ty N,

where vy, = o'(0) € T, M, and m € D(f).

Lemma 13.20. The differentials defined in Definitions |13.16] and [13.19 are
well defined linear maps on T,, M for each m € D(f).

Proof. I will only prove that f,. is well defined, since the case of df is similar.
By Proposition there is a smooth function F' : E — V, such that f = F|y.
Therefore by the chain rule
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Jevy=(foo)'(0)

Fig. 13.5. The differential of f.

Fam = (Foa)©)i= | Thof0)| =[Py, (13)
f(a(0))

where o is a smooth path in M such that ¢/(0) = v,. It follows from (13.7))
that f.v,, does not depend on the choice of the path o. It is also clear from

(13.7), that f. is linear on T,, M. ]

Remark 13.21. Suppose that F : E — V is a smooth function and that f :=
F|ps. Then as in the proof of Lemma [13.20}

df (vm) = F'(m)v (13.8)

for all v,, € T,,M, and m € D(f). Incidentally, since the left hand sides of
13.7) and ([13.8)) are defined “intrinsically,” the right members of (13.7) and
13.8)) are independent of the possible choices of functions F' which extend f.

Lemma 13.22 (Chain Rules). Suppose that M, N, and P are imbedded
submanifolds and V is a finite dimensional vector space. Let f : M — N,
g: N — P, and h: N —V be smooth functions. Then:

(90 fsvm = gu(fivm), ¥V vm € TM (13.9)

and
d(ho f)(vm) = dh(fsvm), Y vm € TM. (13.10)

These equations will be written more concisely as (go f)« = g« fx and d(ho f) =
dhf. respectively.

Proof. Let o be a smooth path in M such that v, = ¢/(0). Then, see Figure

3.6
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(go f)svm = (go foa)(0)=g.(foa)(0)
= g*f*U/(O) = g*f*vm
Similarly,
d(ho f)(vm) = %b(h o foa)(s) =dh((foa)(0))
= dh(f.0'(0)) = dh(f.vm).

f*'l)m:(fOO')/( 0)

9L 0n=(g0 foo) (0)=(go lv,, 4 g(f(m))

B\

Fig. 13.6. The chain rule.

|

If f: M — V is a smooth function, z is a chart on M, and m € D(f)ND(x),

we will write 0f(m)/dz" for df (0/0xz'|,,,) . Combining this notation with Eq.
(113.6) leads to the pleasing formula,

d
df = of dz?, (13.11)

by which we mean

i=1
Suppose that f : M? — N* is a smooth map of imbedded submanifolds,

m € M, x is a chart on M such that m € D(z), and y is a chart on N such
that f(m) € D(y). Then the matrix of

~
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f*m = f*lT M- TmM — Tf(m)N

relative to the bases {0/0x"|m Y, of Ty M and {0/0y7| sy }h_y of Ty(myN is
(0(y? o £)(m)/0x"). Indeed, if v, = Zi:l v'9/0z%|,,, then

k

Fevm =Y dy? (£20m)0/ 0y | 4(m)
j=1
k . .
=D dy’ o H)wn)d/0y | sm) (by Eq. ([3.10))
j=1
Ly o f)(m) -
=) 5w’ (wn)d/0y |y (by Ea. (1311))
j=1i=1
k d
Ay’ o i )
=D L f 8/8yj|f(m)
Jj=1i=1

Ezample 13.23. Let M = O(n), k € O(n), and f : O(n) — O(n) be defined by
f(g) := kg. Then f is a smooth function on O(n) because it is the restriction
of a smooth function on gl(n,R). Given A, € T,0(n), by Eq. ( -,

[+Ag = (kg,kA) = (kA)kg
(In the future we denote f by Ly; Ly is left translation by k € O(n).)

Definition 13.24. A Lie group is a manifold, G, which is also a group
such that the group operations are smooth functions. The tangent space, g :=
Lie (G) :=T.G, to G at the identity e € G is called the Lie algebra of G.

Exercise 13 4. Verify that GL(n,R), SL(n,R), O(n), SO(n) and T™ (see Ex-
ample are all Lie groups and
Lic (GL(n, R)) = gl(n, R),
Lie (SL(n,R))) = si(n,R)
Lie (O(n))) = Lie (SO(n))) = so(n,R) and
Lie (T™)) = (iR)" c C™.
See Exercise for the notation being used here.

Exercise 13.5 (Continuation of Exercise [13.3]). Show for each chart z on
M that the function

p(om) = (x(m), de(vm)) = Tevm
is a chart on T'M. Note that D(¢) := Upep(z)TmM.
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*More metric space results

This appendix is optional for sure!

A.1 Compactness in Euclidean Spaces

Definition A.1 (Pre-compact). A subset A C X is precompact if A is
compact.

Example A.2. Suppose that ' C X is an unbounded set, i.e. for all n € N
there exists z, € F such that d(z,z,) > n. If there were a subsequence,
{wg == 2, }pe; such that w = limy_,~ wy, existed in X, then we would have
ng < d(xz,wg) = d(x,w) < oo which is clearly impossible. This shows that
compact sets must be bounded.

Ezample A.3. Suppose that F' C X is not closed. Then there exists {z,} -, C
F such that z := lim, . 2, ¢ F. Moreover, although every subsequence of
{zn}o2, is convergent, they all still converge to z ¢ F. This shows that a
compact set must be closed.

Lemma A.4 (Bolzano—Weierstrass property for CP). Let D € N. Every
bounded sequence, {z (n)}>—, C CP, has a convergent subsequence.

Proof. By assumption there exists M < oo such that |z(n)|| =
d(z(n),0) < M for all n € N. Writing 2 (n) = (21 (n),...,zp (n)) € CP. Since
|z (n)] < ||z (n)]] it follows that {z; (n)} -, is a bounded sequence in C. Hence
by the Bolzano-Weierstrass property for C we replace z (n) by a subsequence
z (ng) such that limg_, o 2z (ng) = 21 exists. We may now replace the original z
by this new subsequence and then find a further subsequence z (ny) such that
limg 00 2; (ng) = 2; exists for i = 1,2. We may continue this way inductively
to find a subsequence such that limg_,o 2; (ng) = 2; exists for all 1 <¢ < D. Tt
then follows that limg_,o ||z — 2 (nk)|| = 0 as desires where z := (21,...,2p).
]

Proof of Theorem In light of Examples [A:2] and [A73] we are left
to show that closed and bounded sets are sequentially compact. So let K ¢ CP”
be a closed and bounded set and {z,},., be any sequence in K. According
toe Lemma {zn},-, has a convergent subsequence, {wy := 2y, }r, . Since
wg € K for all £ and K is closed it necessarily follows that limg_,oo wr € K
which shows K is sequentially compact. ]

Ezample A.5 (Warning!). Tt is not true that a closed and bounded subset of an
arbitrary metric space (X, d) is necessarily sequentially compact. For example
let Z denote the vector space of continuous functions on [0, 1] with values in R
and for f € Z let || f|| = sup,po,q1 |f (t)| . Then the set C:= {f,},_, where

0 if t € [0,2- D]y 27, 1]
fn (t) = 2(n+2) Ly 9=(n+1) jf o—(n+1) < ¢ < 3.2~ (n+2)
2-n _ ¢ if 3.2-(n+2) <t<2m,

[So fn (t) is a shark tooth over the interval [2=("+1) 2="] ] Notice that | f,| = 1
for all n so that C' is bounded. Moreover || f,, — fm| = 1 for all m # n, therefore
there are no convergent subsequence of C. The reader should use this fact to
see that C is closed and bounded but not sequentially compact!

0.0 f ! ; f
00 01 02 03 04

Fig. A.1. Here are the plots of fy and fi.

A.2 Open Cover Compactness

Ezample A.6. Suppose that A is an unbounded subset of X. Pick a; € A and
then choose {ay}, ., inductively so that d,, 4.} (ang1) > 1 for all n. This
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sequence then has the property that d (ag,a;) > 1 for all k # [ and from this it
follows that F' := {a1,as,...} is a closed set. We then define an open cover of
A by taking,

U={F° Ba, (1/3),Ba, (1/3), Bay (1/3) ...} .

This cover has no finite subcover. Therefore A can not be open cover compact.

Alternatively. Given x € X, the collection U := {B, (n):n € N} is an
open cover of X. So if K is an open cover compact subset of X, there must
exist np < ng < --- < ny so that

K C By (n1)UB; (na)U---UB; (ng) = By (ng)
This shows K is bounded.

Lemma A.7. Suppose that K C X is an open cover compact set, then K is
closed.

Proof. We will shows that K¢ is open. To this end suppose x € K¢. Then
let €, := %d (z,k) > 0 for all k € K. It then follows that B, (e) N By, (ex) = 0
for all k € K. As {Bx (¢x)},c is an open cover K, there exists A Cy K such
that K C UgeaBg (ex) - If we now let 0 := mingea € > 0, then

B, (0) N By (ex) C By (ek) N Br (ex) =0 for all k € A

and therefore
B, (8) N K C B, (6) N [Ukex B (e1,)] = 0.

Proposition A.8 (Optional). Suppose that K C X is an open cover compact
set and F C K is a closed subset. Then F is open cover compact. If {K;}._,
s a finite collections of open cover compact subsets of X then K = U | K; is
also an open cover compact subset of X.

Proof. Let U C 7 be an open cover of F, then YU {F°} is an open cover of
K. The cover YU {F*°} of K has a finite subcover which we denote by UyU {F°}
where Uy C¢ U. Since F N F¢ = (), it follows that Uy is the desired subcover
of F. For the second assertion suppose U C 7 is an open cover of K. Then U/
covers each compact set K; and therefore there exists a finite subset U; Cy U
for each i such that K; C Ul;. Then Uy := U] U; is a finite cover of K. ]

Exercise A.1. Suppose f : X — Y is continuous and K C X is open cover
compact, then f(K) is an open cover compact subset of Y. Give an example of
continuous map, f : X — Y, and an open cover compact subset K of Y such
that f~1(K) is not open cover compact.
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Exercise A.2 (Extreme value theorem IIT). Let (X,d) be an open cover
compact metric space and f : X — R be a continuous function. Show —oco <
inf f < supf < oo and there exists a,b € X such that f(a) = inf f and
f(b) = sup f. Hint: use Exercise and Theorem ?7.

Exercise A.3 (Uniform Continuity). Let (X, d) be an open cover compact
metric space, (Y, p) be a metric space and f : X — Y be a continuous function.
Show that f is uniformly continuous, i.e. if € > 0 there exists § > 0 such that
p(fy), f(x) <eif z,y € X with d(z,y) < 0.

Exercise A.4. Suppose f : X — Y is continuous and K C X is open cover
compact, then f(K) is an open cover compact subset of Y. Give an example of
continuous map, f : X — Y, and an open cover compact subset K of Y such
that f~!(K) is not open cover compact.

Exercise A.5 (Dini’s Theorem). Let X be an open cover compact metric
space and f, : X — [0,00) be a sequence of continuous functions such that
fn(x) ] 0 as n — oo for each z € X. Show that in fact f,, | 0 uniformly in z,
i.e. sup,cy fn(x) L 0 as n — oco. Hint: Given € > 0, consider the open sets
Vi={zxeX: f,(x)<e}

Definition A.9. A collection F of closed subsets of a metric space (X,d) has
the finite intersection property if NFy # 0 for all Fo Cy F.

The notion of open cover compactness may be expressed in terms of closed
sets as follows.

Proposition A.10. A metric space X is open cover compact iff every family of
closed sets F C 2% having the finite intersection property satisfies (| F # 0.

Proof. The basic point here is that complementation interchanges open
and closed sets and open covers go over to collections of closed sets with empty
intersection. Here are the details.

(=) Suppose that X is open cover compact and F C 2% is a collection of
closed sets such that (| F = 0. Let

U=Fr={C°:CeF}Cr,

then U is a cover of X and hence has a finite subcover, Uy. Let Fo =US5 C¢ F,
then NFy = 0 so that F does not have the finite intersection property.

(<) If X is not open cover compact, there exists an open cover U of X with
no finite subcover. Let

F=U:={U°:UeclU},
then F is a collection of closed sets with the finite intersection property while

NF =0. [
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A.3 Equivalence of Sequential and Open Cover
Compactness in Metric Spaces

Definition A.11. A metric space (X,d) is € — bounded (¢ > 0) if there exists
a finite cover of X by balls of radius e. We further say (X, d) is totally bounded
if it is € — bounded for all ¢ > 0.

Remark A.12 (Totally bounded means almost finite). An equivalent way to state
that (X,d) is € — bounded is to say there exists a finite subset A = A, C; X
such that d () < ¢ for all z € X. In other words, (X,d) is € — bounded iff X
is a finite subset within an ¢ — error.

Theorem A.13. Let (X,d) be a metric space. The following are equivalent.

(a) X is open cover compact.
(b) X is sequentially compact.
(¢) X is totally bounded and complete.

Proof. The proof will consist of showing that a = b = ¢ = «a.

(a = b) We will show that not b = not a. Suppose there exists
{z,}.;2, C X which has no convergent subsequence. In this case the set
S := {x, € X : n € N} must be an infinite set as we have already seen finite
sets are sequentially compact. For every x € X we must have

e(z) :=liminfd (z,,z) >0
n—oo
since otherwise there would be a subsequence {z,,},—, such that
limg oo d (X, ,x) = 0, ie. limgyoo Tp, = x. We now let V, := B, (%s (x))
and observe that x, can be in V, for only finitely many n — otherwise we
would conclude that liminf, o d (z,,z) < € (x) /2. From these observations,
U :={V,:2 € X} is an open cover of X with no finite subcover. Indeed, if
A Cy X, then we must still have z,, € UzcaV, for only finitely many n and in
particular U,ec 2V, can not cover S.

(b= ¢) Suppose {z,},-, C X is a Cauchy sequence. By assumption there
exists a subsequence {xnk}zozl which is convergent to some point x € X. Since
{xn},, is Cauchy it follows that x,, — x as n — oo showing X is complete.

Now for sake of contradiction suppose that X is not totally bounded.
There there exists € > 0 for which X is not € — bounded. In particular,
U :={B,(e):x € X} is an open cover of X with no finite subcover. We now
use this to construct a sequence {z,,},~; C X. Choose z; € X at random, then
choose xo € X \ By, (€), then z3 € X \ [By, () U By, (¢)] ...

Tn € X\ [By, (6)UByg, () U---UB,, , ()] ,....
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The process may be continued indefinitely as U has no finite subcover. By
construction we have chosen {z,},—, such that dg,, . y(z,) > ¢ foralln
and therefore d (zy,x;) > ¢ for all k # [. Every subsequence will share this
property, i.e. not be Cauchy, and hence can not be convergent.

(¢ = a) For sake of contradiction, assume there exists an open cover V =
{Va}aeca of X with no finite subcover. Since X is totally bounded for each
n € N there exists A,, C; X such that

X=|J B.(1/n)c | Cull/n).

r€A, r€A,

Choose z1 € A; such that no finite subset of V covers Ky := C,,(1). Since
K1 = Ugzea, K1 NCL(1/2), there exists o € Ay such that Ky := K1 NC,,(1/2)
can not be covered by a finite subset of V, see Figure [A22] Continuing this way
inductively, we construct sets K,, = K,,_1NCy, (1/n) with z,, € A,, such that no
K, can be covered by a finite subset of V. Now choose y,, € K,, for each n. Since
{K,},2, is a decreasing sequence of closed sets such that diam(K,) < 2/n, it
follows that {y,} is a Cauchy and hence convergent with

y= lim y, € N> K.
n— oo

Since V is a cover of X, there exists V' € V such that y € V. Since K,, | {y}
and diam(K,) — 0, it now follows that K,, C V for some n large. But this
violates the assertion that K, can not be covered by a finite subset of V.

~V

v

Fig. A.2. Nested Sequence of cubes.

Corollary A.14. The compact subsets of R™ are the closed and bounded sets.
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Proof. If K is closed and bounded then K is complete (being the closed
subset of a complete space) and K is contained in [—M, M]™ for some positive
integer M. For § > 0, let

As =062" N [—M,M|" :={dx : 2 € Z" and §|z;| < M fori=1,2,...,n}.
We will show, by choosing § > 0 sufficiently small, that
K C [-M,M]" CUgea;B(z,¢) (A1)

which shows that K is totally bounded. Hence by Theorem [A-13] K is compact.
Suppose that y € [-M, M]", then there exists z € As such that |y; — z;| < 6
fori=1,2,...,n. Hence

P(z,y) = (Y —2:)° < né?

i=1

which shows that d(x,y) < v/nd. Hence if choose § < /y/n we have shows that
d(z,y) < e, ie. Eq. (A.1]) holds. |

A.4 Connectedness

Definition A.15. Let (X, d) be a metric space. Two subset A and B of X are
separatecﬂ if ANB=0=ANB. A set E C X is disconnected if E = AUB
where A and B are two non-empty separated sets, otherwise E is said to be
connected.

Theorem A.16 (The Connected Subsets of R). The connected subsets of
R are intervals.

Proof. We will break the proof into two parts. First we show if E is con-
nected then F is an interval. Then we show if F is disconnected then FE is not
an interval.

1) Suppose that £ C R is a connected subset and that a,b € E with
a < b. If there exists ¢ € (a,b) such that ¢ ¢ F, then A := (—oc0,¢) N E
and B := (¢,00) N E would be two non-empty separated subsets such that
E = AU B. Hence (a,b) C E. Let « := inf(F) and 8 := sup(F) and choose
O, B, € E such that a,, < 8, and o, | @ and 3, 1 § as n — oco. By what we
have just shown, (ay, 8,) C E for all n and hence (o, §) = U2 (an, Bn) C E.
From this it follows that F = («, 8), [, ), («a, 8] or [a, (], i.e. E is an interval.

! Notice that separated sets are disjoint. The sets A = (0,1) and B = [1,00) are
disjoint but not separated.
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2) Now suppose that F is a disconnected subset of R. Then F = AUB where
A and B are non-empty separated sets and let a € A and b € B. After relabelling
A and B if necessary we may assume that a < b. Let p = sup ([a,b] N A) . Since
p € ANJa,b] it follows that p ¢ B and a < p < b. Since b € B, p # b and hence
a<p<hb.

i)if p¢ Athen p ¢ E and a < p < b which shows E is not an interval.

ii) if p € A, then p ¢ B and there existsﬂ p1 such that a < p < p; < b and
p1 ¢ B D B. Again p; ¢ A (for otherwise p > p;) and so p; ¢ F and hence
again F' is not an interval.

|

Lemma A.17. Suppose that f : X — Y is a continuous function between
two metric spaces (X and Y) and A and B are separated subsets of Y. Then
a = f71(A) and B := f~1(B) are separated subsets of X. In particular, if
E C X is connected, then f(E) is connected in Y.

Proof. Since a := f~'(A) C f~* (A) and f~' (A) is the closed being the
inverse image under a continuous function of the closed set A, it follows that
aC f~'(A). Thus if z € @N B, then f (z) € AN B =0 and hence a N g = 0.
Similarly one shows aaN 3 = 0 as well.

If f(F) disconnected, there exists non-empty separated subsets, A and B
of f(E), so that f(X)= AU B. The sets a := f~!(A4) and 8 := f~! (B) are
now non-empty separated subsets of X. It now follows that ap := aN E and
Bo := B N E are non-empty sets such that

apNBocanB=0and apNBy CanB=>0

which would imply F is disconnected. Thus if F is connected we must have that
f () is connected. ]

Theorem A.18 (Intermediate Value Theorem). Suppose that (X,d) is a
connected metric space and f : X — R is a continuous map. Then f satisfies

the intermediate value property. Namely, for every pair xz,y € X such that
f(x) < fly) and c € (f (x), f(y)), there exists z € X such that f(z) = c.

Proof. By Lemma f(X) is a connected subset of R. So by Theorem
IA. 160 f(X) is a subinterval of R and this completes the proof. ]

Lemma A.19. If E C X is a connected set and E C AU B where A and B
are two separated sets, then E C A or E C B.

Proof. Let a := ENAand 8 := ENB, thenanp c ANB = () and
similarly N 8 = (. Thus £ = o U B with « and 8 being separated sets. Since
E is connected we must have a =0 or 8 =0, i.e. EC Bor E C A. [

2 This is because B€ is an open subset of R.
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Proposition A.20. Suppose that F' and G are connected subsets of X such
that FNG # (), then E = F UG is connected in X as well.

Proof. Suppose that £ = AU B where A and B are separated sets. Then
from Lemma [AT19] we know that F C A or F C B and similarly G C A or
G C B. If both F and G are in the same set (say A), then E C A C E and B
must be empty. On the other hand if F C Aand G C B, then §) # FNG C ANB
which would violate A and B being separated. Thus we have shown there does
not exists two non-empty separated sets A and B such that £ = AU B, i.e. E
is connected. ]

Definition A.21. A subset E of a metric space X is path connected if to
every pair of points {xg, 1} C E there exists o € C([0,1], E), such that o(0) =
zo and o(1) = x1. We refer to o as a path joining xo to 1.

Proposition A.22. Fvery path connected subset, E, of a metric space X is
connected.

Exercise A.6. Prove Proposition [A:22] i.e. if E C X is path connected then
E is connected.. Hint: for sake of contradiction suppose that A and B are two
non-empty separated subsets of X such that £ = AU B and choose a path
connecting a point in A to a point in B.

Definition A.23. A subset, C, of a vector space, X, is convex if for alla,b € C
the path,
ot)=a+t(b—a)=(1—t)a+thfor0<t<1

is contained in C.

Ezample A.24. Every convex subset, C, of a normed vector space (X, ||]|) is
path connected and hence connected.

Exercise A.7. Suppose that (X, ||-||) is a normed space, © € X, and R > 0.
Show the open and closed balls in X, B, (R) and C, (R), are both convex sets
and hence path connected.

Definition A.25. A metric space X is locally path connected if for each
x € X, there is an open neighborhood V- C X of x which is path connected.

Proposition A.26. Let X be a metric space.

1. If X is connected and locally path connected, then X is path connected.
2. If X is any connected open subset of R™, then X is path connected.

Exercise A.8. Prove item 1. of Proposition [A:26] i.e. if X is connected and
locally path connected, then X is path connected. Hint: fix o € X and let
W denote the set of z € X such that there exists o € C([0,1],X) satisfying
0(0) = xp and o(1) = z. Then show W is both open and closed.

Exercise A.9. Prove item 2. of Proposition i.e. if X is any connected
open subset of R”, then X is path connected.
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A.4.1 Connectedness Problems

Exercise A.10. In this exercise we will work inside the metric space Q with
d(z,y) := |z —y| for all z,y € Q. Let a,b € Q with a < b and let

J=[a,0NQ={z€Q:a<z<b}.
Show J is disconnected in Q.

Exercise A.11. Suppose a < band f : (a,b) — R is a non-decreasing function.
Show if f satisfies the intermediate value property (see Theorem [A.18)), then f

is continuous.

Exercise A.12. Suppose —co < a < b < oo and [ : [a,b) — R is a strictly
increasing continuous function. Using the intermediate value theorem, one sees
that f ([a,b)) is an interval and since f is strictly increasing it must of the
form [c,d) for some ¢ € R and d € R with ¢ < d. Show the inverse function
f~' : [e,d) — [a,b) is continuous and is strictly increasing. In particular if
n € N, apply this result to f (x) = 2™ for x € [0,00) to construct the positive
n*™ — root of a real number.

Exercise A.13. Let
X = {(z,y) e R?* 1y =sin(z™") with 2 # 0} U{(0,0)}

equipped with the relative topology induced from the standard topology on R2.
Show X is connected but not path connected.

Remark A.27 (Structure of open sets in R). Let V' C R be an open set. For
x €V, let ay := inf{a: (a,2] CV} and b, := sup{b: [z,b) C V}. Since V is
open, a, < x < b, and it is easily seen that J, := (as,b;) C V. Moreover if
y €V and J, NJ, # 0, then J, = J,. The collection, {J, : z € V}, is at most
countable since we may label each J € {J,:2z € V} by choosing a rational
number r € J. Letting {.J,, : n < N}, with N = oo allowed, be an enumeration

of {J :x €V}, wehave V =1]], _yJn as desired.

A.5 *More on the closure and related operations

This section is optional reading.

Definition A.28 (Closure). Given a set A contained in a metric space X, let
A C X be the closure of A defined by

A={zreX:3{z,} CA> 2= lim x,}.
n—oo

That is to say A contains all limit points of A.
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Lemma A.29 (Optional). For any A C X, then

1A= A if A is closed.
2. A={z:da(z) =0} and A is closed.
S A={z€ X :ANB,(r)#0V r>0}.
4.da(x) >0 for all x € A if A is closed.

Proof. 1. We always have A C A. If A is closed we can not leave A by
taking limits and hence A C 4, i.e. A= A if A is closed.

2. Let F':= {x : da (xr) = 0} which is a closed set since d4 is continuous. If
x € F (i.e. da () = 0), there exists z,, € A such that d(z,z,) < 1/n for all
n € N. Thus lim,,_,cc #, = = and so z € A. This shows F C A. Conversely if
x € A, there exists {z,,} C A such that lim,,_,, 7, = = and so

da(z)=da ( lim xn) = lim da(x,)= lim 0=0

n— oo n—oo n—oo

which shows = € F.

2. <= 3. Since AN B, (r) # () happens iff ds (z) < r we see that AN
By (r)#0Vr>0iff da(z) <rforallr>0,ie. iff da (x) =0.

4. If A is closed then

A=A={rec X :da(x) =0}
and therefore A= {x € X : d4 (z) > 0}. L]
Proposition A.30. If A C X, then
A=n{F:ACF CX with F closed}. (A.2)

That is to say A is the smallest closed set containing A and in particular A is
closed.

Proof. A is closed. By Lemmato see that A := {r € X :da (z) = 0}
and hence /_1 is closed because d4 is continuous. Alternatively without using
Lemma suppose {x,,} C A is a convergent sequence and z = lim,, o, T, €
X. By deﬁmtlon of A, there exists y,, € A such that d(x,,y,) < n~! for all n.
Therefore by the triangle inequality,

1
d(z,yn) <d(x,2n) +d(Tn, yn) Sd(x,xn)—i—ﬁ —0asn— o

which shows & = lim,, o yn € A and hence A is closed.

Equation holds. If F is any closed set containing A and {z,} C A
is a sequence converging to a point x € A, it follow that € F because F is
closed. Thus A C F and hence Eq. (A.2) holds as A is closed. [ |
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Exercise A.14. Suppose that A and B are subsets of a metric space, show
AUB=AUB.

ExerCISe A.15. Given an example showing that U ; A,, need not be equal to
A,.
ne1

Exercise A.16. If A is a non-empty subset of X, then dy = dj.

Definition A.31 (Boundary of a set). The boundary of A is the set
bd (A) = An Ae.

Proposition A.32. If A is a subset of a metric space, (X, d), then bd (A) may
be computed using either;

1.bd (A) = An Ae,

2.bd(A) ={x € X :da(x) =0=dy. (2)},

3.bd(A)={zxe€ X : B, (r)NA#)# B, (r)NA° for all v > 0}, or
4-bd(A)={z € X:3{z,} CAand {yn} C A° D lim, o0 Tp =2 = limy 00 yn} P

Proof. Item 1. is the definition of bd (A) . Item 2. now follow from item 1.
and the fact that A = {z € X : ds (z) = 0}. I leave it to the reader to check
that 2. = 3. = 4. = 1. m

Definition A.33 (Dense / Separable). We say A is dense in X if A = X,
i.e. every element x € X is a limit of a sequence of elements from A. A metric
space is said to be separable if it contains a countable dense subset, D.

Definition A.34. Let (X,d) be a metric space and A be a subset of X.

1. The closure of A is the smallest closed set A containing A, i.e.
A=n{F:ACFCX}.

(Because of Proposition this is consistent with Definition[A.24 for the
closure of a set in a metric space.)
2. The interior of A is the largest open set A° contained in A, i.e.

—U{Ver:VcA}.

3. A C X is a neighborhood of a point x € X if x € A°.
4. The accumulation points of A is the set

acc(A) ={z e X: VN[A\{z}] #0 for all V € 7, }.

3 So the boundary points of A are those points in & which are “on the boundary of
A'”
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5. The boundary of A is the set bd(A) := A\ A°.
6. A is dense in X if A= X and X is said to be separable if there exists a
countable dense subset of X.

Lemma A.35. Let (X,d) be a metric space and A be a subset of X, then
={x € X : By (ry) C A for some ry > 0}.

Proof. Let V:={x € X : B, (r) C Aforsome r =71, >0}.If B, (r) C A
and y € B, (r) and 6 =r—d(x,y), then B, (§) C B, (r) C A which shows that
y €V, i.e. B, (r) C V. Thus we may write

V=U{B,(r): B, (r) C A}.

This shows that V' is an open subset of A. Moreover if W is another open subset
of A, then

W =U{B,(r): B, (r) CW}CU{B,(r) : B, (r) CA} =V

so that V is the largest open subset contained in A. This completes the proof.
]

Remark A.36. The relationships between the interior and the closure of a set
are:

:ﬂ{Vc:VeTandVCA}:ﬂ{C:CisclosedCDAC}:ﬁ

and similarly, (4)¢ = (A°)°.

Definition A.37. A subset A C X is a neighborhood of x if there exists an
open set V. C, X such that x € V C A. We will say that A C X is an open
neighborhood of x if A is open and x € A.

Ezample A.38. Let x € X and § > 0, then C, (§) and B, () are closed subsets
of X. For example if {y, },-; C C; (6) and y, — y € X, then d (yn,z) < ¢ for
all n and using Corollary it follows d (y,z) < 0, i.e. y € Cy (8) . A similar
proof shows B, (§)° is closed, see Exercise ?7.

Exercise A.17 (Completeness). Let (X, d) be a complete metric space. Let
A C X be a subset of X viewed as a metric space using d|ax 4. Show that
(A,d|axa) is complete iff A is a closed subset of X.

Exercise A.18. Let (X, ||-|]|) be a normed space and d (z,y) := ||y — z|| . Show;

1. C, (r)° = B, (1),
2. B (r) = ( )
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3.bd (Cy (r) =bd (C (1)) ={y € X : |ly — x| = r}.

Ezample A.39 (Words of Caution). Let (X, d) be a metric space. It is always
true that B, () C Cy(e) since Cy(e) is a closed set containing B, (). However,
it is not always true that B,(¢) = C,(g). For example let X = {1,2} and
d(1,2) = 1, then By(1) = {1}, Bi(1) = {1} while C1(1) = X. For another
counterexample, take

X = {xy YER?:z=0o0rz= 1}
with the usually Euclidean metric coming from the plane. Then

Boo)(1) = {(0,y) e R?: [y| < 1},
Boo(1) = {(0,y) € R?: [y| <1}, while

C(0,0)(1) = Byo, 0)( )U{(1,0)}.

Exercise A.19. If D is a dense subset of a metric space (X,d) and E C X is
a subset such that to every point z € D there exists {z,} -, C F with z =
lim,, o T, then E is also a dense subset of X. If points in F¥ well approximate
every point in D and the points in D well approximate the points in X, then
the points in E also well approximate all points in X.

Exercise A.20. Suppose (X,d) is a metric space which contains an uncount-
able subset A C X with the property that there exists ¢ > 0 such that
d(a,b) > e for all a,b € A with a # b. Show that (X, d) is not separable.

Exercise A.21 (Intermediate value theorem). Suppose that —oco < a <
b < oo and f:[a,b] = R is a continuous function such that f (a) < f (b). Show
for any y € [f (a), f (b)], there exists a ¢ € [a,b] such that f(c) = yE| Hint:
Let S:={t€a,b]: f(t) <y} and let ¢ :=sup (S5).

Exercise A.22 (Inverse Function Theorem I). Let f : [a,b] — [c,d] be a
strictly increasing (i.e. f(x1) < f (z2) whenever z; < z3) continuous function
such that f (a) = c and f (b) = d. Then f is bijective and the inverse function,
g:=f~t:le,d] — [a,b], is strictly increasing and is continuous.

4 The same result holds for y € [f (b), f (a)] if f(b) < f(a) — just replace f by —f
in this case.
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B

Smoothing by Convolution

Our first priority is to consider the metric space X = J = [a,b] for some
—00 < a < b < o0o. For the remainder of this section, Z will be used to denote
a Banach space.

Definition B.1 (Convolution). For f,g € C (R) (or more generally Riemann
integrable) with either f or g having compact support, we define the convolu-
tion of f and g by

frgla) = /R f(& - y)g(y)dy = /R F@)a(e — y)dy.

[The forms given above are equal by a simple change of variables argument.]
We will also use this definition when one of the functions, either f or g, takes
values in a Banach space Z.

Remark B.2.1f g € C (R, [0,00)) has compact support and satisfies [, g () d,
then

frgla) = /R f(& - y)g(y)dy

is an average of f in a neighborhood of x. It turns out that in general averaging
operations like this tend to smooth out functions. The next few exercises are
meant to give you a feeling for the smoothing properties of convolutions.

Exercise B.1. For ¢ > 0, let f. () := 3-1|_. . () so that

5 x+e
fa*g($)=%/ g(l‘—y)dy=%/ g (y)dy

—€ Tr—¢€

is the uniform average of g over the interval [x —e,x +¢]. For w € R let
Xw (2) := " and show
sin we

fexXw= Xow-
we

Notice that f. * x, — 0 as |w| — oo so that the convolutions suppresses high
frequency signals. Also notice that lim. g fe * X = Xw — this is a special case
of Lemma [B.3l

Exercise B.2. Let f. be as in Exercise Assume that ¢ € (0,1/2), show
fe % f1 is an even function determined by

1 if 0<z<l—¢
foxfi(e)=q HEE2ifl—e<a<l+e.
0 if r>14¢

Exercise B.3 (Convolutions are as smooth as their smoothest factor.).
Let ¢ : R — C be a C*° — function with compact support and f be a continuous
function on R. Show ¢ x f is an infinitely differentiable function and

n

%go*f(x) =™« f(z) for all n € N.

Hint: verify that it is permissible to differentiate past the integral.

Lemma B.3 (Approximate § — sequences). Suppose that {q, },., is a se-
quence non-negative continuous real valued functions on R with compact support
that satisfy

/qn () de =1 and (B.1)
R

lim qn () dz =0 for all e > 0. (B.2)

n—00
lz|=e

If f € BC(R, Z), then

go ¥ f (2) = / 4u (W) (& — y)dy

converges to f uniformly on compact subsets of R.

Proof. Let x € R, then because of Eq. 7
g * (@) — £ (2)] = H [ at0) (e =) - f(:v))dyH
< / 0 () |z — ) — £ ()] dy.
R
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Let M =sup{||f (z)| : # € R}. Then for any £ > 0, using Eq. (B.1),

lgn * f (z) = f ()] S/ (W) |If(@ —y) = f (2)] dy

lyl<e

’ /y|>5 @) 1 f(x — ) = f (x)]| dy

< sup |f(z+w)— f(2)]|+2M an(y)dy.
|lw|<e ly|>e

So if K is a compact subset of R (for example a large interval) we have

sup |lgn * f (z) — f (2)|]
rzeK

< sup  |f(z+w)—f(z)||+2M an(y)dy

lw|<e, zeK llyll>e

and hence by Eq. (B.2),
lim sup sup ||qn * f (z) — f (z)]]

n—oo reK

< sup f(@+w) = Fa)l
lw|<e, z€K

This finishes the proof since the right member of this equation tends to 0 as
€ J 0 by uniform continuity of f on compact subsets of R. ]

Exercise B.4 (Smooth approximate § — functions). Let ¢ : R —[0, 00) be
the function in Remark ?? and set ¢ (z) = Lo (x) where

c= /Rgo(x)dw.

Show the functions, ¥, () := ny (nz) for n € N form an approximate § —
sequence.

We are going to introduce another approximate & — sequence. Let ¢, :
R —[0,00) be defined by

1 1
gn (2) == — (1 — 2°)™1 |3 <1 Where ¢, := / (1 —2%)"d. (B.3)

Cn -1

Figure displays the key features of the functions g,.
The key observations we will need for the proof below are for all € € (0,1),

1 € €

/ (1 —2%)"dx > / (1 —z*)"dx > / E(1 — 2%)"dz and
0 0 o ¢
1 1,

/ (1 —2*)"dx < / g(l —2%)"dx

wherein we have used £ < 1ifz €[0,¢] and £ > 1if z € [¢,1].
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1.0
X

Fig. B.1. A plot of ¢1, gs0, and g100- The most peaked curve is gipo and the least is
q1- The total area under each of these curves is one.

Lemma B.4. The sequence {q,} -, is an approzimate § — sequence, i.e. they
satisfy Eqs. and .
Proof. By construction, ¢, € C. (R, [0,00)) for each n and Eq. holds.
Since
1
2 [C(1—a?)"dx
/ in (I) du = € 2fiL 1 2\n
|z|>e 2 [y (1 —a2?)nde +2 [ (1 —2?)"dx
A R o e
" Jo 2t —a?)rdz (1 -2t
(-
1 —(1—g2)ntl

— 0 asn — o0,

the proof is complete. [

Notation B.5 Let Z, := NU{0} and for z € R? and o € Z4 let 2 = ngl xgt
and |a] = Z?:I a;. A polynomial on R® with values in Z is a function p : R* —
Z of the form

p(x) = Z Pax® with po € Z and N € Z..
a:la|<N

If po # 0 for some a such that |a| = N, then we define deg(p) :== N to be
the degree of p. If Z is a compler Banach space, the function p has a natural

a;

. d
extension to z € C, namely p(z) = > arlal<n Paz® where 2% = [T;; 2.
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The reader asked to prove the following proposition in Exercise below.

Proposition B.6. Suppose that f € L} .(R%, m) and p € C} (Rd) , then fxp €

loc

CY (RY) and 0;(f =) = fx;p. Moreover if p € C® (R?) then fxp € C> (R?).

Exercise B.5.If f € L} _(R%, m) and ¢ € C! (R?), then fx¢ € C* (R?) and

loc

9i(f * ) = f x 0;¢p0. Moreover if p € C2° (R?) then f* ¢ € C™ (RY).
Exercise B.6. Show C2° (R?) is dense in L? (R%,m) for any 1 < p < oco.

Lemma B.7. Given a rectangle R in R, say R = [a1,b1) X - -+ X [an,by), then
there exists fr, € C° (Rd) such that fr — 1g boundedly.

Proof. It suffices to consider the one dimensional case. Let ¢ € C2°(R) such
that ¢ > 0, ¢ is supported in (—1,0) and [, ¢ (z) dz = 1. Set . (z) = Lp(L).
Then

©e * 1jgp) () = /Rsos (Y) Ljap) (z —y)dy = /Rw (¥) Lap) (x —ey) dy

0
- / o () Ly (@ — 2y) dy — L () a5 L0

-1
for all z € R. [ ]

Corollary B.8 (C* — Uryshon’s Lemma). Given K CC U C, RY, there
exists f € C°(R%,[0,1]) such that supp (f) CU and f =1 on K.

Proof. Give the proof given in Guillimen and Hanins here instead.!! No
convolutions needed.

Let d be the standard metric on R? and e := d(K,U¢) which is posi-
tive since K is compact and d(z,U°) > 0 for all z € K. Further let V :=
{z € R?:d(z, K) < ¢/3} and then take f = ¢, /3x1y where ¢, () =t~ %p(z/t)
as in Theorem ?? and ¢ is as in Lemma [T1.15] It then follows that

supp (f) C supp(e/3) + Veyz C Vaeyz C UL

Since ‘725/3 is closed and bounded, f € C°(U) and for z € K,

f(x) = / Lagy,Kk)<e/3 - Pey3 (x —y) dy = / Yey3(x —y)dy = 1.
R4 Rd

The proof will be finished after the reader (easily) verifies 0 < f < 1. ]
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