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Math 150B Homework Problems: Winter 2020

Problems are our text book, “Differential Forms,” by Guillemin and Haine
or from the lecture notes as indicated. The problems from the lecture notes are
restated here, however there may be broken references. If this is the case, please
find the corresponding problem in the lecture notes for the proper references
and for more context of the problem.

1.0 Homework 0, Due Wednesday, January 8, 2020 (Not
to be collected)

e Lecture note Exercises: and

1.1 Homework 1. Due Thursday, January 16, 2020
e Lecture note Exercises:

e Book Exercises: 1.2.vi.

1.2 Homework 2. Due Thursday, January 23, 2020
e Lecture note Exercises: 2.10| .12 P.13] 2.14] 2.15| .16

e Book Exercises: 1.3.iii., 1.3.v., 1.3.vii, 1.4ix

1.3 Homework 3. Due Thursday, January 30, 2020

e Lecture note Exercises: [2.20] 2.21] [2.24] 2.25| 2.26] [2.27] 2.2§
Look at (but don’t hand in) Exercises 2.23| and the Book Exercises:
1.7.iv., 1.8vi.

1.4 Homework 4. Due Thursday, February 6, 2020

These problems are part of your midterm and are to be worked on by your-self.
These are due at the start of the in-class portion of the midterm which is in
class on Thursday February 6, 2020.

e Lecture note Exercises: 2.17] [2.18] [2.19] 2.29] 2-30

1.5 Homework 5. Due Thursday, February 13, 2020

e Lecture note Exercises: [2.31}, [2.32} 2.33] 2.34] P.35] 2.36
e Book Exercises: 2.3.ii., 2.3.iii., 2.4.i

1.6 Homework 6. Due Thursday, February 20, 2020

e Book Exercises: 2.1vii, 2.1viii, 2.4.ii, 2.4iii, 2.4iv. 2.6i, 2.6ii, 2.6iii (Refer to
exercise 2.1.vil not 2.2viii), 3.2.i, 3.2viii

e Have a look at Reyer Sjamaar’s notes: Manifolds and Differential Forms| —
especially see Chapter 6 starting on page 75 for the notions of a manifold,
tangent spaces, and lots of pictures!

1.7 Homework 7. Now Due Friday, February 28, 2020 at
7:00PM

Hand in Lecture note Exercises: (now corrected), [2.38] [2.39] [2.40} [2.41]
2.42 [2.43] [2.44] [2.46] [2.47

Look at but do not turn in Lecture note Exercise: 2.48]

1.8 Homework 8. Due Friday, March 6, 2020 at 7:00PM

Hand in Lecture note Exercises: [2.49] [2.50} 2-51] 2.52]
Look at but do not turn in Lecture note Exercise: [2.45| (done in class!)



http://pi.math.cornell.edu/~sjamaar/manifolds/manifold.pdf
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Lecture Note Problems

Exercise 2.1. Find the value of the following integral;

9 3
I ::/ dy/ dx zeY.
1 VY

Hint: use Tonelli’s theorem to change the order of integrations.

Exercise 2.2. Write the following iterated integral

1 1 X
I ::/ dx/ dy xe¥ .
0 y:IZ/S

as a multiple integral and use this to change the order of integrations and then
compute I.

Exercise 2.3. Suppose that d = 2, show my (B (0,7)) = mr?.

Exercise 2.4. Suppose that d = 3, show mg (B (0,7)) = 4¢3,

Exercise 2.5. Let V(1) := mgq (B (0,7)) . Show for d > 1 that
r /2
Vit (r) = / dz - Vy (m) = 7"/ Vy (r cos 0) cos 0d6.
—r —7/2

Exercise 2.6 (Change of variables for elementary matrices). Let f :
R? — R be a continuous function with compact support. Show by direct calcu-
lation that;

deet| [ FT@)do= [ Fw)dy (21)
Rd Rd
for each of the following linear transformations;
1. Suppose that i < k& and
T(x1,@2 ..., %q) = (L1, e s Tim1y Thy Tig1 - -+ y Tl Tiy Thog1s - - - L)y

i.e. T swaps the ¢ and k coordinates of z. [In matrix notation T is the
identity matrix with the ¢ and k column interchanged.)

2. T(x1,. . Ty y2q) = (21,...,CTk, ... 2q) where ¢ € R\ {0}. [In matrix
notation, T = [e1] ... |ex—1|cer|ext1] - - |ed] ]

i’th spot
3. T(x1,22...,2q4) = (T1,...,T; + X, ... Tk,...2q) where ¢ € R. [In matrix
notation T' = [e1|...|ei| ... |ex + ceilext1] - .. |ea].

Hint: you should use Fubini’s theorem along with the one dimensional
change of variables theorem.

[To be more concrete here are examples of each of the T appearing above
in the special case d = 4,

1000
. 0010
1.Ifi=2and k=3 then T = 0100
0001
1000
0100
2. If k=3 then T = 00c0l"
0001
3. If i =2 and k = 4 then
T T 1000 T
T To| | x2t+cxra| [010c¢c To
T3 B X3 B 0010 I3
T4 Xy 0001 Ty
while if i = 4 and k = 2,
T T 1000 T1
|zl To 10100 To
z3 | T3 (0010 T3
T4 T4 + cxo 0cO1 Ty

Exercise 2.7. Let V = R™ and § = {uj}?zl be a basis for R™. Recall that
every £ € (R")" is of the form £, () = a - x for some a € R™. Thus the dual
basis, §*, to 8 can be written as {u;‘ = La, };;1 for some {aj}?zl C R”™. In this

problem you are asked to show how to find the {a; }?:1 by the following steps.
1. Show that for j € [n], a; must solve the following k-linear equations;

ik = La, (ur) = aj - up = uj'a; for k € [n]. (2.2)
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2. Let U := [uq]...|uy] (i.e. the columns of U are the vectors from 3). Show
that the equations in (2.2) may be written in matrix form as, U a; = e;,
where {e;}7_, is the standard basis for R™.

3. Conclude that a; = [U“r1 e; or equivalently;
-1

[a1] ... |a,] = [U"]
Exercise 2.8. Let V = R? and 3 = {u1,uz}, where

=1 = [1].

Find aj,a; € R? explicitly so that explicitly the dual basis f* :=
{uf =4la,,us =Ly,} is the dual basis to (. Please explicitly verify your
answer is correct by showing uj (ur) = d;.
Exercise 2.9. Let V. = R”, {aj}f:1 C V,and ¢ (z) = aj -z for x € R”
and j € [k]. Show {Ej}le C V* is a linearly independent set if and only if
{a; }5:1 C V is a linearly independent set.

Exercise 2.10. Let V' = R", {aj}le C V,and ¢j(z) = a; -z for x € R”
and j € [k]. If {éj}?:l C V* is a linearly independent set, show there exists
{u; }§:1 C V so that ¢; (u;) = &;; for i,j € [k]. Here is a possible outline.
1. Using Exercise [2.9] and citing a basic fact from Linear algebra, you may
choose {a;}7_, ; CV so that {a;},_, is a basis for V.
2. Argue that 1t suffices to find u; € V' so that
a; - u; = 0;; for all ¢, j € [n]. (2.3)

3. Let {ej}?zl be the standard basis for R” and A := [a4]...|a,] be the n x n
matrix with columns given by that {a; }?:1 . Show that the Egs. 1D may
be written as

A"u; = e; for j € [n]. (2.4)

4. Cite basic facts from linear algebra to explain why A := [a4]...|a,] and A"

are both invertible n X n matrices.
5. Argue that Eq. (2.4) has a unique solution, u; € R, for each j.

Exercise 2.11. In this problem, let

U1 w1
v=|vy| and w= | wy
U3 w3

Which of the following functions formulas for T' define a 2-tensors on R3. Please
justify your answers.
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T (v,w) = viws + Viws + vowy + TvW1.

T (v,w) = vy + Tvy + va.

T (v,w) = viwz + vows,

T (v,w) = sin (viws + vViws + vowy + Tvrwy) .

Exercise 2.12. If T € A* (V*), show T (v, ...,v;) = 0 whenever {Ui}le cVv
are linearly dependent.

Exercise 2.13. Let V, W, and Z be three finite dimensional vector spaces and

suppose that V' L w 5 Z are linear transformations. Noting that V' 5T Z,
show (ST)" = T*S*.

Exercise 2.14. If ¢y € A" (V*) \ {0}, show # (v1,...,v,) # 0 whenever
{v;};; C V are linearly independent. [Coupled with Exercise it follows
that ¢ (v1,...,v,) # 0iff {v;}]_, C V are linearly independent.|

Exercise 2.15. Let {ei}?zl be the standard basis for R* and {e; = ef}?zl be
the associated dual basis (i.e. g; (v) = v; for all v € R%.) Compute;

1 0 1
2 1 0
1. ez Neg Ney 3l 12113 ,
4 1 2
1 0
2 1
2. ez Neg 317121 y
4 1
1 0
2 1
3. g1 Neg 30|21 R
4 1
1] [o
4. (81 + 63) N Eg 2 s 1 , and
3 -1
1| |1
5. 84/\83 Neg Ner (61,62,63,64).

Exercise 2.16. Show, using basic knowledge of determinants, that for
607617£2a€3 S V*7 that

(€0+£1)/\€2 ANls =Ly Nly Nlg+ L1 ANly A Lls.

Exercise 2.17. Suppose {/; }§:1 C [R]*.

date/time: 28-Feb-2020/17:44



1. Explaining why £1 A --- A€y, = 0 if ¢; = £; for some i # j.
2. Show £y A --- Al = 0 if {¢; }?:1 are linear dependent. [You may assume
that ¢1 = Z?:z a;l; for some a; € R\
Exercise 2.18. If {/; }?:1 C [R"]* are linearly independent, show
LN ANl #0.
Hint: make use of Exercise 2101

Exercise 2.19. Let {¢; }?:1 be the standard dual basis and v = (1,2,3)" € R3,
find a1, as,a3 € R so that

Ty (61 NeEg N 53) = a169 N€g + aze1 Neg + azer Neg.

Exercise 2.20 (Cross I). For a € R3, let £, (v) = a-v = a'v, so that {, €
(]R?’)* . In particular we have ¢; = /., for i € [3] is the dual basis to the standard

basis {e;}>_, . Show for a,b € R3,
Lo N\ Ly :iaxb[{‘:l/\€2/\€3] (2.5)
Hints: 1) write £, = 2?21 a;e; and 2) make use of Eq. (?77)

Exercise 2.21 (Cross II). Use Exercise to prove the standard vector
calculus identity;

(@axb)-(zxy)=(a-z)(b-y)=(b-z)(a-y)

which is valid for all a,b, z,y € R3.Hint: evaluate Eq. (2.5)) at (x,y) while using
Lemma ?7?.

Exercise 2.22 (Surface Integrals). In this exercise, let w € A (R?) be the
standard volume form, w (vy,ve,vs) := det[v1|va|vs], suppose D is an open
subset of R?, and ¥ : D — S C R? is a “parameterized surface,” refer to Figure
If F: R? = R3 is a vector field on R3, then from your vector calculus class,

//SF‘NdA = 5'//DF(E(UW)) D (u,0) X 5y (u,0)] dudv — (2.6)

where e =1 (e = —1) if N (¥ (u,v)) points in the same (opposite) direction as
X (u,v) X Xy, (u,v) . We assume that € is independent of (u,v) € D.
Show the formula in Eq. (2.6) may be rewritten as

/ /S - NdA = / /D (ip(2anw) (Bu (0,0), Dy (w,0)) dudv— (2.7)
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«N

Fig. 2.1. In this figure N is a smoothly varying normal to S, n is a normal to
the boundary of S, and T is a tangential vector to the boundary of S. Moreover,
D 3> (u,v) = X (u,v) € S is a parametrization of S where D C R?.

where

1 ifw(NoX %,,%,)>0

€ISgH(W(NOE,Eu,21))){_1 lfUJ(NOZ Eu ZU)<O

Remarks: Once we introduce the proper notation, we will be able to write
Eq. (2.7) more succinctly as

//SF~NdA://Siszza//DE*(ipw).

Exercise 2.23 (Boundary Orientation). Referring to the set up in Exercise
the tangent vector T' has been chosen by using the “right-hand” rule in
order to determine the orientation on the boundary, 95, of S so that Stoke’s
theorem holds, i.e.

// [V xF|]-NdA= | F-Tds. (2.8)
S oS

Show by using the “right hand rule” that T'=c- N x n with ¢ > 0 and then
also show
c=w(N,n,T) = (iniyw) (T).

Also note by Exercise that Eq. (2.8) may be written as

//SivXpwz/asF~Tds (2.9)

Remark: We will introduce the “one form”, F'-dr and an “exterior deriva-
tive” operator, d, so that

date/time: 28-Feb-2020/17:44
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d[F . dx] = ivXFw
and Eq. (2.9) may be written in the pleasant form,

//Sd[F~d:c]:/asF~dx.
]for <g>eR2.

Exercise 2.24. Let

r rcosf
f <9> - [rsin@

f (2) and then show det {f’ (g)] =7

Find;

Exercise 2.25. Let

r rsiny - cosf
fl O] =|rsinp-sind
@ 7 COS @
Find;
r

| 0 | and then show det | f’

2
Exercise 2.26. Let

A11 A12
A21 AQQ

Anl Ang

be an n X n matrix with i*"-column

a; =

Given another n x n matrix B with analogous notation, show

(Op det) (A) = "det [ay] ... |a;_1[bjlaj 41 ... [ba].
j=1

Page: 6

for

Ani ]

€ =

|
|

r
0
2
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€ R3.

=—r

(2.10)

macro: svmonob.cls

For example if n = 3, this formula reads,
(0p det) (A) = det [b1|az|as] + det [a1]b2]as] + det [a1|az|bs] .
Suggestions; by definition,
(Op det) (A) := %|0 det (A+tB) = %|0 det [ay + tby]. .. |an + tby] .
Now apply Lemma ?? with

f(x1,...,zn) =det[ag + 21b1] ... |an + T0by) -

Exercise 2.27 (Exercise continued). Continuing the notation and re-
sults from Exercise show;

1. If A =1 is the n x n identity matrix in Eq. (2.10]), then
j=1

2. If A is an n x n invertible matrix, shows
(0p det) (A) = det (4) - tr (A™'B).
Hint: Verify the identity,
det (A+tB) = det (A) - det (I +tA™'B)
which you should then use along with first item of this exercise.
Exercise 2.28. Using Proposition 7?7, find df when
f (21,29, 23) = 27 sin (e*2) + cos (x3) .

Exercise 2.29. Let ¢1,92,...,9,» € C'(UR), f € C'(R",R), and u =

f(glv'-~)gn), i.e.

uw(p)=f(g1(p),---.9n(p)) forall peU.

Show .
du = Z (ajf) (917 s 7g7l) dgj
j=1

which is to be interpreted to mean,

n

du(vp) =) (9:f) (91 () .-

Jj=1

. 9n (p)) dgj (v,) for all v, € TU.

Hint: For v, € TU, let 0 (t) = (g1 (p +tv), ..., gn (p + tv)) and then make use
of the chain rule (see Eq. (??)) to compute du (vp) .

date/time: 28-Feb-2020/17:44



Exercise 2.30 (Chain Rule for Maps). Suppose that f : U — V and g :
V — W are C'-functions where U, V, and W are open subsets of R”, R™, and
RP respectively and let go f : U — W be the composition map,

gof:ULVi)W

Show
(go ) () =9 (f(p)f (p) forallpeU. (2.11)

Hint: Let v € R™ and o (¢) := f (p + tv) — a differentiable curve in V. Then use
the chain rule in Theorem ?7? twice in order to compute,

(90 ) ) v =10 (/ (p-+ 1)) = Log (o (1).

Exercise 2.31. Suppose that {x; }jzl are the standard coordinates on R*, p =
(1,-1,2,3)" e R, v! =(1,2,3,4)", v = (0,1, -1, 1), v = (1,0,3,2),

a = x4 (dxy + das), B =x129 (dosg +dzy), and w = (m% + x%) dxs Ndxo Ndzy.

Compute the following quantities;

= W N
Q

>

™

<

" =Y =
<

S

SN—

Exercise 2.32. Let {l"z‘}?:l be the standard coordinates on R® and let
w = dxi Adzo + drs A drg + des A deg € 22 (Rﬁ) .

Show
wWwAwAw=cdry Ndxs ANdrs Adrg \drs A\ dxg,

for some ¢ € R which you should find.

Exercise 2.33. Let a = xdx — ydy, 8 = zdx A dy + xdy A dz and v = zdy on
R3, calculate,
aAB, aABAvy, da, dB, dy.

Exercise 2.34. Let (x,y) be the standard coordinates on R?, and define,
-1
o= (2 +y?) - (zdy —ydz) € Q' (R*\ {0}).

Show « is closed. [We will eventually see that this form is not exact.]

Page: 7 job: 150bhmsolns
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Exercise 2.35 (Divergence Formula). Let f = (f1, f2, f3,..., fn) and w =
dxry A -+ ANdx,. By Example 7?7 with £k = n we have

ifw:ipw:Z(—l)jflfjdxl/\~-~/\d/w:/\-~-/\d;vn.
j=1

Show .
dlipw] = (V- f)w where V- f = Zaifi’
i=1

i.e. V- f is the divergence of f from your vector calculus course.
Exercise 2.36 (Curl Formula). Let f = (f1, f2, f3) € C™ (Rg,Rg) ,

w =dzri; ANdxo N dxs, and
a = [-(dvy,dry,dr3) := fidz) + fadza + fadzs.

Show da = iyx pw where V x f is the usual vector calculus curl of f, see Eq.
(?7) of Definition ?? with F replaced by f = (f1, fo, f3) -

Exercise 2.37. Let f : R? — R? be the smooth map,

f(@,y) = (2° —y?, 2ay) .

Show ||f (z,y)|| — oo when ||(x,y)|] — oo which turns out to be equivalent
to the statement the f is proper, see Example 7?7 below. Further compute the

deg (f) -

Exercise 2.38. Show that = in Definition 7?7 is necessarily unique by showing
d(z,y)=0if z, - x and x,, = y as n — co.

Exercise 2.39. Consider N as a metric space with d(m,n) := |m —n| and
suppose that (Y,d) is a metric space. Show that every function, f : N — Y is
continuous.

Exercise 2.40. Suppose that (X, d) is a metric space and f, g : X — C are two
continuous functions on X. Show;

1. f + ¢ is continuous,
2. f - g is continuous,
3. f/g is continuous provided g (z) # 0 for all z € X.

Exercise 2.41. (You only need explain parts 1. and 5. of this problem as we
have done the other parts in class.) Show the following functions from C to C
are continuous.

macro: svmonob.cls date/time: 28-Feb-2020/17:44
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1. f(2) = cfor all z € C where ¢ € C is a constant.
2. f(z) = |z|. [Hint: f (2) = d(z,0) where d (z,w) := |z — w| is the Euclidean
norm on C = R?% ]

(2) =z and f(2) =

(2) =Rez and f(z )—Imz.
(2) = Zm o m,n 2" Z" where ap, ,, € C.

3. f
4. f
5.f

Exercise 2.42. Prove item 2. of Theorem ??. If {C,},.; is a collection of
closed subsets of X, then N,erCl, is closed in X.

Exercise 2.43. Let (X, d) be a metric space and C := {z1,...,z,} be a finite
subset of X. Show C' is closed and hence X \ C' is an open.

Exercise 2.44. Give an example of a collection of closed subsets, {A,} -, , of

C such that U2, A,, is not closed.

n=1"
Exercise 2.45. Suppose that K and F are compact subsets of a metric space,
(X,d). Show K U F is compact in X as well.

Exercise 2.46. Explain why;

1. f:(0,00) — (0,00) defined by f (z) = 1/x is a proper map.
2. f:(0,00) = (—o00,00) defined by f (x) = 1/x is not a proper map.

Exercise 2.47. Let V := R?\ {0} and f : V — V be defined by f (x) = H;HZ
for z = (z1,22) € R?.

1. Explain why f is a proper map.
2. Show f o f(x) = x so that f is in fact a homeomorphism.
3. Compute the deg (f). [Hint: evaluate f’ (p) at your favorite point in V]

Exercise 2.48. Let
e VT if £ >0

f(x):{ 0 ifz <0,
see Figure Show f € C*°(R,[0,1]). Here is a possible outline.

1. First show for > 0 and n € N there is a polynomial function, p, (¢), such
that £ (z) = p, (z7!) f (z) . For example p; (t) = t? and p, (t) = t* —2¢3.

2. Show lim;_, o (t"e™*) = 0 for all n € N (hint take logarithms) and then use
this to show limgy o f (z) =0 for all n € Ng = NU {0} .

3. Show by the mean value theorem along with induction on n that f €
C™ (R,R) and f* (0) =0 for 0 < k <n for all n € N.

Page: 8 job: 150bhmsolns

Fig. 2.2. Plot of y = f ().

Exercise 2.49. As mentioned in class, the study of complex variables is essen-
tially the study of functions (or vector-fields if you prefer) f € C! (U — Rg)

(U is an open subset of R?) of the form f (z,y) = (u (z,y),v (z,y))" such that
u and v satisfy the Cauchy Riemann equations;

Uy = —V, and v, = u, on U. (2.12)
Show under these assumptions that
det f' = u? +u) = v} +v) >0on U
Exercise 2.50. Using Eq. (??) (justified by Corollary ??) show; if g : R? — R

is a bounded compactly supported function, then

/ g(:):2 —y2,2xy)4(x2 +y2) dx N dy = 2-/ g (u,v) du A dv.

R2 R2

Hint: make the “change of variables” (u,v) = f (z,y) = (#? — y?,22y) and use
your results from Exercises [2.37]

Exercise 2.51. Use Exercises to find the explicit value for the following
integral,

. L2 (22 =) - L) (2zy) - (2 — y*) dz A dy.

Hint:
(a* —9") = (@* = ") (&® +9°) = u(e® 7).

Exercise 2.52. Let D be a connected open subset of R¥, U be an open subset
of R", v : D — U be a parameterized k-surface in U as in Definition ?7?. Further
assume that w € 2% (U) is such that v*w € 2% (D). If Q) is another connected
open subset of R* and ¢ : Q — D is a diffeomorphism, show

macro: svmonob.cls date/time: 28-Feb-2020/17:44



[ w=desto) [

where in this case deg (¢) € {£1}.
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