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Part 1

Numbers






1

Natural, integer, and rational Numbers

Notation 1.1 Let N ={1,2,...} denote the natural numbers, Ny = {0} UN,
Z:={0,£1,£2,...} = {£n:n € Ny}
be the integers, and
Q:= {%:mEZ andneN}
be the rationale numbers.

I am going to assume that the reader is familiar with all the standard arith-
metic operations (addition, multiplication, inverses, etc.) on Ny, Z, and Q. How-
ever let us review the important induction axiom of the natural numbers.

Induction Axiom If S C N is a subset such that 1 € Sand n+1 € S
whenever n € S, then S = N.

This axiom leads takes on two other useful forms which we describe in the
next Propositions.

Proposition 1.2 (Strong form of Induction). Suppose S C N is a subset
such that 1 € S and n+ 1 € S whenever {1,2,...,n} C S, then S =N.

Proof. Let T:= {n € N: {1,2,...,n} C S}. Then 1 € T and if n € T then
n + 1 € T by assumption. Therefore by the induction axiom, T" = N so that
{1,2,...,n} C S in for all n € N. This suffices to show S = N. |

Proposition 1.3 (Well ordering principle). Suppose S C N is a non-empty
subset, then there exists a smallest element m of S.

Proof. Let S be a subset of N for which there is no smallest element, m € S.
Let
T={neN:n<sforall seS}.

If 1 ¢ T, then 1 € S and 1 would be a smallest element of S. Hence we must
have 1 € T. Now suppose that n € T'so that n < sforalls € S. Ifn+1¢ T
then there exists s € S such that n < s < n+1 which would force s =n+1 € S.
But we would then have n + 1 is the minimal element of S which is assumed
not to exist. So we have shown if n € T then n+ 1 € T. So by the induction
axiom of N it follows that 7= N and therefore n ¢ S for all n € N, i.e. S = 0.
]

Remark 1.4. Let us further observe that the well ordering principle implies the
induction axiom. Indeed, suppose that S C N is a subset such that 1 € S and
n+ 1 € S whenever n € S. For sake of contradiction suppose that S # N so
that T := N\ S is not empty. By the well ordering principle there T has a
unique minimal element m and in particular T C {m,m + 1,...}. This implies
that {1,2,...,m — 1} C S and then by assumption that {1,2,...,m} C S. But
this then implies T C {m + 1, ...} and therefore m ¢ T which violates m being
the minimal element of 7. We have arrived at the desired contradiction and
therefore conclude that S = N.

Remark 1.5. Recall that, for ¢ € Q, we deﬁneE|

Iq] = q if ¢g>0
9= —qifq <0.

Recall that, for all a,b € Q,

|al

It is also often useful to keep in mind that the following statements are equiv-
alent for a,b € Q with b > 0;

1 1
la 4+ 0] < l|a| + 0|, |ab] =]a||b|, and ‘a‘zwhena#o.

1. |a| < b,
2. —b<a<b, and
3. a <b,ie.a <band —a <b.
Lemma 1.6. Ifa,b € Q, then
[[b] = lal| < b —al. (1.1)

Proof. Since both sides of Eq. (1.1) are symmetric in a and b, we may
assume that |b] > |a| so that ||b| — |a|| = |b] — |a]| . Since

b = [b—a+a| <|b—al +a,

it follows that

! Absolute values will be discussed in more generality in Section below.



4 1 Natural, integer, and rational Numbers
[16] = lal| = [b] — |a| < [b—a].

]

The proof of the previous lemma illustrates one of the key techniques of

adding 0 to an expression. In this case we added 0 in the form of —a + a

to b. The next remark records a couple of other very important “tricks” in this

subject. Taking to heart the following remarks will greatly aid the student in
real analysis.

Remark 1.7 (Some basic philosophies of real analysis). Let a,b, e be num-
bers (i.e. in Q or later real numbers). We will often prove;

1. a < b by showing that a < b+ ¢ for all ¢ > 0. (See the next theorem.)
2.a=b by proving a < band b < a or
3. prove a = b by showing |b — a| < ¢ for all € > 0.

Theorem 1.8. The mtz'onaleﬂ numbers have the following properties;

1. For any p € Q there exists N € N such that p < N.
2. For any € € Q with € > 0 there exists an N € N such that 0 < % <e.
3. Ifa,be Q and a < b+e¢ for alle > 0, then a <b.

m

Proof. 1. If p < 0 we may take N = 1. So suppose that p = % with
m,n € N. In this case let N =m.

2. Write ¢ = 7 with m,n € N and then take N = 2n.

3. If a < b is false happens iff a > b which is equivalent to a — b > 0. If we
now let € := “74’ > 0, then

a=b+(b—a)>b+e

which would violate the assumption that a < b+ ¢ for all € > 0. ]

1.1 Limits in Q

In this course we will often use the abbreviations, i.o. and a.a. which stand for
infinitely often and almost always respectively. For example a,, < b, a.a. n
means there exists an N € N such that a,, <b,, for all n > N while a,, <b, i.o.
n means for all N € N there exists a n > N such that a,, < b,. So for example,
1/n < 1/100 for a.a. n while and (—1)" > 0 i.o. By the way, it should be clear
that if something happens for a.a. n then it also happens i.o. n.

2 We will see that the real numbers have these same properties as well.
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Definition 1.9. A sequence {a,},., C Q converges to 0 € Q if for alle > 0
in Q there exists N € N such that |a,| < e for alln > N. Alternatively put, for
all e > 0 we have |a,| < € for a.a. n. This may also be stated as for all M € N,
lan| < ﬁ for a.a. n.

Definition 1.10. A sequence {a,},., C Q converges toa € Q if|a — a,| — 0
as n — 00, i.e. if for all N € N, |a — a,| < % for a.a. n. As usual if {an} -,
converges to a we will write a, — a asn — oo or a = lim,,_, an.

Proposition 1.11. If {a,},—, C Q converges to a € Q, then lim,_,« |a,| =
lal.

Proof. From Lemma [T.6] we have,
llal = lan|| < |a — axl.

Thus if € > 0 is given, by definition of a,, — a there exists N € N such that
la — a,| < € for all n > N. From the previously displayed equation, it follows
that ||a| — |an|| < € for all n > N and hence we may conclude that lim,,_, « |an|
exists and is equal to |al. ]

Lemma 1.12 (Convergent sequences are bounded). If {a, }.-, C Q con-
verges to a € Q, then there exists M € Q such that |a,| < M for all n € N.

Proof. Taking € = 1 in the definition of @ = lim,,_, », a,, implies there exists
N € N such that |a, —a| <1 for all n > N. Therefore,

|lay| = |an —a+a| <|a, —a| + |a] <1+ |a| for n > N.
We may now take M := max <{|an|2[:1} u{l+ |a,|}> . ]

Theorem 1.13. If {a,},-, C Q converges to a € Q\ {0}, then

lim - =L (1.2)

n—o0 Qy, a

It is possible that a, = 0 for small n so that ai is not defined but for large n
this can not happen and therefore it makes sense to talk about the limit which
only depends on the tail of the sequences.

Proof. Since a # 0 we know that |a| > 0. Hence, there exists M := M|, € N
such that |a, —a| < % for all n > M. Therefore for n > M
|a|

|a\=|a—an+an|§|a—an|—|—|an|<7—|—|an|
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from which it follow that |a,| > % for allm > M. If ¢ > 0 is given arbitrarily,
we may choose N > M such that |a — a,| < € for all n > M. Then for n > N
we have,

1 1

a, a

a—an| |a—apy € 2e
lanllal = 1ol ja|  Jal*

ana

As € > 0 is arbitrary it follows that IE% > 0 is arbitrarily small as well (replace

e by |al® /2 if you feel it is necessary), and hence we may conclude that Eq.
holds.

Variation on the method. In order to make these arguments more rout-
ing, it is often a good idea to write a,, = a + J,, where ¢, := a,, — a is the error
between a,, and a. By assumption, lim,,_,. 4, = 0 and so for any § > 0 given
there exists N (§) € N such that |§,| < §. With this notation we have,

(R R A S
an a a+6, a| |a+6, a
<0
~ lal ([lal = dl)”
So if we assume that § < |a| /2 we find that
1 1 2
— ——| < —5d foralln > N (). (1.3)
aw al

Taking § = §(¢) = min (|a\ /2, |a\26/2> in Eq. shows for n > N (d (¢))

that ’ai — %‘ < e. Since € > 0 is arbitrary we may conclude that lim,, ai =

1 m
a

e End of Lecture 1, 9/28/2012

Definition 1.14. A sequence {a,},., C Q is Cauchy if |a, — am| — 0 as
m,n — oco. More precisely we require for each e > 0 in Q that |ay, — ay| < €
for a.a. pairs (m,n), i.e. there should exists N € N such that |am, — a,| < € for
all m,n > N.

Exercise 1.1. Show that all convergent sequences {an}zozl C Q are Cauchy.

Exercise 1.2. Show all Cauchy sequences {a,},., are bounded — i.e. there
exists M € N such that

|an| < M for all n € N.

3 The idea is very simple here. If a,, is near a and a # 0 then a, must stay away
from zero. You should draw the picture to go along with the proof.
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Exercise 1.3. Suppose {a,},., and {b,,} -, are Cauchy sequences in Q. Show
{a,, + by}, and {a, - by} -, are Cauchy.

Exercise 1.4. Assume that {a,},., and {b,} -, are convergent sequences in
Q. Show {a, + b, },~; and {ay - b, }, ., are convergent in Q and

lim (a, +b,)= lim a, + lim b, and
n— o0 n— oo n— oo

lim (a,b,) = lim a, - lim b,.

n—oo n—0o00 n— 00
Exercise 1.5. Assume that {a,},. , and {b,} -, are convergent sequences in
Q such that a,, < b, for all n. Show A :=lim,_.oc a, < lim,_.o b, =: B.

Exercise 1.6 (Sandwich Theorem). Assume that {a,}, ., and {b,} -, are
convergent sequences in Q such that lim, o a, = lim,_,. b,. If {xn};’i1 is
another sequence in Q which satisfies a,, < x,, < b, for all n, then

lim z, =a:= lim a, = lim b,.

n— o0 n— o0 n— o0
Please note that that main part of the problem is to show that lim, . z,
exists in Q. Hint: start by showing; if a < & < b then |z| < max (|a|,|b]).

Definition 1.15 (Subsequence). We say a sequence, {yi},., is a subse-
quence of another sequence, {x,},_,, provided there exists a strictly increas-
ing function, N 3 k — nj € N such that y, = x,, for all k € N. [Example,
nk = k*+ 3, and {yi 1= Tx243} 1., would be a subsequence of {xy} ., ]

Exercise 1.7. Suppose that {z,} -, is a Cauchy sequence in Q (or R) which
has a convergent subsequence, {yy = Zp, } 1, in Q (or R). Show that lim,_, z,
exists and is equal to limy_ oo Y.

1.2 The Problem with Q

The problem with Q is that it is full of “holes.” To be more precise, Q is not
“complete,” i.e. not all Cauchy sequences are convergent. In fact, according
to Corollary [5.21] below, “most” Cauchy sequences of rational numbers do not
converge to a rational number. Let us demonstrate some examples pointing out
this flaw. We first pause to recall how to sum geometric series.

Lemma 1.16 (Geometric Series). Let « € Q, m,n € Z with n < m, and
S:=3"7" ok Then

amFl_

g_ m—n+1lifa=1
= L
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6 1 Natural, integer, and rational Numbers

Moreover if 0 < a < 1, then

1—
Zak:a" a < @ (1.4)
11—« l-a

Proof. When a =1,

S:ilk:m—n—kl.

k=n

If « # 1, then
alS—8=aomt — "

Solving for S gives

S:;a - a—la if o # 1. (1.5)
]
Example 1.17. Let S, := ZZZO%EQforallneN. For n > m in N we have,
0SS Su= > m= D ot
= dn — PIm — *'— 7'
k=m+1 k! j=1 (er])'
_r 1
~ (m+1)! n!
1 Lo (! 2+ (1 o
“—m!l|m+1 m+1 m+1
1 1 1 1
< — — = , (1.6)
m!m—i—ll—m—ﬂ m - m!

wherein we have used Eq. (1.4) for the last inequality. From this inequality it
follows that {S,} -, is a Cauchy sequence and we also have,

1 <SS, — S <

Suppose that e := lim,_, S, were to exist in Q. Then letting n — oo in Eq.

(1.7) would show,
1 1
0< ——<e—5, < ——.
(m+1)! m - m!

Multiplying this inequality by m! then implies,
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1
0 < mle—mlS,, < —.
m

However for m sufficiently large mle € N (as e is assumed to be rational) and
mlS,, is always in N and therefore k& := mle — m!S,, € N. But there is no
element k£ € N such that 0 < k£ < % and hence we must conclude lim,,_,,, S,
can not exist in Q. Moral: the number e = Zfzo % = lim,, oo (1 + %)n that
you learned about in calculus is not in Q!

a3
L

(=]
[
L

50 10D 150 00

(=]

n

Plotting the partial sums >p_, 2 (black curve) and (1 + %)n (red curve)
which are both converging to “e.”

Ezxample 1.18 (Square roots need not exist). The square root, v/2, of 2 does not
exist in Q. Indeed, if V2 = ™ where m and n have no common factors (in
particular no common factors of 2 so that either m or n is odd), then

2
m—z =2 = m? =2n%
n
This shows that m? is even which would then imply that m = 2k is even (since
odd-odd=odd). However this implies 4k* = 2n? from which it follows that
n? = 2k? is even and hence n is even. But this contradicts the assumption that
m and n had no common factors (of 2).

Exercise 1.8. Use the following outline to construct another Cauchy sequence
{gn};~; C Q which is not convergent in Q.

1. Recall that there is no element ¢ € Q such that ¢> = 2. To each n € N let
my € N be chosen so that
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o (mn +1)
— <2< 3 (1.8)

My

and let g, :=
2. Verify that ¢2 —> 2 as n — oo and that {qn}n 1 is a Cauchy sequence in Q.
3. Show {g,},~, does not have a limit in Q.

Ezample 1.19. It is also a fact that 7 ¢ Q where

> 1 N
T=2 ——dr =2 lim ——dx
o 1+ a? Nooo Jy 1+ a2

N2

1
=2 lim _—
N-—oo 11+(%)2 N

:]\}E)nooz N2+k2

The point is that the basic operations from calculus tend to produce “real
numbers” which are not rational even though we start with only rational num-
bers.

e End of Lecture 2, 10/1/2012

1.3 Peano’s arithmetic (Highly Optional)

This section is for those who want to understand N at a more fundamental
level. Here we start with Peano’s rather minimalist axioms for N and show how
they lead to all the standard properties you are used to using for N. Here are
the axioms;

non-empty Ny is a non-empty set which contains a distinguished element, O.
We let N := Ny \ {0} and call these the natural numbers.

Successor Function There is an injectivd’] function, s : Ny — N and we let
1:=s(0) eN.

Induction hypothesis If S C Ny is a set such that 0 € S and s (n) € S whenever
n e S, then S = No.

Assuming these axioms one may develop all of the properties or Ny that
you are accustomed to seeing. I will develop the basic properties of addition,
multiplication, and the ordering on Ny in this section. For more on this point

* Injective is the same as one to one. Thus we are assuming that if s (n) = s (m) then
n=m.
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and then the further construction of Z and Q from Ny, the reader is referred
to the notes; |“Numbers” by M. Taylor. You may also consult E. Landau’s
book [1] for a very detailed (but perhaps too long winded) exposition of these
topics.

Lemma 1.20. The map s : Ng = N is a bijection.

Proof. Let S := s(Np) U {0} C Ny. Then 0 € S and s(0) € s(Np) C S.
Moreover if x € NN S then s(z) € s(Ng) C Ssothat x € S = s(x) € S
and hence S = Ny and therefore s (Ng) = N. |

Theorem 1.21 (Addition). There exists a function p : Ng x Ng — Ng such
that p (2,0) = x for all x € Ny and p(z,s(y)) = s(p(z,y)) for all x,y € Ny.
Moreover, we may construct p so that p (s(x),y) =p(z,s(y)) for all x,y € Ny.
This function p satisfies the following properties;

(2,0) =2 =p(0,z) for all x € Ny,
1) =p(l,2) = s(x) for all x € Ny,
y) = p(y,x) for all x,y € Ny,

)

Lp(x
2.p(z,
3. p(z,
4.p(x,p(y, ) =p(p(x,y),2) for all z,y,z € Ny.

Proof. We will construct p inductively. Let
S = {.TENZHpm :NO _>N0 9px(0) zxandpm(s(y)) :S(pz(y)) VyENO}'

Taking pg (y) = y shows 0 € S. Moreover if x € S we define

Ds(e) () == 5 (px (y)) for all y € No.

We then have py(,) (0) = s (p, (0)) = s (z) and

which shows s (z) € S. Thus we may conclude S = Ny and we may now define
p(x,y) := pz (y) for all z,y € Ny. By construction this function satisfies,

p(s(z),y) =s(p(z,y) =pr,sy).
We now verify the properties in items 1. — 4.

1. By construction p (z,0) = z for all z € Ny. Let S = {zx e N: p(0,2) =z},
then 0 € S and if € S we have p(0,s(z)) = s(p(0,2)) = s(z) so that
s(x) € S. Therefore S = Ny and the first item holds.

2. p(x,1) = p(z,500)) = s(p(,0)) = s(z) and p(1,2) = p(s(0),2) =
s(p(0,z)) = s(x) so that item 2. is proved.
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8 1 Natural, integer, and rational Numbers

3. Let S={x eNy:p(z,-) =p(,z)}. Then by items 1 and 2. it follows that
0,1 € S. Moreover if x € S, then for all y € Ny we find,

p(s(z),y)=sp(z,y) =sy,z) =p(y,s ()

which shows s (z) € S. Therefore S = Ny and item 3. is proved.
4. Let
S:={zeNy:p(z,p(y,2)) =p(z,y),2) Yy,z2 € No}.

Then 0 € S and if x € S we find,

p(s(x),p(y,2) =s@py,2) =sppy),z)
=p(sp(z,y),2) =pp(s(r),y),2)

which shows that s (x) € S and therefore S = Ny and item 4. is proved.
[

Notation 1.22 We now write x + y for p(z,y) and refer to the symmetric
binary operator, +, as addition.

To summarize we have now shown addition satisfies for all x,y, z € Np;

.e+0=04+2x=u=x,

s(x)=z+1=1+u=z,

T+y=y+ux,

@ty tz=a+(y+2).

. The induction hypothesis may now be written as; if S C Ny is a subset such
that 0 € S and n + 1 € S whenever n € S, then S = Nj.

Proposition 1.23 (Additive Cancellation). Ifz,y,z € Ny and z+z = y+z,
then x = y.

Proof. Let S be those z € Ny for which the statement z + z = y + z implies
x = y holds. It is clear that 0 € S. Moreover if z € S and = + (2 4+ 1) =
y+(z+1) then (x+1)+ 2z = (y+ 1) + z and so by the inductive hypothesis
s() =x+4+1=y+1 = s(y). Recall that s is one to one by assumption
and therefore we may conclude = y and we have shown s(z) € S. Therefore
S = Ny and the proposition is proved. ]

Definition 1.24. Given z,y € Ny, we say z < vy iff y = x +n for some n € N
and x <y iff y = x +n for some n € Ng. We further let

Ry :={z+n:neNy}

so thaty > x iff y € R,.
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Proposition 1.25. If z,y € Ng and z < y and y < x then x = y. Moreover if
x <y then either x <y or x =y.

Proof. By assumption there exists m,n € Ny such that y = z + m and
x = y + n and therefore y = y + (m +n). Hence by cancellation it follows
that m +n = 0. If n # 0 then n = s(x) for some = € Ny and we have
m+n=m+s(x) =s(m+z) €N which would imply m + n # 0. Thus we
conclude that m = 0 = n and therefore z = y.

If x <yand x # y then y = x +n for some n € Ng withn #0,ie. 2z <y.m

Proposition 1.26. If z,y € Ny then precisely one of the following three choices
must hold, 1) z <y, 2) z =y, Sy < x.

Proof. Suppose that < y does not hold, i.e. y ¢ R,. We wish to show that
y < z, i.e. that x = y + n for some n € N. We do this by induction on y. That
is let .S’ be the the set of y € Ny such that the statement y ¢ R, implies y < z
holds. If y = 0 ¢ R, implies n := x # 0 so that x = y + n, i.e. y = 0 < x. This
shows 0 € S. Now suppose that y € S and that y+1 ¢ R, = {x +m:m € Np}.
It follows that y +1 #  +m + 1 for all m € Ny and hence that y # x +m
for all m € Ny, i.e. y ¢ R,. So by induction y < z and therefore z = y + k for
some k € N. Since k € N we know there exists k¥’ € Ny such that k = k&’ and it
follows that z =y + 1+ %, i.e. y + 1 < z. Since y + 1 ¢ R, we may conclude
that in fact y +1 < « and therefore y + 1 € S. So by induction S = Ny and
we have shown if x < y does not hold iff y < . Combining this statement with
the Proposition [1.25 completes the proof. [

We have now set up a satisfactory addition operations and ordering on Nj.
Our next goal is to define multiplication on Nj.

Theorem 1.27. There exists a function M : NgxNy — Ny such that M (z,0) =
0 for allz € Ny and M (x,y + 1) = M (x,y)+z for all z,y € Ny. This function
M satisfies the following properties;

1. M (2,0) =0= M (0,z) for all x € Ny,

2. M (x,1) =M (1,z) = x for all x € Ny,

3. M (z,y) = M (y,x) for all z,y € Ny,

4. M (z,y+2) =M (z,y) + M (z, 2) for all x,y,z € Ny.
5. M (z,M (y,2)) = M (M (x,y),z) for all x,y,z € Ny.

Proof. Let S denote those & € Ny such that there exists a function M, :
Ny — Ny satisfying M, (0) = 0 and M, (y+1) = M, (y) + « for all y € Ny.
Taking My (y) := 0 shows 0 € S. Moreover if x € S we define M, 11 (y) =
M, (y) +y. Then M, (0) =0 and

My (y+1) =M, (y+ 1) +y+1=M,(y) +z+y+1
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while
Mw-ﬁ-l(y)“—(x"'l):Mw(y)+y+x+1:Mw+l(y+1)-

This shows that x + 1 € S and so by induction S = Ny and we may now define
M (x,y) := M, (y) for all 2,y € Nyg. We now prove the properties of M stated
above.

1. By construction M (z,0) = 0 for all z. Let S := {z € Ny : M (0,2) = 0}.
Then 0 € S and if x € S we have

MO,24+1)=M0,2)+0=04+0=0

which shows = + 1 € S. Therefore by induction S = Ng and M (0,z) =0
for all x € Ny.

2. M(z,1) = M (z,0+1) = M (2,0) + 2 =0+ 2 = 2« for all x € Ny. Let
S:={xeNy: M (1,z) =z}. Then 0 € S and if € S we have

Mlz+1)=M(,z)+1=2+1

which shows © 4+ 1 € S. Therefore S = Ny and M (1,z) = z for all = € Ny.
3. Let S:={zeNy: M(z,-)=M(,z)}. Then by items 1. and 2. we know
that 0,1 € S. Now suppose that € S, then by construction,

M(z+1,y) = Myy1 (y) = M (z,y) +y

while
M (y,z+1) =M (y,z) +y.

The last two displayed equations along with the induction hypothesis shows
x + 1€ S and therefore S = Ny and item 3. is proved.

4. Let S denotes those x € S such that M (x,y + 2) = M (x,y) + M (z, z) for
all y,z € Ng. Then 0,1 € S and if x € S we have,

ME+lLy+z)=M(@zy+z)+y+=z

(x,y) + M (2,2) +y + 2
(z,y) +y+M(z,2)+2
(

=M
=M
=M(z+1y)+M@x+1,2)

which shows z 4+ 1 € S. Therefore S = Ny and we have proved item 4.
5. Let
Si= {.’L’ € NO : M({E7M(y72)) = M(M(Qj?y)vz) vyaz € NO}
Then 0 € S and if x € S we find,

M(x+1,M (y,2)) = M (2, M (y,2)) + M (y, 2)
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while
M (M (z+1,y),2) = M(M(z,y) +y,2) = M (M (2,y),2) + M (y, ).

The last two equations along with the induction hypothesis shows z+1 € S
and therefore S = Ny and item 5. is proved.

Notation 1.28 We now write x -y for M (z,y) and refer to the symmetric
binary operator, -, as multiplication..

To summarize Theorem [1.27] we have shown multiplication satisfies for all
T,Y,z € N07

1.2-0=0=0"-z,

2. x-1l=x=1"z,

3. x-y=y-2x,

4. x-(y+z2)=z-y+z-z

Proposition 1.29 (Multiplicative Cancellation). If x,y € Ny and z € N
such that x -z =1y - z, then x = y.

Proof. If x # y, say « <y, then y = x + n for some n € N and therefore
y-z=(x+n)-z=x-24+n-z

Hence if x - z = y - z, then by additive cancellation we must have n - z = 0. As
n,z € N we may write n = n/+1 and z = 2’ + 1 with n/, 2’ € Ny and therefore,

O=n-z=M0+1)-G'+1)=n"-2"470"+2 +1#0
which is a contradiction. [

Remark 1.30 (Base 10 counting). The typical method of counting is to use base
10 enumeration of Ny. The rules are;

0=0,1=1,2:=14+1,3:=2+1,4:=34+1,5:=4+1
6:=5+1,7:=6+1,8:=7+1,9:=8+1, and 10:=9+ 1.

Once these element of Ny have been defined, then given aq, ..., a, € {0,1,...,9}
with a, # 0, we let

n
ApQp—1 -..00 ‘= E aklok.
k=0

For example, 35 =3-10+5 = 34 + 1, etc.

As mentioned above one can formalize Z and Q using Ny constructed above.
I will omit the details here and refer the reader to the references already men-
tioned.
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2

Fields

The basic question we want to eventually address is; What are the real
numbers? Our answer is going to be; the real numbers is the essentially unique
complete ordered field, see Theorem below. In order to make sense of this
answer we need to explain the terms, “complete,” “ordered,” and “field.” We
will start with the notion of a field which loosely stated means something that
can reasonably be interpreted a “numbers.”

Definition 2.1 (Fields, i.e.*“ numbers”). A field is a non-empty set F
equipped with two operations called addition and multiplication, and denoted
by + and -, respectively, such that the following azioms hold;( subtraction and
division are defined implicitly in terms of the inverse operations of addition and
multiplication:)

1. Closure of F under addition and multiplication. For all a,b in T, both a+b
and a-b are in F (or more formally, + and - are binary operations on F).

2. Associativity of addition and multiplication. For all a,b, and ¢ in F,
the following equalities hold: a+ (b+¢) = (a+b)+c anda-(b-¢) = (a-b)-c.

3. Commutativity of addition and multiplication. For alla and b in F,
the following equalities hold: a +b=b+a anda-b="0-a.

4. Additive and multiplicative identity. There exists an element of F,
called the additive identity element and denoted by 0 = O, such that for all
a inF, a4+ 0 = a. Likewise, there is an element, called the multiplicative
identity element and denoted by 1 = 1g, such that for alla inF, a-1 = a.
It is assumed that Op # 1p.

5. Additive and multiplicative inverses. For every a in I, there exists an
element —a in I, such that a+(—a) = 0. Similarly, for any a € F other than
0, there exists an element a=! in F, such that a-a~! = 1. (The elements
a+ (=b) and a-b~t are also denoted a — b and a/b, respectively.) In other
words, subtraction and division operations exist.

6. Distributivity of multiplication over addition. For all a,b and ¢ in F,
the following equality holds: a - (b+¢) = (a-b) + (a-c).

(Note that all but the last axiom are exactly the axioms for a commuta-
tive group, while the last axiom is a compatibility condition between the two
operations.)

2.1 Basic Properties of Fields

Here are some sample properties about fields. For more information about Fields
see 5-8 of Rudin.

Lemma 2.2. Let F be a field, then;

There is only one additive and multiplicative inverses.
If x,y,z € F with x # 0 and zy = xz then y = z.
0-2=0 forallz €F.

If v,y € F such that zy =0 then x =0 or y = 0.
(—z)y = —(2y).

—(—x) == for allz € F.

(—z) (—y) =2y or all z,y € F.

RS G oo~

Proof. We take each item in turn.

1. Suppose that z +y = 0 = x + %/, then adding —z to both sides of this
equation shows y = /. Taking y = —z then shows y = —z = ¢/, ie.
additive inverses are unique. Similarly if  # 0 and zy = 1 then multiplying
this equation by x~! shows y = 2! and so there is only one multiplicative
inverse.

2. If y = x~ then multiplying this equation by ! shows y = 2.

0O-242=0-241-2=(0+1)-z=1-z=u.

Adding —z to both side of this equation using associativity and commuta-
tivity of addition then implies 0 - z = 0.
4. If x € F\ {0} and y € F such that zy = 0, then

O=z1-0=z"1(zy) = (zflx)yzly:y.

(@31

(m)ytay=(—z+2)y=0-y=0 = (—2)y=—(2y).
. Since (—z) + x = 0 we have — (—z) = z.
7. (-2) (-y) = = (z- (=y)) = = (= (2y)) = zy by 6.

=2

Ezxample 2.5. Here are a few examples of Fields;
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1.Fy ={0,1} with0+0=0=14+1,and 0+1=14+0=0and 0-1=1-0=
0-0=0and1-1=1.Inthiscase =1 =1,1"'=1and —0 =0.
2. Q — the rational numbers with the usual addition and multiplication of

fractions. ()7 = 2 if m # 0 and — = =™,
3. F = Q(t) where
Q@) = {58 :p(t) and ¢ (t) are polynomials over Q > ¢ (t) # O} .

Again the multiplication and addition are as usual.

Ezxample 2.4. Z is not a field. For example, 2 has no multiplicative inverse in Z.
The inverse to 2, 271, should be % but this is not in Z.

Definition 2.5. We say a map ¢ : Z — F is a (ring) homomorphism iff ¢ (1) =
1p, ¢ (0) = O, and for all z,y € Z;

pl+ty)=p@) +ey) and p(zy) = (x)p(y).

[The assumption that ¢ (0) = O is redundant since ¢ (0) = ¢ (0+0) = ¢ (0) +
© (0) and therefore ¢ (0) = Op.]

Lemma 2.6. For every field F there a unique (ring) homomorphism, ¢ : 7. — TF.
In fact, ¢ (n) = nlg for all n € Z where 0 - 1y = Op,

n times
—
nlp:=1p+---+1p if n € N and
(—n) 1]5‘ = (’an) Zf’I’L e N.

[The map ¢ need not be injective as is seen by taking F = Fy.]

Proof. Let us first work on Ny C Z. We must define ¢ (0) =0 and ¢ (1) =1
and then ¢ inductively by ¢ (n+1) = ¢ (n) + ¢ (1) = ¢ (n) + 1F so that

n times

—
en) =1+ -+ 1p.

We now write nly for ¢ (n) with the convention that 01y = Op. For n € N we
must set ¢ (—n) = —p (n) = — (nly) . Thus we have ¢ (n) = nlg for all n € Z.
We now must show ¢ is a homomorphism.

Additive homomorphism: First suppose that m,n € Ny and let

S:={meNg:p(m+n)=p(m)+e¢(n) forall n € Ng}.

One easily sees that 0 € S and that 1 € S by construction. Moreover if m € .S,
then
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e((m+1)+n)=pm+n+1)=p(m)+e(n+1)
=@(m)+¢(n)+1p
=@(m)+1lr+¢((n) =¢(m+1)+e¢(n)
which shows m + 1 € S. Therefore by induction, S = Ny and ¢ (m+n) =
o (m) + ¢ (n) for all m,n € Ny.
If m € Ny we have ¢ (—m) = —p (m) by construction. If n > m € Ny, then
¢ (n+(=m)) +¢(m) = ¢ (n—m)+¢(m)=pn)
so that
p(n+(=m)) =¢(n)+ (¢ (m)) =¢(n)+¢(=m).
If n <m € Ny, then

@ (n+(-m)) =—p(m—n)=—[p(m)—¢(n)] =¢n)+e(-m)
and if m,n € Ny, then
¢ (—n+(-m)) = <P( (n+m)) —@(n+m)

—lp() +¢(m)] =—¢(n) —p(m)
=<p(—n)+90(— )

Putting all of this together shows ¢ is an additive homomorphism.
Multiplicative homomorphism: First suppose that m,n € Ny and let

S:={meNy:¢p(mn)=¢(m)e(n) forall n € Ng}.
It is easily seen that 0,1 € S. Moreover if m € S and n € Ny, then

@ ((m+1)n) =¢(mn+n) =p(mn)+¢(n)
=@ (m)pn)+¢n)=(p(m)+1r) ¢ (n)
=p(m+1)¢(n),
which shows m + 1 € S. Therefore by induction, S = Ny and ¢ (mn) =

v (m) p(n) for all m,n € Ny.
If m,n € Ny, then

e ((=m)n) = (=mn) = —p(mn) = —[p(m) ¢ (n)] = [~p(M)] ¢ (n) = ¢ (-m) ¢ (n)

and

@ ((=m) (=n)) = ¢ (mn) = @ (mn) = (=p (m)) (=¢ (n)) = —p (m) p (-n)

which completes the verification that ¢ is a multiplicative homomorphism. =
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2.2 Ordered Fields

Definition 2.7 (Ordered Field). We say F is an ordered field if there ex-
ists, P C F, called the positive elements, such that

Ord 1. F is the disjoint union of P, {0}, and —P, i.e. if x € F then precisely
one of following happens; x € P, x =0, or —x € P.
Ord 2.P+PCPand P-PCP.

Lemma 2.8. Let (F, P) be an ordered field, then;

1. For all z € F\ {0}, 22 € P. In particular 1 = 1% € P.
2.Ifre P andy € —P then zy € —P.
3. Ifx € P thenxz™ ' € P.

Proof. If x € P then 22 € P- P C P while if x € —P then —z € P and
2

T° = (—gc)2 € P. For item 3. we have z -2t = 1 ]
Ezample 2.9. The field F ={0, 1} is not ordered. The only possible choice for P
is P = {1} which does not work since 1 +1=0 ¢ P.

Ezxample 2.10. Take F = Q and P = {% tm,n > O} . This is in fact the unique
choice we can make for P in this case. Indeed suppose that P is any order on
Q. By Lemma[2.8] we know 1 € P and then by induction it follows that N C P.
Then again by Lemmawe must have m-n~! € P for all m,n € Q.

Ezample 2.11. Take F = Q (t) and

P:{MeF:p(t)>Ofort>Olarge},

q(t) q(t)

ie. % € P iff the highest order coefficients of p(¢) and ¢ (¢) have the same

sign. For example t:[ffgjg € P while % e —P.
Notice that ¢ > n for all n € N and % < % for all n € N. This is kind
of strange and explains why you have to prove the “obvious” in this course!!!

Moral: obvious statements are often false.

Notation 2.12 (Max and Min) We will often use the following notation in
the sequel. If a,b are elements of an ordered field, let

aifa<b

a/\b::min(a’b):{bz’fb<a

and
bifa<b

aVb:=max (a,b) = {az'fb<a .

Page: 13 job: wunanal

2.2 Ordered Fields 13

More generally if {a;};_, CF we let

ai AN Nay = min(al,...,an) and
a V---Va,:= max(a1,---,an)
be the smallest and largest element in the finite list (a1, ..., an).

Definition 2.13. Suppose that F and G are fields. A map, ¢ : F—>G is a
(field) homomorphism iff ¢ (15) = 1g, ¢ (Op) = Og, and for all x,y € F;

pl+ty)=p@) +ey) and p(zy) = (x)p(y).

Lemma 2.14 (Q embeds into an ordered field). For every ordered field
(F, P), there a unique field homomorphism, ¢ : Q — F. In fact,

m m —1
— = — - 1g:=mlp- (nl 2.1
e (5) =2 15 = mls - (nle) (2.1)
n times
—
where nly := 1lp + -+ 1y and (—n) 1lp := — (nlp) for n € N and 0 - 1p = Op.

Moreover;

1. ¢ (x) € P whenever x > 0,
2. and @ is injective. Thus we may identify Q with ¢ (Q) and consider Q as a
sub-field of F.

[In particular, ordered fields must be fields with an infinite number of ele-
ments in it.]

Proof. From Lemma we know there is a unique ring homomorphism,
¢ :Z — T, given by ¢ (m) =m - 1p. So for m € Z and n € N we must have

(5 e =5 (3) 5025 (5 7)ot =

which forces us to define ¢ as in Eq. . Notice that is easy to verify by
induction that nlp = ¢ (n) € P for all n € N and in particular nlp # 0 for
n € N. In particular if z = m/n > 0 then ¢ (2) = mly - (nl]F)_1 € P by
Lemma [2.8] We must still check that ¢ is well defined homomorphism.

Well defined. Suppose that & € N, we must show

(km) 1p - (kn) 15) " = mlp - (nlp)~".
By cross multiplying, this will happen iff

(km) ]-IF . (77,1]14‘) = ((kn) 1]1:) ~m1[p
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which is the case as ¢ : Z — F is a ring homomorphism.
Homomorphism property. We have

m+p
(T+2)=¢

and

Injectivity. If 0 = (m) then

0=p(m) p(n)"

which implies ¢ (m) = 0 which happens iff m = 0, i.e. m/n = 0.

e End of Lecture 3, 10/3/2012

Notation 2.15 If (IF, P) is an ordered field we write x > y iff t —y € P. We
also write x >y iff xt >y orx =y.

Notice that if z,y € F then either x —y =0 (i.e. z = y),or x —y € P (i.e.
x>y),orx—y € —P (ie.y—x € Pand y > z). Also in this notation we have
P={zeF:x>0},

—P={x€F:2<0 (ie 0>zx)}.

Lemma 2.16. Suppose that © < y and y < z and a > 0. Then x < z and
ar < ay.

Proof. By assumption y —x € P and z —y € P, therefore z —x = (y — z) +
(z —y) € P,i.e. z > x. Moreover, a € P and (y — x) € P implies

P>a(y—x)=ay—ax.

That is ay > az. ]
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Exercise 2.1. Let (T, P) be an ordered field and z,y € F with y > z. Show;

l.y+a>z+aforalla€el,
2. —x > —vy,
3. if we further suppose x > 0, show % > %

Definition 2.17. Given x € F, we say thaty € F is a square root of x if y*> = .
[From Lemma it follows that if x € F has a square root then x > 0.]

Lemma 2.18. Suppose x,y € F with 2% = y?, then either x =y or x = —y. In
particular, there are at most 2 square roots of any number x > 0 in F.

Proof. Observe that
-y +y)=@-yzt+@-yy
=22 —yr4ay—yP=2>—y*=0.
Thus it follows that either x —y=0orx+y =0, i.e. x =y or z = —y. ]

Definition 2.19. If z > 0 admits a square root we let \/x be the unique positive
root. We also define V0 = 0.

Lemma 2.20. Suppose that 0 < x < y, i.e. x, y — x € P, then 2% < y°.

Proof. By Lemma [2.16] we know z -2 < x-y and -y < y -y and therefore
x? < 92 n

Corollary 2.21. If 0 <z <y and \/z and \/y exists, then 0 < \/z < \/y.

Proof. If \/x = /y then z = (\/5)2 = (\/g)2 = y which is impossible.
Similarly if\/z > |/y then
2
= (Vo) > (Vo) =y

which is again false.
Alternatively: starting with y?> — 2% = (y — z) (y + «) and then replacing
y and x by \/y and \/x respectively (assuming they exist) shows,

y—a= (VI VE) (VI+VE) = Vi~ VE=(y-2) (Vi +VE)"

from which it follows that \/y — /x € P if (y — ) € P. More importantly this

shows ,/y depends “continuously” in on y. ]
Definition 2.22. The absolute value, |x|, of x in ordered field F is defined by
| = z ifx >0
Sl —zifzr <0
Alternatively we may define
|z| = Va2.
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Proposition 2.23. For all x,y € F, then

1. |z >0
2. |wy| = |z[ |y|
3|z +yl < |zl + 1yl

Proof. 1. holds by definition since —x > 0 if < 0.
2. As |z|[y| > 0 and (2] |y])* = [2[* |[y|* = 2?y? = (xy)*, we have

2| [y = \/ (2y)” = |zy] .

3. It suffices to show |z +y|* < (|z| + |y|)* . However,
lz 4yl = (z+y)° =% +° + 22y
<a? +y? + 2wyl (zy < |zyl)
= [z* +|y[* + 22| |y
= (2| +y)*.

Definition 2.24. Let (IF, P) be an ordered field and S be a subset of F.

1. We say that S C F is bounded from above (below) if there exists x € F
such that x > s (x < s) for all s € S. Any such x is called an upper (lower)
bound of S.

2. If S is bounded from above (below), we say that y € F is a least upper
bound (greatest lower bound) for S if y is an upper (lower) bound for
S andy <z (y > x) for any other upper (lower) bound, x, of S.

Notice that least upper bounds and greatest lower bounds are unique if they
exists. We will write and

y = Lu.b. (S) = sup (9)
if y is the least upper bound for S and

y =g.lb.(S) =inf (5)
if y is the greatest lower bound for S.
Ezxample 2.25. Let F = Q, then;

1. max (a,b) and min (a, b) are least upper respectively greatest lower bounds
respectively for S = {a,b}. More generally, if S = {a1,...,a,}, then

sup (S)=a1 V---Va, :=max(a,...,a,) and

inf (S)=a; A+~ Aay :=min (a,...,a,).
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N is not bounded from above while inf (S) = 1.
{1 -1 :n e N} isbounded from above and 1 = sup (S) while inf (S) =

2.
3.

o= n ”n

4. Let
S =1{1,14,1.41,1.414,1.4142,1.41421,1.414213,1.4142135, ... }

where T am getting these digits from the decimal expansion of /2;

V2 22 1.41421356237309504880168872420969807856967187537694807317667973799.

In this case S is bounded above by 2, or 1.42, or 1.415, etc. Nevertheless
V2 = sup (S) does not exists in Q.

Ezample 2.26. Now let F = Q (¢) be the field of rational functions described in
Example then; S = N is bounded from above. For example ¢ is an upper
bound but there is not least upper bound. For example %t is also an upper
bound for S.

e End of Lecture 4, 10/5/2012

Definition 2.27 (Dedekind Cuts). A subset o C Q is called a cut (see (2, p.
17)) if;

1. « is a proper subset of Q, i.e. a # 0 and o # Q,
2.ifpeaand g€ Q and q < p, then q € «,
3. if p € a, then there exists r € a with r > p.

Ezample 2.28. To each a € Q, let a, :={g € Q: ¢ < a}. Then «, is a cut and
a is the least upper bound of a, in Q.

Ezample 2.29. Let {Sn}:ozo C Q be any bounded sequence such that S,, < S, 11
for all n. Then

a:=U32gas, ={geQ:¢< S, a.a. n}

is a cut as the reader should verify. Let us further suppose that lim,, ., .S,, does
not exist in Q. [For example from Example we may take S, == > }_, % €
Q.] If m € Q is an upper bound for «, then m > S, for all n since if m < S,
for some n then ¢ := %(m +5,) € a with ¢ > m. Since lim, o S, # m as
m € Q there must exists € > 0 such that

m— Sy, =|m—_8,| >¢cio. n.

As m — S, is decreasing we may conclude that m — S,, > ¢ for all n, i.e.
Sn < m — ¢ for all n. From this it now follows that m — ¢ is an upper bound
for  which is strictly smaller that m. So there can be no least upper bound.
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3

Real Numbers

As we saw in Section [[.2] Q is full of holes and calculus tends to produce
answers which live in these holes. So it is imperative that we fill the holes. Doing
so will lead to the real numbers provided we fill in the holes without adding too
much extra filler along the way. One good answer to the question, What are
the real numbers?, is contained in the statement of Theorem [3.3]

Definition 3.1. An order preserving field isomorphism between two or-
dered fields, (F1,P1) and (F2, Py), is a bijection, f : F1 — TFo such that
f(o)zouf(l):17f(P1):P27 and

fx+y) = f(x)+ f(y) and f(xy) = f(x) f(y) for all x,y € Fy.

Definition 3.2. An ordered field (F, P) is has the least upper bound prop-
erty (or is complete) if every non-empty subset, S C F, which is bounded from
above possesses a least upper bound in F. [As we have seen in examples above,
Q does not have the least upper bound property.]

Theorem 3.3 (The real numbers). Up to order preserving field isomorphism
(see Definition , there is exactly one complete ordered field. It is this field
that we refer to as the real numbers and denote by R.

Definition 3.4. We say two Cauchy sequences {an}n L and {b,};~_, of ratio-

nal numbers are equivalent and write {an},—; ~ {bp},—, iff
lim |a, — by | =0.
n—oo
We then define o := [{an},-,] to be the equivalence class of the Cauchy sequence

{an}f;)=1 and refer to the collection of these equivalence classes as the real
numbers. The set of real numbers will be denoted by R.

Notation 3.5 Let i : Q — R be defined by i(a) := [(a,a,a,...)], i.e. i(a) is
the equivalence class of the constant sequence a.

Notice that if i (a) =i (b) iff @ = lim,, oo @ = lim,_, o0 b = b. Thus the map,
i: Q — R is injective and we will often simply identify a with i (a) and in this
way consider Q as a subset of R.
Theorem 3.6. Let R be as in Theorem . For a := [{an},—,] and B =
{Bn}r—y] in R we define

a+ 8= [{an + bn}ff:ﬁ and o - = [{an - bn}zo:ﬂ .

1. With these definitions, R, satisfies the axioms of a field.

2. Moreover, we can make this into an ordered field by setting P :=
{a € R:a >0} where we say a > 0 iff there exists an N € N such that
ap > % for a.a. n

3. The ordered field (R, P) is complete, i.e. has the least upper bound property.

The proof of Theorem and Theorem will be relegated to Section
[3:6] at the end of this chapter. For an alternative existence proof of R using
Dedekind cuts as the elements of R is covered in Rudin [2, pages 17-21.]. One
may also construct the Real numbers using decimal expansions, see [I. Gower’s
notes on real numbers as decimals. We will prove the uniqueness assertion of
Theorem in Section at the end of this section. From now on we are going
to take Theorem for granted and derive from this the “familiar” properties
of the real numbers.

Observe that Q, Q(¢), R (¢) are not complete and hence are not the real
numbers, R. For example N C Q(¢) (or N C R (¢) ) is bounded by ¢ say but
has no least upper bound. However, we do know that Q C R by Lemma
We will soon see that QQ is “dense” in R. We now pause to discuss some of the
basic properties of R.

Theorem 3.7. Suppose that R is a complete ordered field which we assume we
have already embedded Q into R as in Lemma[2.14 Then;

1. For all x > 0 there exists n € N such that n > x.

2. For all € > 0 in R there exists n € N such that 0 < % <e.

3. If € > 0 satisfies e < 1/n for alln € N then e = 0.

4.Ifa,b€Randagb—l—%forallneN0ra§b+5forall€>0, then
a<b.

Proof. We take each item in turn.

1. If n < z for all n € N, then N is bounded from above and so a := sup (N)
exists in R by the completeness axiom. As a is the least upper bound for N
there must be an n € N such that n > a — 1. However this implies n+1 > a
which violates a be an upper bound for N.

1 Roughly speaking here, you should think of @ = lim,,—soc a» and so a > 0 should
happen iff a > % for some N € N which then implies a,, > % for a.a. n.


https://www.dpmms.cam.ac.uk/~wtg10/decimals.html
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2. If e >0in R and % > ¢ for all n € N, then n < % for all n € N which is
impossible by item 1.

3. If there exists € > 0 such that ¢ < % for all n then n < 1/¢ for all n which
is again impossible by item 1.

4. Tt suffices to prove the first assertion. We may assume a > b for otherwise
we are done. Ifagb—i—% for all n, then 0 < a —b < % for all n € N and
hence a = b and in particular a < b.

Proposition 3.8. If R is a complete ordered field, then every subset S C R
which is bounded from below has a greatest lower bound, glb(S) = inf (S). In
fact,

inf (S) = —sup (-9).

Proof. We let m := —sup (—S). Then we have —s < —m for all s € S, i.e.
s > m for all s € S so that m is a lower bound for S. Moreover if € > 0 is given
there exists s. € S such that —s. > —m — ¢, i.e. s < m + . This shows that
any lower bound, k of S must satisfy, k < m + ¢ for all ¢ > 0, i.e. Kk < m. This
shows that m is the greatest lower bound for S. ]

Let me sketch one way to construct R based on Cauchy sequences of rational
numbers.

Definition 3.9. A sequence {q,},..; C R converges to 0 € R if for all e > 0
in R there exists N € N such that |g,| < € for all n > N. Alternatively put, for
all M € N we have |q,| < &= for a.a. n.

Definition 3.10. A sequence {q,},., C R converges toq € R if |qg — g,| = 0
as n — o0, t.e. if for all N € N, |¢ — gn| < % for a.a. n. As usual if {gn},.,
converges to q we will write ¢, — q asn — 00 or ¢ = lim,_ o0 p-

Definition 3.11. A sequence {¢,},., C R is Cauchy if |¢, — ¢m| — 0 as
m,n — o0. More precisely we require for each € > 0 in R that |, — qn| < € for
a.a. pairs (m,n), i.e. there should exists N € N such that |¢n, — qn| < € for all
m,n > N.

The next few results are analogous to what you have already shown in the
case R is replaced by Q. As the proofs are essentially identical to those of
Theorem and Exercise [[.1] -

Proposition 3.12. If{a,},.; C R is a convergent sequence then it is C’auchyﬂ
If {an},~, is Cauchy sequence then it is bounded.

2 We are going to show shortly that the converse is true as well!
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Theorem 3.13 (Basic Limit Results). Suppose that {a,} and {b,} are se-
quences of real numbers such that A :=lim,_, a, and B :=lim,,_, o, b, ezists
in R. Then;

im0 |an] = 4]

If A0 then limy,— o0 ai" = %.

limy, o0 (an, +0,) = A+ B.

imy, o0 (apby) = A- B.

. f an < by, for all n, then A < B.

. If {xz,} C R is another sequence such that a, < x, < b, and A = B, then
lim, o0 z, = A = B.

D A Lo v~

Theorem 3.14. If S C R is a non-empty set which is bounded from above, then
there exists {9:,,,}2021 C S such that x, T supS as n — o0, i.e. T, < xpy1 for
all n and lim,, .o x,, = sup S.

Proof. Let M := sup S. For each n € N, there exists y, € S such that
M >y, > M — 1. We now let z,, := max ({y1,...,¥,}) in which case M >
T, > M — % and x, is increasing. By the Sandwich theorem it follows that
lim,, o0 ,, = M. [ |

e End of Lecture 5, 10/8/2012

Theorem 3.15. If {z,} -, C R is bounded from above and x, is non-
decreasing, then lim,_,oo x, = sup, &,. Similarly if {z,},—, C R is bounded
from below and x,, is non-increasing, then lim,,_, o, x,, = inf, x,.

Proof. Let M := sup,, z,, then for all € > 0, there exists N, € N such that
M > zn. > M —e. As z,, is non-decreasing it follows that M >z, > M —¢
for all n > N, i.e.
|M — x| <e for all n > N..

As e > 0 was arbitrary, we may conclude that lim,,_,, x,, = M. If x,, is decreas-
ing instead, then —z,, T and we have — lim,_, o ,, = sup,, (—x,) = —inf,, x,.
[

Theorem 3.16. Suppose that R is a complete ordered field which we assume
we have already embedded Q into R as in Lemma[2.14 Then;

1. For allm € R, if
am ={yeQ:y<m},

then sup a,, = m.
2. If a,b € R with a < b, then there exists ¢ € Q such that a < g < b.
3. If a CQ is a cut and m := sup «, then a = ayy,.

Proof. We take each item in turn.
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1. Proof 1. Let o, ;== {y € Q: y < m} and M :=sup a,, € R. Then M < m.
If M # m then M < m. To see this last case is not possible e := m—M > 0
and choose n € N such that 0 < % < &. Then choose y € Q such that

1
M- —<y<M.
2n

From this it follows that

M <y+ L < M+ L <m
2n 2n

which shows y + % € a,y, is greater than M violating the assumption that
M is an upper bound for a,,.
Proof 2. [Here is a slight rewriting of the above argument.] Choose y,, € a,,
such that y,, T M as m — oco. Choose n € N so that m — M > % Then
ym—l—%TM—i—% < m as m — o0. Soforlargem,ym—&—% < m while
ym—&—% > M, i.e. ym—i—% € ay, yet ym—i—% > M. This violates the assumption
that M is an upper bound for a,,.

2. By item 1. and Theorem [3.14] we can choose ¢ € oy to be as close to b as
we choose and in particular ¢ can be chosen to be in o with ¢ > a.

3. You are asked to prove this in Exercise below.

Exercise 3.1. Suppose that « C Q is a cut as in Definition 2:27] Show « is
bounded from above. Then let m := sup a and show that o = «,,, where «,,

am ={yeQ:y<m}.

Also verify that «,, is a cut for all m € R. [In this way we see that we may
identify R with the cuts of Q. This should motivate Dedekind’s construction of
the real numbers as described in Rudin.]

Proposition 3.17 (Rationals are dense in the reals). For allb € R, there
exists qn, € Q such that q, T b. Similarly there exists p, € Q such that p, | b.

Proof. Given b € Q we know that b = supa;, by Theorem [3.16] Then by
Theorem there exists ¢, € a3 such that ¢, 7 b as n — oco. The second
assertion can be proved in much the same way as the first. Alternatively, let
¢n € Q such that ¢, T —b and set p,, := —¢,, € Q. Then p,, | b.

]

Definition 3.18. The real numbers which are not rational are called irra-
tionalﬁ so the irrational numbers are R\ Q.

3 For what it is worth, as dictionary definition of irrational is “not consistent with
or using reason.” Lets try to use irrational numbers in a rational way!
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Ezample 3.19 (Euler’s number). Let S, := Y & for all n € No. We define
Euler’s number to be,

e:= lim S, =sup{S, :n €Ny} €R.

n—oo

From Example we have seen that e € R\ Q.

Theorem 3.20 (n'" — roots). Let n € N and x > 0 in R, then there exists
a unique y € Ry such that y" = x. We of course denote y by z'/™ for {/x.
The function x — x'/™ is increasing. [See Rudin for more properties of x'/™ and
™™ where m € Z and n € N.]

Proof. Uniqueness. First of t > s > 0 then t" > s™ > 0 as can be proved
by inductionEI Thus if z,y > 0 and 2™ = y" then x = y for otherwise z > y or
y > x in which case ™ > y™ or y™ > x" respectively. This shows that there is
at most one n* — root if it exists. I also claim that 2/ < y/™ if z < y. If not
then /" > ¢!/ and this would then imply = = (2!/")" > (y'/")" =y which
contradicts z < y.

Existence. Let A:={t e Ry :#" <z}.Ift = ;75 € (0,1),thent" <t <z
sothat t € Aand A # 0. Ift =1+, then t" = (1+2)" > 1+ nx > z and
therefore A is bounded from above. Hence we may define y := sup A. We will
now show that y" = x.

By Theorem there exists t, € A such that ¢, T y as & — oo. By
definition of A, t} < x for all k. Passing to the limit as £ — oo in this inequality
implies y" = limg_, 00 ] < 2.

If y™ < x then (using the Binomial theorem) and properties of limits,

n n k
1 1
<y+) :y”+z<n>ynk<> —y" < xasm — oo.
m = \k m

Hence for sufficiently large m we will have (y + %)n < z. But this shows that
y+ i € A which violates y being an upper bound for A. Therefore we conclude
that y"™ = . ]

e End of Lecture 6, 10/10/2012.

3.1 Extended real numbers

Notation 3.21 The extended real numbers is the set R := RU{+o0}, i.e. it
is R with two new points called oo and —oo. We use the following conventions,

4 The statement holds for n = 1 by assumption and if t" > s", then t"*! > ts" >

s" 1. For the last equality we used t > s implies ts™ > s - s™.
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20 3 Real Numbers

+00-a = +00 if a € R with a > 0, 00 - a = Foo if a € R with a < 0,
+oo+a = d0 for any a € R, 0o+ 00 = 00 and —oo — 0o = —oo while the
following expressions are not defined;

00— 00, — 00+ 00, 0o/oo, 000, and oo - 0.

A sequence a,, € R is said to converge to co (—o0) if for all M € R there exists
m € N such that a, > M (a, < M) for all n > m. In these case we write
lim,, oo a,, = £00 or a, — £00 as n — oo.

For any subset A C R, let sup A and inf A denote the least upper bound and
greatest lower bound of A respectively. The convention being that sup A = oo if
0o € A or A is not bounded from above and inf A = —oo if —co € A or A is not
bounded from below. We will also use the conventions that sup® = —oco and
inf ) = +oo. The next theorem is a fairly simple but often useful result about
computing least upper bounds.

Theorem 3.22 (Sup Sup Theorem). Suppose that A is a subset of R such
that A = Uger Ao where Ay, C A and I is some index set. Then

sup A = su}; sup Ag.
(1S

The convention here is that the supremum of a set which is not bounded from
above is 0o and the sup ) = —oo.

Proof. Let M := supA and M, := sup A, for all « € 1. As A, C A we
have M, < M for all o € I and therefore sup,c; M, < M. Conversely, if
A€ A, then A € M, for some o € I and therefore A < M,. From this it
follows that A < sup,c; M, and as A € A is arbitrary we may conclude that
M =sup A <sup,cr Ma. ]

The next corollary records a typical way the Sup Sup theorem is used.

Corollary 3.23. Suppose that X and Y are sets and S : X XY — R is a
function. Then

sup sup S (z,y) = sup  S(z,y) = supsup S (z,y).
zeX yey (z,y)EX XY yeY zeX

In particular, if Sy, , € R for all m,n € N, then

Sup sup Sy,,n = SUp Spy,n = sSUpsuUp Sy .
m n (m,n) n m

Proof. Let A := {S(z,y) : (z,y) € X xY}, and for z € X let 4, :=
{S(z,y) 1y € Y}. Then A = Uzex A, and therefore,

Page: 20 job: wunanal

sup S (z,y) =supA = supsupA, = sup sup S (x,y).
(z,y)EX XY rzeX rzeX yeY

The same reasoning also shows,
sup S (z,y) = sup sup S (z,y).
(z,y)eX XY yeY zeX

]
The next Lemma records some basic limit theorems involving the extended
real numbers.

Lemma 3.24. Suppose {a,},.; and {b,},- | are convergent sequenceﬂ in R,
then:

1. If a,, < by, for a.a. n then lim, o0 ay < limy, o0 by
2. If c e R, lim,,_, (cay,) = climy, o0 ay.
3. If {an, + by }— | is convergent and

lim (ap +b,) = lim a, + lim b, (3.1)
n—o00 n— o0 n—o0

provided the right side is not of the form oo — co.
4. {anby },2 | is convergent and

lim (apb,) = lim a, - lim b, (3.2)

n—oo n—oo n—oo
provided the right hand side is not of the for £00-0 of 0 (£00).

Before going to the proof consider the simple example where a,, = n and
b, = —an + ¢ with a > 0 and ¢ € R. Ther[f]

o ifa<l
lim (a, +b,) = c ifa=1
—ooifa>1
while
lim a, + lim b,“ ="00 — o0.
n—oo n—oo

This shows that the requirement that the right side of Eq. is not of form
o0 — 00 is necessary in Lemma Similarly by considering the examples
a, =n and b, = n~* with a > 0 shows the necessity for assuming right hand
side of Eq. is not of the form oo - 0.

Proof. The proofs of items 1. and 2. are left to the reader.

5 The only sequences that do not converge in R are those which oscillate too much.

5 This example shows that if you formally arrive at an expression like co — co, then
you should work harder to decide what it really means!

macro: svmonob.cls date/time: 31-0ct-2012/14:46



Proof of Eq. . Let a :=lim,,_,oo a,, and b = lim,,_, o by,.

Case 1. Suppose b = oo in which case we must assume a > —oo. In this
case, for every M > 0, there exists IV such that b, > M and a,, > a — 1 for all
n > N and this implies

ap +b, >M+a—1foralln > N.

Since M is arbitrary it follows that a, + b, — co as n — co. The cases where
b= —o0 or a = £o00 are handled similarly.
Case 2. If a,b € R, then for every € > 0 there exists N € N such that

la —a,| <eand |b—b,| <eforalln>N.
Therefore,
la+b—(an+bn)|=|a—an+b—by| <|a—ay|+1|b—0,| <2

for all n > N. Since n is arbitrary, it follows that lim, . (@, + b,) = a + b.
Proof of Eq. (3.2)). It will be left to the reader to prove the case where lim a,,
and lim b, exist in R. I will only consider the case where a = lim,,_,o, a,, # 0
and lim, . b, = oo here. Let us also suppose that a > 0 (the case a < 0 is
handled similarly) and let o := min (%, 1). Given any M < oo, there exists
N € N such that a,, > a and b, > M for all n > N and for this choice of N,
anby, > Ma for all n > N. Since o > 0 is fixed and M is arbitrary it follows
that lim,, . (anb,) = 0o as desired. [

1

Exercise 3.2. Show lim,,_,, o™ = 0o and lim,,_+ == = 0 whenever o > 1.

Exercise 3.3. Suppose o > 1 and k € N, show there is a constant ¢ = ¢ (a, k) >
0 such that a™ > en* for all n € N. [In words, a™ grows in n faster than any
polynomial in n.]

Lemma 3.25. Suppose that {a,},—;, C R and lim, ,oca, = A € R. Then
every subsequence, {by := ank},;“;l , also converges to A.

Exercise 3.4. Prove Lemma [3.25]

3.2 Limsups and Liminfs

Notation 3.26 Suppose that {z,},- | C R is a sequence of numbers. Then

lim inf x, = lim inf{x; : &k > n} and (3.3)
lim sup x, = lim sup{xy : k > n}. (3.4)
n—00 n—00

We will also write lim for liminf and lim for limsup.
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3.2 Limsups and Liminfs 21

Remark 3.27. Notice that if aj := inf{zy : k > n} and by := sup{zy : k >
n}, then {ax} is an increasing sequence while {b;} is a decreasing sequence.
Therefore the limits in Eq. (3.3)) and Eq. (3.4)) always exist in R (see Theorem

and

lim inf x, =supinf{xy:k >n} and
n—oo n

lim sup z, = infsup{zy : k > n}.
n— 00 n

Owing to the following exercise, one may reduce properties of the liminf to
those of the limsup.

Exercise 3.5. Show liminf, o (—a,) = — limsup,,_, o, an.
Exercise 3.6. Let {a,} -, be the sequence given by,

(—1,2,3,-1,2,3,—1,2,3,...).
Find limsup,,_, ., an and liminf,,_, ay.

Exercise 3.7. If {a,,} —, and {b,}, - | are two sequences such that a,, < b, for
a.a. n, then

lim sup a, < lim sup b, and liminf a, < liminfb,. (3.5)
n—oo n—oo n—oo n—oo

The following proposition contains some basic properties of liminfs and lim-
sups.

Proposition 3.28. Let {a,,}2; and {b,}52, be two sequences of real numbers.
Then

1. liminf, ~ an, <limsup,,_, ., Gn.
2. lim, oo a, exists in R iff

lim inf a, = lim sup a, € R.

n—0o0 n—oo
3.
lim sup (a, + b,) <lim sup a, + lim sup b, (3.6)
n—o0 n— o0 n—oo

whenever the right side of this equation is not of the form oo — co.
4. If ap, >0 and b, > 0 for all n € N, then

lim sup (apb,) <lim sup a, -lim sup by, (3.7)

n—oo n—oo n— oo

provided the right hand side of is not of the form 0 - oo or oo - 0.
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Proof. Items 1. and 2. will be proved here leaving the remaining items as
an exercise to the reader. For item 1. we have

inf{ay : k > n} <sup{ay: k>n} Vn,

and therefore by the Sandwich theorem, liminf,, .. a, < limsup,,_, o an-
2. («<=) Let A :=liminf,,_, a, = limsup,,_,, a, € R. Since
fap <a, < 7
jaf o S on < supa
if A € R then it follows by the sandwich theorem that lim, ., a, = A. If
A = oo, then for all M € N we have M < infy>, ar for a.a. n. Therefore
ar > M for a.a. k and we have shown limy_, . ar, = co. If A = —oco then for all
M € N we have supy~, ax < —M for a.a. n. Therefore ay < —M for a.a. k and
we have shown limy_,o ap = —o0. ~
(=) Conversely, suppose that lim, ,c a, = A € R exists. If A € R, then
for every & > 0 there exists N(¢) € N such that |A — a,| < e for all n > N(e),
ie.
A—e<a, <A+eforalln> N(e).

From this we learn that

A—-e< 1nfak<supak<A+5f0raa n
k>n k>n

and so passing to the limit as n — oo implies

A—¢e<lim mf an <lim sup a, < A+e.

n—00

Since € > 0 is arbitrary, it follows that

A <lim inf a, <lim sup a, < A,
n—00 n—o00
i.e. that A = liminf,, _, a, = limsup,,_, ., an.

If A = oo, then for all M > 0 there exists N = N(M) such that a, > M
for all n > N. This show that liminf,,_, a, > M and since M is arbitrary it
follows that

oo < lim inf a, <lim sup a,.

n—00 n—00
The proof for the case A = —o0o is analogous to the A = oo case. ]
Exercise 3.8. Show that
lim sup(a, + b,) < limsup a,, + limsup b, (3.8)
n—oo n—o00 n—00

provided that the right side of Eq. (3.8]) is well defined, i.e. no co—o00 or —oco+00
type expressions. (It is OK to have co + 0o = 0o or —co — 00 = —00, etc.)
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Exercise 3.9. Suppose that a,, > 0 and b,, > 0 for all n € N. Show

lim sup(a,by,) < limsupa, - limsup b, (3.9)

n— oo n—oo n— oo

provided the right hand side of is not of the form 0 - oo or oo - 0.
e End of Lecture 7, 10/12/2012.

Exercise 3.10. If a,, > 0, then lim,,_, a,, = 0 iff limsup,,_, ., an, = 0.
Proposition 3.29. Suppose that {a,} -, is a sequence of real numbers and let
B:={yeR:a, >y forio n}.

Then sup B = limsup,,_, ., a,, with the convention that sup B = —oco if B = ().

Proof. If {a, },- , is not bounded from above, then B is not bounded from
above and sup B = oo = limsup,,_, . a,. If B = () so that sup B = —oo0, then for
all y € R we must have a,, < y for a.a. n. This then implies limsup,, ,. an <y
for all y € R from which we conclude that limsup,, , a, = —oo. So let us now
assume that B # 0 and {a,},.; is bounded in which case B is bounded from
above. Let us set 8 :=sup B € R and a* := limsup,,_,, an.

If y > B, then a, < y for a.a. n from which it follows that a* :=
limsup,, . @n < y. We may now let y | 8 in order to see that a* < Bm Now
suppose that y < 3, then a,, > y for a.a. n and hence a* = limsup,,_, . an > ¥.
Letting y 1 8 then shows a* > 8. Thus we have shown a* = 5. ]

Theorem 3.30. There is a subsequence {an,}?2, of {an}o>, such that
limy o0 @, = limsup,,_, . a,. Similarly, there is a subsequence {an, }7>, of
{an}22, such that limy_,o0 Gy, = liminf, o a,. Moreover, every convergent
subsequence, {by, 1= ay, }ro, of {an}S, satisfies,

lim inf a, < hm br <lim sup a,.
n— oo *}OO n—oo

Proof. Let me prove the last assertion first. Suppose that by := a,, is some
convergent subsequence of {a, },- ;. We then have,

inf a, <b; < sup a, for all £k € N.

n>ng n>ng
Passing to the limit in this equation then implies,

liminfa = lim inf a, < hm by < lim sup a, = limsupa,.
n— 00 k—oco n>nyg k—o0 k"“’n>nk n—00

" This can be done more formally by choosing a sequence {yx};~, such that yx | «
so that a* < yi. Now let £ — oo to conclude a* < limy_, 00 Yy = .

macro: svmonob.cls date/time: 31-0ct-2012/14:46



We have used, {inf,>n, an}y., and {supn>nk an};.il are subsequence of the
- e 00 N - 0o .
convergent sequences of {inf,>ra,},_; and {suank an} w1 Tespectively and
therefore converge to the same limits respectively, see Lemma [3.25
Now let us prove the first assertions. I will cover the limsup case here as
the liminf case is similar or can be deduced from the lim sup case with the aid

of Exercise 3.5 Let A := limsup,,_, ., a,. We will need to consider three case,
AeR, A=00,and A = —c0.

i) A € R, then by Proposition for all K € N we have A — % < a,
for infinitely many n. In particular we can choose n; < ny < n3z <
inductively so that A — % < ap, for all k. Since

1
A—zﬁank < sup am
m>ny

and the limit as £ — oo of both extremes of this inequality are A, it follow
from the sandwich inequality that limg_,o a,, = A.

ii) If A = limsup,,_,,, a, = 00, then sup,s, ar = oo for all n € N which
implies for all M < oo that a, > M i.0. k. Working similarly to case i) we
can choose n1 < mg < ng < ... so that a,, > k for all k& and therefore
limg_y o0 ap, = 00.

iii) Finally suppose that A = limsupa, = —oo so that for all M € N there
exists N € N such that sup,s,, ar < —M for all n > N, i.e. a, < —M for
all n > N. In this case it follows that in fact lim,_,. a, = —oo and we do
not have to even choose as subsequence.

Corollary 3.31 (Bolzano—Weierstrass Property / Compactness). Every
bounded sequence of real numbers, {a,},—, , has a convergent in R subsequence,
{an, Yoy - If we drop the bounded assumption then we may only assert that there

is a subsequence which is convergent in R.

Proof. Let M < oo such that |a,| < M for all n € N, ie. - M < a, <M
for all n. We may then conclude from Exercise [3.7] that,

—M <limsupa, < M.

n— 00

It now follows from Theorem m that there exists a subsequence, {ank_},;“;l ,
of {a,},2, such that

lim a,, =limsupa, € [-M,M] C R.

k—o0 n—oo
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3.2 Limsups and Liminfs 23

Theorem 3.32 (R is Cauchy complete). If {a,},.; C R is a Cauchy se-
quence, then lim,_, . a, exists in R and in fact,

lim a, = limsupa,, = liminf a,,.
n—00 n—00 n— 00

Proof. We will give two proofs of this important theorem. Each proof uses

the fact that {a, },., C Ris Cauchy implies {a, },- ; is bounded. This is proved

exactly in the same way as the solution to Exercise [1.2

First proof. By Corollary there is a subsequence, {an, } -, such that
limy_yo0 @y, = L € R. As in the proof of Exercise it follows that lim,,_, o an,
exists and is equal to L.

Second proof. Let a := liminf, _, a, and b := limsup,,_, . an. It suffices
to show a = b. As we always know that a < b it will suffice to show b < a.
Given € > 0, there exists N € N such that

|am — apn| < e for all m,n > N.
In particular, for m,n > k > N we have a,, < a,, + € and hence

b < sup an <an,+eforalln>k.
m>k

From this inequality we may further conclude,

b<infa,+e<a+e.
n>k

As € > 0 is arbitrary, we have indeed shown b < a.

e End of Lecture 8, 10/15/2012.

Exercise 3.11. Suppose that {a,} -, is a sequence of real numbers and let
A:={yeR:a, >yforaa n}.

Then sup A = liminf,,_, a,, with the convention that sup A = —oc if A = {.

Exercise 3.12. Suppose that {an}zo:l is a sequence of real numbers. Show
limsup,,_, . an, = a* € Riff for all € > 0,

a, < a* +¢ for a.a. n. and

a* —e<a,io. n.
Similarly, show liminf,,_, a, = a, € R iff for all ¢ > 0,

an < ay + € 1.0.. n. and

a, — ¢ < a, for a.a. n.

Notice that this exercise gives another proof of item 2. of Proposition [3.28| in
the case all limits are real valued.

macro: svmonob.cls date/time: 31-0ct-2012/14:46



24 3 Real Numbers

Exercise 3.13 (Cauchy Complete —> L.U.B. Property). Suppose that
R denotes any ordered field which is Cauchy complete. Show R has the least
upper bound property and therefore is the field of real numbers.

3.3 Partitioning the Real Numbers

Notation 3.33 (Intervals) For a,b € R with a < b we define,

{reR:a<z<b},
{reR:a<z<0b},
={zeR:a<z<b}, and
[a,0) :={x e R:a <z <b}.

We also also a = —oo in the intervals, (a,b) and (a,b] and allows b = 400 in
the intervals (a,b) and |a,b).

Notation 3.34 (Pairwise disjoint unions) If X is a set and A, C X for
a € I, we write X = Zael Ay to mean; X = UgerAa and Ay N Ag for all
a# B.

Exercise 3.14. Suppose that a,b,c,d € R such that a < b < ¢ < d. Show
(a,b) N (c,d) =0 and [a,b) N[c,d) = 0.

Lemma 3.35 (Well Ordering IT). Suppose that S is a non-empty subset of Z
which is bounded from below, then inf (S) € S, i.e. S has a (unique) minimizer.

Proof. As S is boun@ed from below, there exists k € Z such that k£ < s
for all s € S. Therefore S := {s—k+1:s€ S} C N and hence by the Well
ordering principle, min (5’) :=m € Nexists. Thatism <s—k+1foralls €S

and there exists sg € S such that m = sg — k + 1. These last statements are
equivalent to saying,

so=m+k—1<sforall s€S,
which is to say so = min (5). |

Proposition 3.36. Suppose that {S,} - C R such that S, < Spy1 for all

n—=—oo

n € Z, lim, 5 S, = 00 and lim,,_,_,, S, = —oco. Then
Z(Sn—l» Sn] =R= Z[S"’ Sn—i—l)- (310)
nez nez
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Proof. The fact that (S, Spt1] N (Sm,Sm+1] = 0 follows from Exercise
For z € R, let
no:=min({n €Z:x<5S5,})

which exists since {n € Z : x < S, } is non-empty as .S,, — 0o as n — oo and is
bounded from below since S,, -+ —oco as n — —oo. It then follows that 2 < S,
while x ﬁ Sno—1s 1.6. Spo—1 < < Sy, and we have shown = € (Sp,—1, Sn,]
which completes the proof of the first equality in Eq. . The proof of the
second equality is similar and so will be omitted. ]

Proposition 3.37. Suppose that —oco < a < b < 0o and {Sn}gzo C [a,b] such
that a = Sy < S1 < -+ < Sy_1 < Sy =0, then

N
[a,0) =) "[Sn_1,5n).
n=1
This result also holds if N = oo provided we now assume S, < Sp4+1 for all n,
a =Sy, and S, T b as n — oco.

Proof. This proof is very similar to the proof of Proposition [3:36] and so
will be omitted. ]

3.4 The Decimal Representation of a Real Number

Lemma 3.38 (Geometric Series). Let « € R or o € Q, m,n € Z and
S:=3>"" ok Then
{ m—-—n+1lifa=1
S = a™tl_gr

L e AL
Proof. When a =1,

If a # 1, then

Solving for S gives

m L am+1 —am
S = = —if 1. 3.11
| ]
Taking o = 107! in Eq. (3.11)) implies
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1 — 10~ (m=n+D)
9

i -k - 0t —107r 1
= B 10-1 -1 10t

and in particular, for all M > n,

m M
1
: -k _ —k
A D 107 = g 2 2 107
k=n k=n
Definition 3.39 (Decimal Numbers). Let D denote those sequences o €
{0,1,2,..., 9}Z with the following properties:

1. there exists N € N such that a_, =0 for alln > N and
2. an # 0 for somen € Z.

A decimal number is then an expression of the form
Q_NO_NA4] - - Q0. Q203 - . . .
For example
52 + V2 = 53.41421356237309504880168872420969807856967187537694807 . . .

To every decimal number « € D is the sequence a,, = a, () defined for n € N
by

Qp, = Z ax107%.  (a finite sum).

k=—o0
Since for m > n,
m— G| = 107% <9 107k <9 =,
|a a | Z Ak - Z - 9 . 10n 10”
k=n+1 k=n+1

it follows that

|am —0asm,n —

o a”| < 1Qmin(m,n)

which shows {a,} - is a Cauchy sequence. Thus to every decimal number we
may associate the real number

a(a):= nh_)rrgc .

Theorem 3.40. If x > 0 is a real number, there exists a € D such that x =
a(a), i.e. all real numbers can be represented in decimal form.
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3.5 Summary of Key Facts about Real Numbers 25

Proof. If © = 0, we can take a,, = 0 for all n so that 0 = a(a). So
suppose that © > 0 and let p := min({n € N: 2 <n}). Set m = p — 1, then
m < x <m+ 1. We then define o, for k < 0 so that m = a_y ...ag. We now
construct ay, for kK > 1. For k£ = 1 we write

9
l l+1
[m7m+1>—;[m+1—o,m+—

)

and then choose oy =1 if € [m + %, m + 55 ). We then construct as using,

9
aq o +1 aq l ap 1+1
m+35m+ 5 )leo[m+ﬁ+ﬁ’m+ﬁ+ﬁ)

and set az = [ for x € [m + ¢ + ﬁ,m + 95+ %). Continuing this way

inductively we construct {ay},—; such that

k k—1
5 o, ol
velmtd formt 2 10t Tyor )
j=1 j=1
It is now easy to see that x = a («). ]

Remark 3.41. The representation of z > 0 as a decimal number may not be
unique. For example,

— 9 9 1
0.999 = — = — . —— =1.000.
k=1 10

[Or note that

n-times n—1 times
—~ —~ _
1-0.9---9=0.0---01=10"" — 0 as n — o0/

On the other hand if we agree to not allow a tail of repeated 9’s as an element
of D, then the representation would be unique.

3.5 Summary of Key Facts about Real Numbers

1. The real numbers, R, is the unique (up to order preserving field isomor-
phism) ordered field with the least upper bound property or equivalently
which is Cauchy complete.

2. Informally the real numbers are the rational numbers with the (irrational)
hole filled in.

macro: svmonob.cls date/time: 31-0ct-2012/14:46



26 3 Real Numbers

Monotone bounded sequence always converge in R.
A sequence converges in R iff it is Cauchy.
Cauchy sequences are bounded.
N is unbounded from above in R.
For all € > 0 in R there exists n € N such that % <e.
Q and R \ Q is dense in R. In particular, between any two real numbers
a < b, there are infinitely many rational and irrational numbers.
9. Decimal numbers map (almost 1-1) into the real numbers by taking the
limit of the truncated decimal number.
10. If a,b,e € R, then
a) a < b by showing that a < b+ ¢ for all € > 0.
b) a = b by proving a < b and b < a or
¢) a =b by showing |b — a|] < ¢ for all € > 0.

PN O w

11. A number of standard limit theorems hold, see Theorem [3.13]

12. Unlike limits, limsup and liminf always exist. Moreover we have;
liminf,, o a, < limsup,_,., a, with equality iff lim,_ . a, exists in
which case

liminf a,, = lim a, = limsup a,.
n—oo n—oo n—oo
We may allow the values of £00 in these statements.
13. If by, := {an, };—, is a convergent subsequence of {a,}, then

liminf a, < lim b < limsup a,
n—00 k—o0 n—o00

and we may choose {by} so that limy ,oob; = limsup,,_,. a, or
limy_ oo b = liminf,, .o ay,.

14. Bounded sequences of real numbers always have convergence subsequences.

15. If S € R and A := sup(S), then there exists {a,}, ., C S such that
ap, < apyq for all n and lim, o a, = sup (5).

16. If S C R and A := inf(S), then there exists {a,},-, C S such that
apt1 < ay, for all n and lim,,_, a, = inf ().

3.6 (Optional) Proofs of Theorem and Theorem (3.3

In this section, we assume that R is as describe in Theorem The next
exercise is relatively straight forward.

Exercise 3.15. Prove the following properties of R.

1. Show addition and multiplication in Theorem are well defined.
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2. Show (R, +,-) satisfies the axioms of a field. Hint: for constructing mul-
tiplicative inverses, make use of Proposition below to conclude if
a = [{a,};2,] € Rand a # 0 = i(0), then there exists N € N such
that |a,| > % for a.a. n. By redefining the first few terms of a,, if necessary,
you may assume that |a,| > + for all n and then take

at= [{a;l}:;l} .

3. Show i : Q — R is injective homomorphism of fields.

To finish the proof of Theorem we must show that P is an ordering on R
with the least upper bound property. This will be carried out in the remainder
of this section.

Proposition 3.42. Suppose that o := [{a,},- ] and B := [{by},—,] are real
numbers. Then precisely one of the following three cases can happen;

1. limy, 00 (ay, — by) =0, de. =0,

2. there exists € = % > 0 such that a,, > by, +¢€ for a.a. n in which case a > f3,
or

3. there exists € = % > 0 such that by, > a,+¢ for a.a. n in which case B > a.

Proof. If case 1. does not hold then there exists § > 0 such that |a,, — b,| > 6
for infinitely many n. There are now two possibilities (which will turn out to
me mutually exclusive;

i) an — by > 0 1.0. n,

ii) b, —a, >4 i.0. n.

Since {a,} and {b,} are Cauchy sequences, there exists N € N such that

|an, — am| > d/3 and |b,, — by,| > 6/3 for all m,n > N.

If case i) holds, we may choose an m > N such that a,, — b, > § and so for
n > N we find,
6§am_bm:am_an+an_bn+bn_bm
S |am_an‘+an_bn+|bn_bm|

from which it follows that a,, — b, > ¢ :=0/3 for all n > N and we are in case
2. Similarly if case ii) holds then we are in fact in case 3. of the proposition. m

Corollary 3.43. Suppose that o := [{an},—,] and B := [{bn},_,] are real
numbers, then a > B iff for all N € N,

1
ap — by, > N for a.a. n. (3.12)
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Alternatively put, o > B iff for all N € N,
1
bn < a, + N for a.a. n.

Proof. If « = 3, then lim,,_,  (a,, — b,,) = 0 and therefore Eq. holds.
If & > f3, then in fact a, — b, > &> 0> —1/N for a.a. n.

Conversely, if o < 3, then there exists € > 0 such that b, > a,, + ¢ for a.a.
n. Thus if Eq. were to also hold we could conclude for each N € N that

>b _7> —*1 I
n —_— n - n s .
a N a, + € Nfo a.a. n

This leads to a contradiction as soon as we choose N so large as to make
1/N < e. Thus if Eq. (3.12)) holds we must have o > S. ]

Proposition 3.44. Suppose that A € R, {a,},—, be a Cauchy sequence in Q,
and a == [{an}or,]. If X <'i(ay) for all k then X\ < a. Similarly if i (ag) < X
for all k then a < A.

Proof. Let A = [{\,},—,] and suppose that A < i (a,) for all n. For sake of
contradiction, suppose that A > «, i.e. there exists an NV € N such that \,, >
G + % for a.a. n. The assumption that A < i(ay) implies that A\, < ag + ﬁ
for a.a. n. Because {ay} is Cauchy, we may conclude there exists M € N such
that

1
< JE— > .
)\n_akJrQN for all n, k > M

By making M even larger if necessary, we may assume that A\, > a, + ~ for

N
all n > M as well. From these two inequalities with £ =n > M we learn

1 1 S 1
ON ~ IN-N
and we have reached the desired contradiction. The fact that ¢ (a;) < A for all k
implies @ < A is proved similarly. Alternatively if ¢ (ar) < A then —\ < i (—ay)
which implies -\ < —a, i.e. a < A ]
With these results in hand, let us now show that R as defined in Theorem
has the least upper bound property.
Proof of the least upper bound property. So suppose that A C R is a
non empty set which is bounded from above. For each m € N, let k,, € Z be
the smallest integer such that i (a,,) :=1 (k) is an upper bound for A. Since,

27Yl
for all m > m, am — 27" < a, < G, we may conclude that

+ o <ant
Cl’?’L — n = n
N “

g — G| < 2700 50 a1, m — co.

This shows {a,} -, is Cauchy and hence we defined an element a :=
[{an},2,] € R. We now will show a = sup A.
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3.6 (Optional) Proofs of Theorem and Theorem 27

If A € A, then A < i(ay) for all n and so by Proposition we conclude
that A < «, i.e. a is an upper bound for A. Now suppose that 3 is another
upper bound for A. As i(a, —27™) is not an upper bound for A there exists
A € A such that

i(an—2*”) <A< .

So by another application of Proposition we learn that

a=[{a},2,] = [{an - 2771};0:1] < B
This shows that « is in fact the least upper bound for A. [

Theorem 3.45 (Real numbers are unique). Suppose that F and G are two

complete ordered fields. Then there is a unique order preserving isomorphism,
p:F—G.

(Sketch). Suppose that ¢ : F — G is an order preserving homomorphism.
The usual arguments show that any homomorphism, ¢ : F — G must satisfy
¢ (qlp) = qlg. We know that {¢-1p:q¢€ Q} and {¢-1g:q € Q} are dense
copies of Q inside of F and G respectively. Now for general a € F choose
Gn,Pn € Q that ¢,1r T a and p, 1y | a. Since ¢ is order preserving we must have
anle = ¢ (qnlr) is increasing and p,lg = ¢ (p,lr) is decreasing. Moreover,
since p, — g, — 0 we must have lim,,_,~ ¢ (¢, 1r) = lim, o ¢ (pr1r) . Since
@ (gnlp) < ¢ (a) < ¢ (pyly) for all n it then follows that ¢ (a) = limy,— 0 gnlc =
lim, o0 pnlg and we have shown ¢ is uniquely determined.

For the converse, if ¢, € Q we know that

|Qn]-IF - Qm]-]F| = |Qn - Qm| 1p and
|QH1G - Qm1G| = |Qn - Qm| 1g.

Thus if {gn1r},., is convergent in F iff {g,1¢},., is convergent in G. Thus
for any a € F we choose ¢, € Q such that ¢,1r — a and then define ¢ (a) :=
lim,, o0 gnlg. One now checks that this formula is well defined (independent
of the choice of {g,} C Q such that ¢,1r — a) and defines an order preserving
isomorphism. For example, if a < b we may choose {¢,} C Q and {p,} C Q
such that ¢, 1r T a and p,1r | b. Then ¢,1g < pplg for all n and letting n — oo

shows,
o(a) = lim gale < lim pale = o ().
n—oo n—oo
The other properties of ¢ are proved similarly. [
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4

Complex Numbers

Definition 4.1 (Complex Numbers). Let C = R? equipped with multiplica-
tion rule
(a,b)(c,d) = (ac — bd, be + ad) (4.1)

and the usual rule for vector addition. As is standard we will write 0 = (0,0),

= (1,0) and i = (0,1) so that every element z of C may be written as z =
x1 + yi which in the future will be written simply as z = x +iy. If z = x + 1y,
let Rez=x and Imz = y.

Writing z = a + ib and w = ¢ + id, the multiplication rule in Eq. (4.1)
becomes
(a +ib)(c +id) = (ac — bd) + i(bc + ad) (4.2)

and in particular 12 = 1 and 2 = —1.

Proposition 4.2. The complex numbers C with the above multiplication rule
satisfies the usual definitions of a field — see Definition[2.1]. For example 2122 =
2921, and z (w1 + ws) = zwy + zws, etc. Moreover if z = a+ib # 0, then z has
a multiplicative inverse given by

1 a b

C T aErE layw (4.3)

Moreover C contains R as sub-field under the identification
R>a—al+0i=(a0)eC.

Proof. Suppose z = a+1ib # 0, we wish to find w = ¢+ id such that zw =1
and this happens by Eq. (4.2) iff

ac —bd =1 and (4.4)
bc+ ad = 0. (4.5)

Solving these equations as follows

a@d) + b (@D = (a2+b2)c:a:>Rew:c:7aQib2
b
2 2

gives implies the result in Eq. (4.3).

Probably the most painful thing to check directly is the associative law,
namely that [z122] 23 = 21 [2223] for all z1, 29,23 € C. This is equivalent to
showing for all a, b, u,v,z,y € R that

[(a+1b) (u+ )] (z +iy) = (a + ib) [(u + iv) (x + iy)] .

We do this by working out both sides as follows;

LHS = [(au — bv) + i (av + bu)] (z + iy)
= (au —bv)x — (av + bu) y + i [(av + bu) x + (au — bv) y| ;
= (a +b) [(ux — vy) + i (uy + vz))

a(ux —vy) — b(uy +vzx) + i [b(ux — vy) + a (uy + va)].

The reader should now easily see that both of these expressions are in fact
equal. The remaining axioms of a field are checked similarly. ]

e End of Lecture 9, 10/17/2012.
e Test 1 took place of lecture 10, 10/22/2012.

Notation 4.3 We will write 1/z for 2= and w/z to mean z=! - w.

Notation 4.4 (Conjugation and Modulous) If z = a +ib with a,b € R let
Z=a—1b and ,

|2|° = 22 = a® + b2

Notice that

1 1
Rez =g (z+2) and Iz = - (2 —2). (4.6)

7

Proposition 4.5. Complex conjugation and the modulus operators satisfy;

1.z =z,

2. 7w =2Zzw and Z+ W =z + w.

3. |2 = ||

4. |2w| = |z| |lw| and in particular |z"| = |2|" for all n € N.
5. |Rez| < |z|] and [Imz| < ||



30 4 Complex Numbers
6. |z+w| <|z| + |w].
7.2=0iff |z] = 0.

8. If z # 0 then

(also written as %) is the inverse of z.
9. |27 = 12| ™" and more generally |2"| = |2|" for all n € Z.

Proof. 1. and 3. are geometrically obvious as well as easily verified.
2. Say z = a+1b and w = ¢+ id, then zZw is the same as zw with b replaced
by —b and d replaced by —d, and looking at Eq. (4.2)) we see that

zw = (ac — bd) — i(bec + ad) = zw.

4. |zw)® = 2wzw = zzww = |z|>|w|?® as real numbers and hence |zw| =
2] Jw] .
5. Geometrically obvious or also follows from

2] = \/|Re z|* 4 |Im 2.

6. This is the triangle inequality which may be understood geometrically or
by the computation

4w’ = (z+w) @ZFw) =2 + v’ +wz + w2
= 2 + |w|’ + wz + wz
= [2]* + Jw|* + 2Re (w2) < |2 + [w]” + 22| [w]
= (|| + [w])*.
7. Obvious.
8. Follows from Eq. . Alternatively if p = p + 40 > 0 is a real number

then p~! = p~1 440 as is easily verified since R is a sub-field of C. Thus since
Zz = |2|* we find

_ 2 1 1 Rez Imz
——zz=—'=1 = 7l = —Sz=—5 —i—5.
El 2] E ] ||
N I D I T
Corollary 4.6. If w,z € C, then
|z = Jwl| < [z —w|.
Proof. Just copy the proof of Lemma [T.6] [
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Lemma 4.7. For complex numbers u,v,w, z € C with v # 0 # z, we have

11 1 . 1
—— = — e u vl = (w)
uv

W uw

—— =— and

vz o vz

vz vz
[These statements hold in any field.]

Proof. For the first item, it suffices to check that
(w) (u o) =uluvT =1-1=1.

The rest follow using

uw 1 1 1 uw
—— =w wz = wwv T T = ww (v2) T = —
vz vz
oW zZu VW Zu VW
vz zv vz 2V Uz

(2) ™" (zu + vw) = w

vz
u

Definition 4.8. A sequence {z,},-, C C is Cauchy if |z, — zm| — 0 as
m,n — oo and is convergent to z € C if |z — z,| — 0 as n — co. As usual if
{zn}zoz1 converges to z we will write z, — z asn — 00 or z = limy, o0 2n.

Theorem 4.9. The complex numbers are complete, i.e. all Cauchy sequences
are convergent.

Proof. This follows from the completeness of real numbers and the easily
proved observations that if z,, = a,, + ib,, € C, then

1. {z,},—, C Cis Cauchy iff {a, },-, C R and {b,},., C R are Cauchy and

n=1 n=1

2. z, v z=a+1tbasn— xiff a, — a and b, — b as n — oo.

]
The complex numbers satisfy all the same limit theorems as the real num-
bers.

Theorem 4.10. If {wy,}~, and {z,},, are convergent sequences of complex
numbers, then

1. {wy,}o2, and {z,},-, are Cauchy sequences.

macro: svmonob.cls date/time: 31-0ct-2012/14:46



2. limy, 00 (Wy, + 20) = limy, 00 Wy, + limy, o0 2
3. 1My, o0 (Wy + 25) = liMy 00 Wy, - 1My 00 2.
4. if we further assume that lim,,_, o z, # 0, then

. Wn, limy, 00 Wy,
hm — = ¥

e End of Lecture 11, 10/24/2012.

Lemma 4.11 (Bolzano—Weierstrass property). Every bounded sequence,
{zn}r21 C C, has a convergent subsequence.

Proof. By assumption there exists M < such that |z,| < M for all n € N.
Writing z, = ay, + @b, with a,,b, € R we may conclude that |a,|,|b,| < M.
According to Corollary [3.31] there exists an increasing function N 3 k — ny € N
such that limy_, ap, =: A exists. Similarly, we can apply Corollary [3.31] again
to find an an increasing function N 3 [ — k; € N such that lim;_, bnkl =B
exists. We now let w; := z,, for [ € N. Then {w;};2, is a subsequence of
{zn},~, which is convergent to A+ iB € C. Indeed,

\wl — (A+’L'B)| =

ang, = A+ (b, = B))|

<

ankl—A‘—f— bnkl—B‘—>Oasl—>oo.
[

Notation 4.12 (Euclidean Spaces) Let C" := {a:= (a1,...,ay) : a; € C}
and R" = {a:=(a1,...,a,):a, € R} C C". For a,b € C" we let a =
(@1, ..., 4n),

a-b:= albl ++anbn :Zaibia and
=1

lall = llally = Va-a= | > la;l*. (4.7)

=1

Exercise 4.1. If a,b € C" and A € C, then a-b=0b"a,

(Aa)-b=a-(Ab) = A(a-b) and [Aa| = [Al[lal = [Allall-

If we further assume that ¢ € C", then (a+b)-c=a-c+b-c
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Here is a way to understand some of the basic properties of C using your
knowledge of linear algebra. Let M, : C — C denote multiplication by z = a+1b.
We now identify C with R? by

C>c+id= (2) € R2.

Using this identification, the product formula

zw = (ac — bd) 4+ i (be + ad) ,

becomes . )
= (3 ar) = (50) (0)
so that
M, = (“b> = al +bJ
b a
where

0-1
(0
We now have the following simple observations;
1. J2=—T and J¥" = —J,

M, M, = M, M, because J and I commute,
3. we have

N

M, M, = (al +bJ) (cI +dJ) = (ac—0bd) I+ (ad + bc) J = M.,

4. the associativity of complex multiplication follows from the associativity
properties of matrix multiplication,

5. M =al —bJ = M; and in particular
6. Mz = (M, M,)" = MEM = MypM; = My,
7. M;er = Mgz = M|Z|2 = det (MZ),
8. |wz| = det (M) = det (M, M) = det (M,,) det (M) = |w||z],
9. M, is invertible iff det (M,) # 0 which happens iff |2 # 0 and in this case
we know from basic linear algebra that
1 a b 1
M_l = —— = 7Mtr = M 5
z a2+b2 (b CL) |Z‘2 z ﬁzﬂ
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10. With this notation we have M, M, = M,,, and since I and J commute it
follows that zw = wz. Moreover, since matrix multiplication is associative
so is complex multiplication. Also notice that M, is invertible iff det M, =
a2 + b2 = |z|* # 0 in which case

1 a b
Vi) M
Z _|Z|2<—ba> = z/1z?

as we have already seen above.



5

Set Operations, Functions, and Countability

Let N denote the positive integers, Ny := NU {0} be the non-negative inte-
gers and Z = Ny U (—N) — the positive and negative integers including 0, Q the
rational numbers, R the real numbers, and C the complex numbers. We will
also use F to stand for either of the fields R or C.

5.1 Set Operations and Functions

Notation 5.1 Given two sets X and Y, let YX denote the collection of all
functions f : X — Y. If X = N, we will say that f € YN is a sequence
with values in 'Y and often write f, for f(n) and express f as {fn} ey If
X ={1,2,..., N}, we will write Y~ in place of Y112N} and denote f € YN
by [ = (f1, fr- . ) where o, = f(n).

Notation 5.2 More generally if { X, : « € A} is a collection of non-empty sets,

let X4 = [] Xoa and 74 : X4 — X, be the canonical projection map defined
acA
by mo(x) = xo. If If Xo = X for some fized space X, then we will write [] Xa
acA
as X4 rather than X 4.

Recall that an element = € X4 is a “choice function,” i.e. an assignment
Zo = z(a) € X, for each a € A. The axiom of choice states that X4 # 0
provided that X, # ) for each o € A.

Notation 5.3 Given a set X, let 2% denote the power set of X — the collection
of all subsets of X including the empty set.

The reason for writing the power set of X as 2% is that if we think of 2
meaning {0, 1}, then an element of a € 2% = {0, 1}X is completely determined
by the set

A={re X :a(x)=1} C X.

In this way elements in {0, 1}X are in one to one correspondence with subsets
of X.
For A € 2% let
A =X\A={zeX:x ¢ A}

and more generally if A, B C X let

B\A:={zeB:x¢ A} = An B°.
We also define the symmetric difference of A and B by
AAB:=(B\A)U(A\B).

As usual if {A4},,; is an indexed collection of subsets of X we define the union
and the intersection of this collection by

Uaerdogi={z e X:3ael 5 x€ A,} and
NaciAa ={z€eX:z € A Vael}.

Ezxample 5.4. Let A, B, and C be subsets of X. Then
AN(BuC)=[AnBJU[ANC].

Indeed, x € AN(BUC) <= z€ Aandz € BUC <= z€ Aandx € Bor
re€AandzeC <= z€ ANBorz e ANC < z€[ANBJU[ANC(].

Notation 5.5 We will also write HaEI A, for UgerAs in the case that
{Aa} e are pairwise disjoint, i.e. Aq N Ag =0 if o # .

Notice that U is closely related to 3 and N is closely related to V. For example
let {A,},2 | be a sequence of subsets from X and define

{Apio0} ={reX #{n: 2 € A,} =0} and
{4, a.a.} :={zx € X : x € A, for all n sufficiently large}.

(One should read {A,, i.0.} as A, infinitely often and {4, a.a.} as A, almost
always.) Then x € {4,, i.0.} iff

VNeNdn>N>ze€A,
and this may be expressed as
{An 10} = ﬁj'\‘,’zl UnzN An

Similarly, z € {4,, a.a.} iff
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dNeN>VYn>N, x€ A,

which may be written as
{4, a.a.} =UF_; Nu>n Ay

We end this section with some notation which will be used frequently in the
sequel.

Definition 5.6. If f : X — Y is a function and B CY, then
JUB) = {v e X: f(z) € B}
If A C X we also write,
F(A) = {f @) e A} Y.

Ezample 5.7.1f f : X — Y is a function and B C Y, then f~! (B¢) =
or to be more precise,

(/1 (B)]

FAYAB) =X\ [ (B).

To prove this notice that

z€fTN(BY) &= f(x)€B° <= f(v)¢B <= z¢ [ (B) <= z€[f 1 (B)].

On the other hand, if A C X it is not necessarily true that f (A°) = [f(
For example, suppose that f : {1,2} — {1,2} is the defined by f (1) = f (2
and A = {1}. Then f (A) = f (A°) = {1} where [f (4)]° = {1}° = {2}.

A)°.
)=1

Notation 5.8 If f : X — Y is a function and £ C 2V let
JIE = FNE) = {f U B)E € £},

If G C 2%, let
fG:={Ae2|f71(4) eg}.

Definition 5.9. Let £ C 2X be a collection of sets, A C X, is: A — X be the
inclusion map (ia(x) = x for allx € A) and

Ea=i" () ={ANE:Ec&}.
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5.1.1 Exercises

Let f: X — Y be a function and {4;};cr be an indexed family of subsets of Y,
verify the following assertions.

Exercise 5.1. (NjerA;)¢ = User AS.

Exercise 5.2. Suppose that B C Y, show that B\ (U;er4;) = Nier(B\ A;).
Exercise 5.3. f~1(UjerA;) = Uier fH(A)).

Exercise 5.4. f 1 (NierA;) = Nierf 1 (4).

Exercise 5.5. Find a counterexample which shows that f(C N D) = f(C) N
f(D) need not hold.

5.2 Counting

In this section, X and Y will denote sets and for n € N we let
Jn={1,2,...,n} ={keN:k<n}.

Definition 5.10 (Cardinality). We say card (X) < card (Y') if there exists an
injective map, f: X =Y and card (Y) > card (X) if there exists a surjective
map g:Y — X. We say card (X) = card (Y) (also denoted as X ~Y') if there
exists a bijections, f: X =Y.

Proposition 5.11. If X and Y are sets, then card (X)
card (V) > card (X).

< card(Y) iff

Proof. If f: X — Y is an injective map, define g : Y — X by g|¢(x) = !
and gly\ f(x) = ¥o € X chosen arbitrarily. Then g : Y — X is surjective.

If g: Y — X is a surjective map, then Y, := g7 ' ({z}) # 0 for all z € X
and so by the axiom of choice there exists f € [], .y Yz. Thus f: X — Y such
that f(x) € Y, for all 2. As the {Y,}, .y are pariwise disjoint, it follows that
f is injective. ]

Theorem 5.12 (Schréder-Bernstein Theorem). If card (X) < card (Y)
and card (Y) < card (X), then card (X) = card (Y). Stated more explicitly;
if there exists injective maps f : X — Y and g : Y — X, then there ezists a
bijective map, h: X — Y.

Proof. See the Appendix, Theorem |
The next theorem summarizes the properties of cardinalities that we will
need for this course.
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Theorem 5.13 (Cardinality /Counting Summary). Given a non-empty set
X, then one and only one of the following statements holds;

. There exists a unique n € N such that card X = card J,.
.card X = cardN,
. card X > card N.
. Cases 2. or 8. hold iff card J,, < card X for all n € N which happens iff
cardN < card X.
If X satisfies case 1. we say X is a finite set. If X satisfies case 2 we say
X is a countably infinite set and if X satisfies case 3. we say X is an
uncountably infinite set.
. If S C N is an unbounded set, then card (S) = card (N).
. If S C N is a bounded set then card (S) = card (J,,) for some n € N.
7. If { Xy }re are sets such that card (Xj) < card (N), then card (U2, Xj) <
card (N).
8. If X andY are sets such that card (X) < card (N) and card (Y') < card (N),
then card (X x Y) < card (N).
9. card (Q) = card (N).
10. For any a < b in R, card (QN (a,b)) = card (N) while card (Q°N (a,b)) >
card (N).

B WO~

D O

Proof. These results will be proved in the remainder of this section. [ |

Lemma 5.14. Suppose n € N and k € Jpy1, then card (Jo41 \ {k}) =
card (Jy,) .

Proof. If n = 1, then Jo = {1,2} and either Jo\ {k} = J; or Jo\ {k} = {2},
either way card (J2 \ {k}) = card(J1). Now suppose that result holds for a
given n € N and k € Juqo. If & = {n+2} we have J, 2 \ {k} = Juhy1 so
card (J42 \ {k}) = card (J,,41) while if k € Jp11 C Jpto, then Jppo \ {k} =
(Jnprt \{EHhU{n+2} =2, u{n+2} =2 J, U{n+1} = Jpi1.

Alternatively. Let f: J,_1 — J, \ {k} be defined by

z ifrx<k
/(@)= {x—i—lifa:Zk'
Then f is the desired bijection. [

Proposition 5.15. If card (J,) = card (J,,), then m = n. More generally,
card J,,, < card J,, iff m < n with equality iff m = n.

Proof. We prove this by induction on m. When m = 1, card(J,) =
card (J;), then there exists ¢ : J; — J,, which is a bijection. We must have
p(l)=1as1e€Ran(p).If n> 1, then 2 € J,, but 2 ¢ Ran (p) and hence ¢ is
not bijective. Therefore n = 1. Now suppose the statement holds for m € N. If
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card (Jpm41) = card (J,, ), there exists ¢ : J,,, 41 — J, which is a bijections. Let
k=p(m+1)eJ,, then J,\{k} = J—1 and ¢|s, : I — Jo \ {k} = Jp_1 is
a bijection and therefore by induction m =n —1, i.e. . n=m+ 1. ]

Proposition 5.16. We have card (J,,) < card (J,,) for all m < n. Moreover if
0# X G Jp then card (X) = card (Jy) for some k < n.

Proof. Suppose that § # X & J,. Let X; := X, and f(1) := min X.
Then define f and Xj; C X inductively so that X = Xp—1 \ {f(k—1)}
and f (k) = min Xy. This process can not continue indefinitely for other-
wise we would produce in injective map, f : N —X which would imply
card J, > card X > cardN whereas card J,, < cardN. So we must conclude
there exists k € N such that Xy; = () in which case f : Jy — X is a bijection.

By assumption there exists m € J, \ X so that X C J, \ {m} = J,_1 and
hence card (J) = card (X) < card (J,, — 1) from which it follows that k < n—1,
ie. k <n. ]

Ezample 5.17. More generally if X C Y and card (X) = m < n = card (Y),
then card(Y\ X) = n — m and if X and Y are finite disjoint sets then
card (X UY) = card (X) + card (Y). Similarly, card (X xY) = card (X) -
card (V).

Proposition 5.18. If f : J, — J, is a map, then the following are equivalent,

1. f is injective,
2. f is surjective,
3. f is bijective.

Proof. If n = 1, the only map f : J; — Jy is f(1) = 1. So in this case
there is nothing to prove. So now suppose the proposition holds for level n and
[ Jns1 — Jpt1 is a given map.

If f: Juy1 — Jny1 is an injective map and f (J,41) is a proper subset of
JInt1, then card (J,41) < card (f (Jn+1)) = card (Jp4+1) which is absurd. Thus
f is injective implies f is surjective.

Conversely suppose that f : J,+1 — Jp41 is surjective. Let g : Jp41 — Jpt1
be a right inverse, i.e. f o g = id, which is necessarily injective, see the proof
of Proposition [5.11] By the pervious paragraph we know that g is necessarily
surjective and therefore f = ¢! is a bijection. [

Definition 5.19. A set X is said to be countable if is empty or there is an
injective function f: X — N, otherwise X is said to be uncountable.

Lemma 5.20 (Basic Properties of Countable Sets).

1. If A C X is a subset of a countable set X then A is countable.
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. Any infinite subset A C N is in one to one correspondence with N.

. A non-empty set X is countable iff there exists a surjective map, g : N — X.

Af X and Y are countable then X X Y is countable.

. Suppose for each m € N that A,, is a countable subset of a set X, then
A =UX_ Ay, is countable. In short, the countable union of countable sets
1s still countable.

6. If X is an infinite set and Y is a set with at least two elements, then Y X

is uncountable. In particular 2% is uncountable for any infinite set X.

Gr ™. Lo

Proof. We take each item in turn.

1. If f: X — N is an injective map then so is the restriction, f|4, of f to the
subset A.
2. Let f (1) = min A and define f inductively by

fn+1) =min (A\{f(1),..., f(n)}).

Since A is infinite the process continues indefinitely. The function f : N — A
defined this way is a bijection. (This is explained in more detail on Lemma

below.)

3. If g : N — X is a surjective map, let
f(z) =ming™ ({z}) =min{n € N: f(n) = z}.

Then f : X — Nisinjective which combined with item 2. (taking A = f(X))
shows X is countable. Conversely if f : X — N is injective let o € X be
a fixed point and define g : N — X by g(n) = f~1(n) for n € f(X) and
g(n) = xg otherwise.

4. Let us first construct a bijection, h, from N to N x N. To do this put the
elements of N x N into an array of the form

1) (1,2) (1,3) ...
1) (2,2) (2,3) ...
(3,1) (3,2) (3,3) ...

and then “count” these elements by counting the sets {(i,7):i+j =k}
one at a time. For example let h (1) = (1,1), h(2) = (2,1), h(3) = (1,2),
h(4) = (3,1), h(5) = (2,2), h(6) = (1,3) and so on. If f : N =X and
g : N =Y are surjective functions, then the function (f x g)oh: N =X xY
is surjective where (f X g) (m,n) := (f (m), g(n)) for all (m,n) € N x N.
5. If A= () then A is countable by definition so we may assume A # (). With
out loss of generality we may assume A; # 0 and by replacing A, by A;
if necessary we may also assume A,, # 0 for all m. For each m € N let
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am : N —A,, be a surjective function and then define f : Nx N — US°_; A,,
by f(m,n) := amn(n). The function f is surjective and hence so is the
composition, foh : N — U¥_; A,,, where h : N - N x N is the bijection
defined above.

6. Let us begin by showing 2% = {0, 1}N is uncountable. For sake of con-
tradiction suppose f : N — {O,l}N is a surjection and write f(n) as
(fi(n), f2(n), fs(n),...). Now define a € {0,1}" by a, := 1 — fu(n).
By construction f, (n) # a, for all n and so a ¢ f(N). This contradicts
the assumption that f is surjective and shows 2V is uncountable. For the
general case, since Y;¥ C YX for any subset Yy C Y, if Y;¥ is uncountable
then so is YX. In this way we may assume Yj is a two point set which may
as well be Yy = {0,1} . Moreover, since X is an infinite set we may find an
injective map z : N — X and use this to set up an injection, i : 2 — 2X by
setting i (A) := {x, :n € N} C X for all A C N. If 2% were countable we
could find a surjective map f : 2%X — N in which case f oi:2¥ — N would
be surjective as well. However this is impossible since we have already seen
that 2V is uncountable.

e End of Lecture 14, 10/31/2012.

Corollary 5.21. The set (0,1) := {a € R:0< a < 1} is uncountable while
Qn(0,1) is countable.

Proof. From Section the set {0,1,2...78}N can be mapped injec-
tively into (0,1) and therefore it follows from Lemma that (0,1) is

uncountable. For each m € N, let A,, := {% :n € N withn < m}. Since
QN(0,1) =U_ 1A, and # (A,,) < oo for all m, another application of Lemma
shows QN (0, 1) is countable. ]

Theorem 5.22. Suppose that X is a set. Then card (J,) < card (X) for all
n € N iff card (N) < card (X).

Proof. Since card(J,) < card(N) for all n € N it suffices to prove
card (J,) < card (X) for all n € N implies card (N) < card (X). The intuitive
idea is as follows.

Suppose we have constructed f, : J, — X which is injective. If f,, were
bijective we would have card (J,) = card (X) and in particular card (J,,) >
card (J,,) = card (X) for all m > n. Thus there exists z € X \ f,, (J) and we
then define f,,41 : Jpt1 — X so that f,11 (n+1) =z and f,11]s, = fn. This
process continues indefinitely and so we may construct injective maps f,, : J, —
X such that f,, = fn|s,, for all m < n. We then define f (m) := f, (m) where

m

n € N is any integer such that n > m. In this way we construct a function,
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f : N = X such that f|;, = f, for all n. This function is easily seen to be
injective.

Formalities Version 1. Consider the collection of injective maps f :
D(f) ¢ N — X, where D(f) is either J, for some n € N or is N. We say
F<gif D(f) CD(g) and f = g|p(s). It is easy to see that every linearly or-
dered collection of such maps has an upper bound and so by Zorn’s lemma (see
Theorem [B.6)), there exists a maximal element, f. If D (f) # N then D (f) = J,
for some n. By the last paragraph we could extend f to injective map on J, 11
violating the maximality of f. Thus D (f) = N and we have found an injective
map from N to X.

Formalities Version 2. (This argument will avoid the use of Zorn’s
Lemma.) By assumption, for each n € N there exists an injective map,
fn o Jn = X. We now let Y := Upenfn (Jn) € X. We may construct a sur-
jective map (but not necessarily injective map) F : N —Y. From this map
we then define ¢ : Y — N by ¢ (y) := min F~! ({y}) so that ¢ : ¥ — N
is now injective. Suppose for the sake of contradiction that ¥ (Y) C Jy for
some N € N, i.e. ¢ (Y) is a bounded set. Then using our above arguments,
we we know that card (¢ (Y)) = card (J) for some k& < N. On the other
hand, f, : J, — Y being injective implies card (¢ (Y)) > card (J,) for all
n € N. As both of these statements can not be correct at the same time
we conclude that ¢ (Y) is unbounded. We may now apply Lemma in or-
der to see that card (Y) = card (¢ (Y)) = card (N). From this it follows that
card (N) < card (X). |

Lemma 5.23. If S C N is an unbounded set, then card (S) = card (N).
Proof. Idea: Define f: N — S via, let

Sp:= S and f (1) := min Sy,
Sy :=51\{f (1)} and f(2) := min S,,
S3:= 5\ {f(2)} and f(3) := min S3

In more detail, let T denote those n € N such that there exists f : J, — S
and {S, C S};_, satisfying, S; = S, f (k) = min Sy and Sk41 = Sk \ {f (k)}
for 1 <k <n.If n €T, we may define S, 41 := S, \{f(n)} and f(n+1) :=
min S,,41 in order to show n+1 € T. Thus T'= N and we have constructed an
injective map, f : N — S. Moreover NgenSk C N\ J,, for all n and therefore
NrenSk = 0. Thus it follows that f is a bijection. (]

Definition 5.24. We say a set X is infinite if card (X) > card (N) or equiva-
lently, card (X) > n for all n € N. One could also say X is an infinite set if
X #0 and card (X \ {z}) = card (X) for some (or all) z € X.
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5.2.1 Exercises
Exercise 5.6. Show that Q" is countable for all n € N.

Exercise 5.7. Let Q [t] be the set of polynomial functions, p, such that p has
rationale coefficients. That is p € Q[t] iff there exists n € Ny and a; € Q for
0 < k < n such that

p(t)=> apt* forallt € R. (5.1)
k=0

Show Q [t] is a countable set.

Definition 5.25 (Algebraic Numbers). A real number, x € R, is called al-
gebraic number, if there is a non-zero polynomial p € Q [t] such that p (x) = 0.
[That is to say, x € R is algebraic if it is the root of a non-zero polynomial with
coefficients from Q.]

Note that for all ¢ € Q, p(t) := ¢t — ¢ satisfies p (¢) = 0. Hence all rational
numbers are algebraic. But there are many more algebraic numbers, for example
y/™ is algebraic for all y > 0 and n € N.

Exercise 5.8. Show that the set of algebraic numbers is countable. [Hint: any
polynomial of degree n has at most n — real roots.] In particular, “most” ir-
rational numbers are not algebraic numbers, i.e. there is still any uncountable
number of non-algebraic numbers.
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6

Metric Spaces

Definition 6.1. A function d: X x X — [0,00) is called a metric if

1. (Symmetry) d(z,y) = d(y,z) for all x,y € X,
2. (Non-degenerate) d(x,y) = 0 if and only if t =y € X, and
3. (Triangle inequality) d(z, z) < d(z,y) + d(y, z) for all z,y,z € X.

Ezample 6.2. Here are a few immediate examples of metric spaces;
1. Let X be any set and then define,

_Joifz=y

2. Let X = R with d (z,y) := |y — x| . Notice that
d(z,5) = |z —y+y—4
<le—yl+ly -2 = dz,y) + d(y, 2).
3. Let X be any subset of C and define d (w, z) := |z — w].

In general our typical example of a metric space will often be a generalization
of the last example above, see Example

6.1 Normed Spaces [Linear Algebra Meets Analysis]

Definition 6.3. A norm on a vector space Z is a function ||-|| : Z — [0, 00)
such that

1. (Homogeneity) | Afll = |AL | f]| for all X € F and f € Z.
2. (Triangle inequality) || f + gll < [|fIl + llgl| for all f,g € Z.
3. (Positive definite) ||f|| = 0 implies f = 0.

A pair (Z,||-]|) where Z is a vector space and ||| is a norm on Z is called a
normed vector space or normed space for short.

Example 6.4. 1f (Z,]]"]|) is a normed space, then d (z,y) := ||z — y|| is a metric
on Z and restricts to a metric on any subset of Z.

Ezample 6.5 (Normed Spaces). The following are normed spaces;
1. Z =R with ||z|| = |z|.
2. Z = C with ||z]| = |#].
3. Z = C™ with

n

2], := Z |z;| for z = (z1,...,2n) € Z.

i=1

The triangle inequality is easily verified here since,

Iz +wlly = |2+ wil

=
—

3

<D =il + |wi]
=1

K2

S

n
=3 Ll + S il = D2l + el -
1 =1

K2

4. Let X be a set and for any function f: X — C, let

1l = sup |f (x)
rzeX

Then Z := {f: X = C: | f||, < oo} is a vector space and ||-[|, is a norm
on Z.

Exercise 6.1. Verify the last item of Example [6.5} That is let X be a set and
for any function f: X — C, let

11, = sup |f (2)].
zeX

Show Z :={f: X = C: || f|, < oo} is a vector space and ||-||,, is a norm on Z.

Our next goal is to show that ||-||, defined in Eq. (4.7)) defines a norm on R"
and C™. We will begin by proving the important Cauchy-Schwarz inequality.
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Lemma 6.6. If z,y > 0 and p > 0, then
1 1
< = 24 242 6.1
:vy_2(pw +py) (6.1)

with equality when p = y/x in the case x > 0.

Proof. Since

2
Y o 15

0< px—) = pz® + —y* — 2y,
(f VP p

with equality iff |/px = %, ie. iff p = y/x, we see that
1 1
xy < = (pw2 + y2)
2 p
with equality iff p = y/z.
[

Theorem 6.7 (Cauchy-Schwarz Inequality). For a,b € C", |a-b| < |a, -
o1l -
Proof. The inequality holds true if @ = 0 so we may now assume a # 0.
Using Lemma [6.6] with z = |a;| and y = |b;| we find for any p > 0 that
< asbil = ag| - [bi]
i=1

n
E a;b;
i=1 i=1

"1 s 1, 1 5 1
<3 (olal + 21) = 3 ool + o).
i=1

Taking p = ||b]|, / ||a||, then completes the proof. ]

n

la-b] <

Theorem 6.8 (Triangle Inequality). For a,b € C",
lla+0ll, < llall, +[|]l, -
Proof. We have

la+bll3 = (a+b) - (@ +8) = (a+b)- (a+b)
—(a+b)-a+(a+b)-b=ali+b-a+a-b+ b3
= [lall3 + [1Bl13 +2Re (a - b) < [lall3 + b5 + 2 [Re (a - b)]
< llall3 + [1bll5 + 2] (a- )]
< llall3 + b3 +2llall, - |6,  (Theorem[6.7)
= Jlall3 + [1b15 + 2 lall; - 18ll; = (lall, + 12ll2)* -
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e End of Lecture 12, 10/26,/2012.

For the next two exercise you will be using some concepts from calculus
which we will developed in detail next quarter. For now, I assume you know
what the Riemann integral is for continuous functions on [0, 1] with values in
R. Let Z denote the continuous functionsﬂ on [0,1] with values in R. The only
properties that you need to know about the Riemann integral are;

1. The integral is linear, namely for all f,¢g € Z and ) € R,

/0 (F(6) + Ag (£))dt = / F () dt+ A / o (t)dt.

2. If f,ge Z and f(t) < g(¢t) for all t € [0, 1], then

/Olf@)dts/olg(t)dt.

/Olf(t)dt S/Ollf(t)ldt

In fact this item follows from items 1. and 2. Indeed, since +f (t) < |f (¢)]
for all ¢, we find

i/()lf(t)dt/Olif(t)dtﬁfollf(t)ldt N ’/Olf(t)dt‘é/ollf(t)ldt-

Exercise 6.2. Let Z denote the continuous function on [0, 1] with values in R
and for f € Z let

3. For all f € Z,

1
11l :/ (1) dt.

Show ||-||, satisfies,

1. (Homogeneity) ||Af|| = ||| f|| for all A € R and f € Z.
2. (Triangle inequality) ||f + gl| < [|f]| + [|g]| for all f,g € Z.

Remark 6.9 (An interpretation of || f||; .). If we interpret f (t) as the speed of
a particle on the real line at time ¢, then ||f||; represents the total distance
(including retracing of its path) the particle travels over the time interval [0, 1] .

Exercise 6.3. Let Z denote the continuous function on [0, 1] with values in R
and for f € Z let

1
2
= dt.
1l =/ [ 17 0P a
Show;

! The notion of continuity will be formally developed shortly.
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1. for f,g € Z that
1
‘/ F ()9 dt] <1171l - llgll

2. Homogeneity) [[Af]l, = |A| || ], for all A € R and f € Z, and
3. (Triangle inequality) || f + glly < || flls + 9]l for all f,g € Z.

Remark 6.10 (An interpretation of || f||,.). Let us suppose that f(t) is the
voltage across a 1 Ohm resistor. By Ohms law the current through this re-
sistor is f (t) /1 = f(t) and the power dissipated by the resistor at time ¢ is
(Voltage-Current) is f (£)*>. The work done over the time interval, [0,1] is then

1 1
/Power(t)dt:/ £ @) dt = |If12.
0 0

On the other hand if we had a constant voltage of || f||, across the resistor over

the time interval [0,1], the work done over this period would again be || ng
Thus || f||, is often referred to as the RMS voltage (root mean squared voltage)
and represents the equivalent DC voltage necessary to produce the same amount
of work over the time interval [0,1].

e End of Lecture 12, 10/26/2012. [We started Section above as well this
day.]

6.2 Sequences in Metric Spaces

Definition 6.11. A sequence {x,},—, in a metric space (X,d) is said to be
convergent if there exists a point x € X such that lim, o d(z,2,) = 0. In
this case we write liMy,_yoo Ly, = T OT Ty, —> T AS N — OO.

Exercise 6.4. Show that x in Definition [6.11]is necessarily unique.

Definition 6.12 (Cauchy sequences). A sequence {z,,},- | in a metric space
(X, d) is Cauchy provided that lim,, —o0 d(Tn, Tm) = 0, i.e. for alle > 0 there
exists N () € N such that

d(xp, Tm) < € when m,n > N (g).

Exercise 6.5. Show that convergent sequences in metric spaces are always
Cauchy sequences. The converse is not always true. For example, let X = Q

be the set of rational numbers and d(z,y) = |z — y|. Choose a sequence
{2,}°°, C Q which converges to v/2 € R, then {z,} —, is (Q,d) — Cauchy

but not (Q,d) — convergent. Of course the sequence is convergent in R.
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Exercise 6.6. If {z,} ~, is a Cauchy sequence in a metric space (X,d),
lim,, 0 d (%, y) exists in R for all y € X. In particular, {d (z,,y)} -, is a
bounded sequence in R for all y € X.

Definition 6.13. A metric space (X,d) (or normed space (X, |||)) is com-
plete if all Cauchy sequences are convergent sequences. A complete normed
space is called a Banach space.

Theorem 6.14 (Completeness of C"). Let n € N and ||-|| denote any one of

the norms, |||y, |-l » or ||-|l5 on C™. Then (C", ||-||) is complete.
Proof. If {z (k) := (21 (k) , ..., 2n (k) }rey is @ sequence in C", then z (k) —
z2=1(21,...,2n) € C" as k — oo iff limy_, o0 2; (k) = 2; for 1 < i < n. Similarly,

{z (k)}r=, is Cauchy iff {z; (k)},—, is Cauchy for all 1 < i < n. From these
remarks we see that the completeness of (C™,||-||) follows directly from the
completeness of C in Theorem |

Lemma 6.15. Let X be a set and for any function f: X — C, let
1f1l,, := sup [f (z)].
zeX
Then Z .= {f : X — C:||f]|, < oo} is a Banach space, i.e. (Z,|||,) is a com-
plete normed space.

Proof. Let {f,},~; C Z be a Cauchy sequence. Since for any z € X, we
have

|fn($>_fm(x)| < ||fn_meoo (6'2)

which shows that {f,(z)} -, C C is a Cauchy sequence of complex numbers.
Because C is complete, f(x) := lim, o frn(x) exists for all z € X. Passing to
the limit n — oo in Eq. (6.2 implies

(@)~ fonle)] < Tim inf [ fo — flo
and taking the supremum over x € X of this inequality implies
1 = Full <l inf (1S = fillg = 0 s m — o0

showing f,,, — f in Z. [

Exercise 6.7. Let X be a set and (Y, p) be a complete metric space. Suppose
that f, : X — Y are functions such that

Smon = sup d(fn (z), fm (x)) = 0 as m,n — oo.
rzeX

Show there exists a (unique) functions, f : X — Y such that
lim sup d (fn (.13) o f (‘r)) =0.
ex

n— oo T

Hint: mimic the proof of Lemma [6.15]
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44 6 Metric Spaces

6.3 Continuity

Suppose now that (X, p) and (Y, d) are two metric spaces and f: X — Y is a
function.

Definition 6.16 (Continuity). A function f : X — Y is continuous at
x € X if for all e > 0 there is a 6 > 0 such that

d(f(z), f(z")) < e provided that p(z,z") < 6. (6.3)
The function f is said to be continuous if f is continuous at all points v € X.

Definition 6.17 (Seqeuential Continuity). A function f: X — 'Y is con-
tinuous at r € X if

lim f(z,) = f(z) for all {z,},~; C X with lim z, = z.

n—oo n—oo

We say [ is sequentially continuous on X if it is continuous at all points in X.
Theorem 6.18. Continuity and sequential continuity are the same notions.

Proof. Suppose that f: X — Y is continuous at z € X and {z,},., C X
such that lim, , 2, = x. Given € > 0 there exists 6 > 0 such that
d(f(x), f(z")) < € provided that p(z,z’) < §. However since z,, — z, we know
that p(x,z,) < ¢ a.a. n and therefore d (f (x), f (z,)) < € for a.a. n. This
shows f (z,) = f (x) as n — oo.

For the converse direction, suppose that f is not continuous at z. Then
there exists € > 0 such that for any § = % > 0 there exists z,, € X such that
d(f(z), f(zn)) > € while p(z,2,) < L. We then have lim,_,o 2, = z while
limy, o0 f (2n) # f(2). [

Ezample 6.19. The functions f : C\ {0} — C defined by f (z) = 1/z is contin-
uous. Indeed, if {z,},—, € C\ {0} and lim,, o0 2, = 2 € C\ {0}, then

lim f(z,)= lim izlzf(z)

n—00 n—00 Zp, z

Exercise 6.8. Suppose that (X, d) is a metric space and f,g: X — C are two
continuous functions on X. Show;

1. f + g is continuous,
2. f - g is continuous,
3. f/g is continuous provided g (z) # 0 for all z € X.

Exercise 6.9. Show the following functions from C to C are continuous.

1. f (z) = c for all z € C where ¢ € C is a constant.
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f(z) =zl

f(z)=zand f(z) ==z

f(z)=Rezand f(z) =Imz.

f(z)= Zmn 0 @m,n2"Z" where a,, , € C.

CU N

z

Exercise 6.10. Suppose now that (X, p), (Y,d), and (Z,d) are three metric
spaces and f : X Y andg:Y — Z. Let 2 € X and y = f(z) € Y, show
go f: X — Z is continuous at z if f is continuous at = and g is continuous
at y. Recall that (go f) (z) := g (f (z)) for all z € X. In particular this implies
that if f is continuous on X and ¢ is continuous on Y then f o g is continuous
on X.

Theorem 6.20 (A monotone continuity criteria). Suppose that (Y,d) is a
metric space, X = (a,b) C R, and f : X — Y is a function. Then f is con-
tinuous at © € X iff limy, o0 f (xn) = f (2) whenever {x,},~, C X converges
monotonically to x as n — co. In other words, it is sufficient to check sequential
continuity along sequences which are either increasing or decreasing.

Proof. (<) This direction follows from Theorem

(= ) Suppose there exists ¢ > 0 such that for all § > 0 there exists 5 € X
3 |zs — x| < 6 with d(f (xs), f (z)) > e. Then either 5 > x i.0. § or x5 < x
io. 0. If x5 > z i.0. 4, we we choose J,, | 0 such that y, := x5, > z for all n.
Then take , = min (y1,...,y,). Then z, | x while |f (z,) — f ()] > ¢, i.e.,
lim, 00 f (25) # f (2). Similarly if z5 < x i.0. §, we we choose §,, | 0 such that
Yn = x5, < x for all n. Then take x,, = max (y1,...,yn). Then x, T x while

If () — f(2)] > ¢, ie., lim,o0 f (z0) # f(2). [

Exercise 6.11 (Continuity of /™). Show for each m € N that the function
f (x) := x*/™ is continuous on [0, c0).

Exercise 6.12 (Differentiability of 2'/™). Show for each m € N that the
function f (x) := x'/™ is differentiable on (0,00) and that

1/m _ ,.1/m 1
Lpm — T 2,

1/m—1
dx y—a Yy—x m

Exercise 6.13 (Intermediate value theorem). Suppose that —oc0 < a <
b < ooand f:[a,b] — Ris a continuous function such that f (a ) f(b). Show
for any y € [f (a), f (b)], there exists a ¢ € [a,b] such that f(c) = yE| Hint:
Let S :={t € [a,b] : f(t) <y} and let ¢ :=sup (5).

2 The same result holds for y € [f (b), f (a)] if f (b) < f(a) — just replace f by —f

in this case.
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Exercise 6.14. Let f : [a,b] — [c, d] be a strictly increasing (i.e. f (z1) < f (z2)
whenever z7 < z3) continuous function such that f (a) = c and f (b) = d. Then
f is bijective and the inverse function, g := f=! : [¢,d] — [a,b], is strictly
increasing and is continuous.

Definition 6.21 (Pointwise Convergence). Let (X,d) and (Y, p) be metric
spaces and fn, : X — Y be functions for each n € N. We say that f,, converges
pointwise to f : X — Y provided lim,,_, fn (z) = f (z) for all z € X, i.e.
provided

lim d(f (x), fn(z)) =0 for each x € X.

n—oo
Definition 6.22 (Uniform Convergence). Let (X,d) and (Y, p) be metric
spaces and f, : X = Y be functions for each n € N. We say that f,, converges
uniformly to f: X — Y provided

On = supd(f(x), fn(x)) =0 asn— cc.
reX

Hopefully it is clear to the reader the uniform convergence implies pointwise
convergence. The next theorem is a basic fact about uniform convergence which
does not hold in general for pointwise convergence. The proof of this theorem
is a bit subtle but well worth mastering as the method will arise over and over
again.

Theorem 6.23 (Uniform Convergence Preserves Continuity). Suppose
that {fn}zozl are continuous functions from X toY and f, converges uniformly
to f: X = Y. If f,, is continuous at x € X for all n then f is continuous at
x as well. In particular if f, is continuous on X for all n then f is continuous
on X as well.

Proof. We must show limy_, f (21) = f (2) whenever {z3},-, C X is a
convergent sequence such that x := limy z; € X. So assume we are given such
oo
a sequence {xy},_; . Then for any n € N we have,

d(f (), f () <d(f (2), fn (@) +d(fn (@), f (1))
< 6n+d(fn (@), fn (Tk)) + On.

T

fn (
fn (

Therefore,

limsupd (f ({E) f (mk)) < hmsupd(fn (.’E) s [fn (xk)) + 20y, = 26y,

k—o0 k—oc0

wherein we have used the continuity of f, for the last equality. Thus we have
shown
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limsupd (f (), f (zx)) < 26,

k—o0

which upon passing to the limit as n — oo shows limsup;,_, . d (f (z), f (z)) =
0. This suffices to show limg_ f (zx) = f (2) . [

Exercise 6.15. Let f,, : [0,1] — R be defined by f, (z) = 2™ for z € [0,1].
Show f () := lim,,— e frn (z) exists for all z € [0,1] and find f explicitly. Show
that f,, does not converge to f uniformly.

Ezample 6.24. Let Z denote the vector space of continuous functions on [0, 1]
with values in R and for f € Z let

1
9= [ 17 @l
0
Show (Z,||-||;) is not complete. Hint: For the last assertion find a sequence of
{fu}nly C Z which is “trying” to converge to the function f =11 ;) ¢ Z.
Solution. Let

. 0 i t<1/2
fn(t):(()\/{n(t—)})/\lz n(t—3)if1/2<t<1/24n7!
2 1 i 1240t <t

The pointwise limit of these functions is

Fig. 6.1. Plot of some of the functions f,.

o foift<1/2
g(t) == nh_{go fu(t) = {1 ift>1/2
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46 6 Metric Spaces

and it is easily seen that {f,} -, is Cauchy in L' -~ norm. Suppose, for the
sake of contradiction, that there exists a continuous function f such that
lf = full, = 0. Clearly f(t) = 0 for t < 1/2 and f(t) = 1 for t > 1/2 for
otherwise ||f — fn|l; > € > 0 for some ¢ > 0 and all n sufficiently large. But
this shows that f would have to be the discontinuous function g above. So we
must conclude there exists no such continuous function f.

The following continuity facts of the metric d will be used frequently in the
remainder of these notes.

Lemma 6.25 (Distance to a Set). For any non empty subset A C X, let
da(z) = inf{d(z,a)|a € A},

then
|da(z) —da(y)] < d(z,y) Yo,y € X. (6.4)

In particular, dg : X — [0,00) is continuous.
Proof. Let a € A and z,y € X, then

da(z) < d(z,a) < d(z,y) +d(y,a).
Take the infimum over a in the above equation shows that

da(z) <d(z,y) +daly) Vz,ye X.
Therefore, d4(z) — da(y) < d(z,y) and by interchanging  and y we also have
that da(y) — da(z) < d(z,y) which implies Eq. (6.4). |
Corollary 6.26. The function d satisfies,

|d(z, y) — d(a’, y")| < d(y,y) + d(z,2).

In particular d : X x X — [0,00) is continuous in the sense that d(x,y) is close
to d(z',y') if x is close to &’ and y is close to y'.

Proof. First Proof. By Lemma for single point sets and the triangle
inequality for the absolute value of real numbers,

|d(z,y) = d(z’,y")| < |d(x,y) — d(z,y")| + |d(z,y') — d(a', )]
<d(y,y) +d(x,2).
Second Proof. By the triangle inequality,
d(z,y) <d(z,2") +d(@y) <d(z,2") +d(z',y) +d(y,y)
from which it follows that
d(z,y) —d(z,y") <d(z,2") +d(y'y).
Interchanging x with z’ and y with ¢ in this inequality shows,
d(«',y') —d(z,y) <d(z,2') +d(y,y)

and the result follows from the last two inequalities. [
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6.4 Closed and Open Sets

Let (X, d) be a metric space.

Definition 6.27. Let (X,d) be a metric space. The open ball B(x,6) C X
centered at x € X with radius § > 0 is the set

B(z,0) :={y € X : d(z,y) < d}.

We will often also write B(x,d) as B,(0). We also define the closed ball cen-
tered at x € X with radius § > 0 as the set C(0) :={y € X : d(z,y) < d}.

Definition 6.28. A set E C X is bounded if E C B (z,R) for some x € X
and R < co. A set F C X is closed iff every convergent sequence {x,},.
which is contained in F has its limit back in F. A set V C X 1is open iff V¢ is
closed. We will write F' T X to indicate F is a closed subset of X and V C, X
to indicate the V is an open subset of X. We also let 74 denote the collection
of open subsets of X relative to the metric d.

Lemma 6.29. If f : X— R is a continuous function and k € R, then the
following sets are closed,

A={zeX: :f(x)<k}, B={zeX:f(x)=k}, andC:={z e X : f(z)>k}.

Proof. The proof that A, B, and C are closed all go the same way so let
me just check that A is closed. To this end, suppose that {xn}zo:l is a sequence
in A such that  := lim,, o 2, exists in X. Since z,, € A, f(z,) < k and
therefore,

k2 Jim £ (o) = £ 0

wherein the last equality we have used the definition of f being continuous. By
definition of A it then follows that x € A and so we have checked that A is
closed. ]

Ezample 6.30 (Closed Balls). Closed balls are closed. Indeed, we have seen
f(y) :=d(x,y) is continuous and therefore

Co(0) ={ye X :d(z,y) <} ={ye X: f(y) <4}
is a closed set. Notice that {z} = C, (0) is a closed set for all z € X.

Ezxample 6.31. The following subsets of C are closed;

1.{z€C:a<Imz<b}forall a <binR.
2.{z€eC:a<Rez<b}forala<binR.
3.{zeC:Imz=0and a <Rez <b} forall a <bin R.
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Ezample 6.32 (Open Balls). Open balls in metric spaces are open sets. Indeed
let f(y) :=d(z,y), then

By(0):= X\ B:(0) ={y € X :d(z,y) 20} ={y € X : f(y) 2 0}
which is closed since f is continuous. Thus B, (J) is open.

Theorem 6.33. The closed subsets of C have the following properties;

1. X and O are closed.
2. If {Ca}oep is a collection of closed subsets of X, then NaerCo is closed in
X

3. If A and B are closed sets then AU B 1is closed.

Proof. 3. Let {zn}ff:l C AU B such that lim,,_yo 2, =: z exists. Then
zn € A i.0. or z, € B i.0. For sake of definiteness say z, € A i.0. in which case
we may choose a subsequence, wy := z,, € A for all k. Since limy_, oo wg = 2
and A is closed it follows that z € A and hence z € AU B. Thus we have shown
AU B is closed. [

Exercise 6.16. Prove item 2. of Theorem If {Ca},c; is a collection of
closed subsets of X, then N,erCl, is closed in X.

o}

Exercise 6.17. Given an example of a collection of closed subsets, {A,},;,

of C such that U22_; A,, is not closed.

n=1

Corollary 6.34. Let (X,d) be a metric space. Then the collection of open sub-
sets, T4, of X satisfy;

1. X and 0 are in 74.

2. 74 1s closed under taking arbitrary unions. i.e. if {Ua},c; is a collection of
open sets then UyecrU, is open..

3. 14 is closed under taking finite intersections, i.e. if U and V are open sets
then then U NV is open as well.

Exercise 6.18. Prove Corollary
Exercise 6.19. Let U be a subset of C. Show the following are equivalent;

1. U is open,
2. for all z € U there exists p > 0 such that B, (p) C U.
3. U can be written as a union of open balls.

Exercise 6.20. Show that V' C X is open iff for every z € V thereisa § > 0
such that B, (0) C V. In particular show B, (d) is open for all z € X and ¢ > 0.
Hint: by definition V is not open iff V¢ is not closed.
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Exercise 6.21. Show U := C\ {2y} is open for any zg € C. More generally,
show that U := C\ S is open for all whenever S is a finite subset of C.

Exercise 6.22. Let (X, d) be a complete metric space. Let A C X be a subset
of X viewed as a metric space using d|ax 4. Show that (A, d|ax4) is complete
iff A is a closed subset of X.

Lemma 6.35. For any non empty subset A C X, let da(zx) := inf{d(z,a)|a €
A}, then

|da(z) —da(y)| < d(z,y) Va,y € X (6.5)
and in particular if T, — x in X then da (x,) — da (x) as n — oo. Moreover
the set F. :={x € X|da(x) > €} is closed in X.

Proof. Let a € A and z,y € X, then
da(@) < d(z,0) < d(z,y) + d(y,a).
Take the infimum over a in the above equation shows that
da(z) < d(z,9) + daly) Vo,y€ X,

Therefore, da(x) — da(y) < d(z,y) and by interchanging x and y we also have
that da(y) — da(z) < d(x,y) which implies Eq. (6.5)). If z,, = = € X, then by
Eq. (6.5),

|da(z) — da(z,)] < d(z,2,) = 0 asn — o

so that lim,, o da (z,) = da (z) . Now suppose that {z,} -, C F. and z, = =
in X, then
da(x) = lim da(zy) > ¢
n—oo

since d4 (z,,) > € for all n. This shows that « € F. and hence F; is closed. =

Definition 6.36. A subset A C X is a neighborhood of x if there exists an
open set V. C, X such that x € V. C A. We will say that A C X is an open
neighborhood of x if A is open and x € A.

Ezample 6.37. Let x € X and § > 0, then C, (§) and B, (§)° are closed subsets
of X. For example if {y, },-, C C; (6) and y, — y € X, then d (yn,z) < ¢ for
all n and using Corollary it follows d (y,z) < 6, i.e. y € Cy (9). A similar
proof shows B, (§)° is closed, see Exercise

Lemma 6.38 (Approximating open sets from the inside by closed
sets). Let A be a closed subset of X and F, = {z € X|da(zx) > e} T X
be as in Lemma[6.535 Then F. 1 A¢ ase ] 0.
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Proof. It is clear that d4(z) = 0 for z € A so that F, C A° for each € > 0
and hence UgsoF. C A°. Now suppose that x € A° C, X. By Exercise [6.20
there exists an € > 0 such that B,(e) C A¢, i.e. d(z,y) > € for all y € A. Hence
x € F. and we have shown that A° C U.soF-. Finally it is clear that F. C F./
whenever &' < e. [

Definition 6.39. Given a set A contained in a metric space X, let A C X be
the closure of A defined by

A={zeX : F{z,} CA>z= li_>m Tn}.

That is to say A contains all limit points of A. We say A is dense in X if
A =X, i.e. every element x € X is a limit of a sequence of elements from A.

A metric space is said to be separable if it contains a countable dense subset,
D.

Exercise 6.23. Given A C X, show A is a closed set and in fact
A=n{F:ACFC X with F closed}. (6.6)
That is to say A is the smallest closed set containing A.

Exercise 6.24. If D is a dense subset of a metric space (X,d) and E C X is
a subset such that to every point z € D there exists {z,}, -, C E with z =
lim,, o0 Ty, then E is also a dense subset of X. If points in F well approximate
every point in D and the points in D well approximate the points in X, then
the points in F also well approximate all points in X.

Exercise 6.25. Suppose (X, d) is a metric space which contains an uncountable
subset A C X with the property that there exists £ > 0 such that d (a,b) > ¢
for all a,b € A with a # b. Show that (X, d) is not separable.

Exercise 6.26. Let Y = BC (R, C) be the Banach space of continuous bounded
complex valued functions on R equipped with the uniform norm, | f|, =
sup,er | f (z)] . Further let Cy (R, C) denote those f € C (R, C) such that vanish
at infinity, i.e. lim,_, 1o f (z) = 0. Also let C. (R, C) denote those f € C'(R,C)
with compact support, i.e. there exists N < oo such that f (z) = 0 if |z| > N.
Show Cp (R, C) is a closed subspace of Y and that

C.(R,C) = Gy (R, C).

6.5 Exercises

Exercise 6.27. Let (X, d) be a metric space. Suppose that {z,}32, C X is a
sequence and set &, := d(xy,, Tpy1). Show that for m > n that
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d(Tn, Tm) E 5k<§ Ek-

Conclude from this that if

oo oo
Zsk = Zd(xn,xn_H) < 00
k=1 n=1

then {z,}52, is Cauchy. Moreover, show that if {x,}>2; is a convergent se-
quence and x = lim,, . ,, then

xzn E Ek-

Exercise 6.28. Show that (X, d) is a complete metric space iff every sequence
{z,}52, C X such that > | d(2p,Tnt1) < 00 is a convergent sequence in X.
You may find it useful to prove the following statements in the course of the
proof.

L. If {z,, } is Cauchy sequence, then there is a subsequence y; := x,,, such that
> o1 d(yj+1.y5) < 00

2. If {x, }52, is Cauchy and there exists a subsequence y; := x,,; of {z,,} such
that x = lim;_, y; exists, then lim,_, . x, also exists and is equal to z.

Exercise 6.29. Suppose that f : [0,00) — [0,00) is a C? — function such
that f(0) = 0, f/ > 0 and f” < 0 and (X, p) is a metric space. Show that
d(z,y) = f(p(z,y)) is a metric on X. In particular show that

_ play)
d(x,y) == m

is a metric on X. (Hint: use calculus to verify that f(a +b) < f(a) + f(b) for
all a,b € [0,00).)

Exercise 6.30. Let {(Xn,dn)}n 1 be a sequence of metric spaces, X :=
[, X, and for z = (z(n)),—, and y = (y(n)),—, in X let

(e(n), y(n))
Z a2 (n). y(m) (6.7)

Show:

1. (X, d) is a metric space,
2. a sequence {zj}ro, C X converges to x € X iff zx(n) — z(n) € X,, as
k — oo for each n € N and
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3. X is complete if X,, is complete for all n.

Exercise 6.31. Suppose (X, p) and (Y, d) are metric spaces and A is a dense
subset of X.

1. Show that if /' : X — Y and G : X — Y are two continuous functions
such that /' = G on A then FF = G on X. Hint: consider the set C :=
{reX:F(z)=G(x)}.

2. Suppose f : A = Y is a function which is uniformly continuous, i.e. for
every € > ( there exists a § > 0 such that

d(f(a),f (b)) <eforall a,b e A with p(a,b) <.

Show there is a unique continuous function F': X — Y such that F' = f on
A. Hint: each point € X is a limit of a sequence consisting of elements
from A.

3.Let X =R =Y and A = Q C X, find a function f : Q — R which is
continuous on Q but does not extend to a continuous function on R.

6.6 Sequential Compactness

Suppose that (X,d) and (Y, p) are metric spaces.

Definition 6.40. As subset K C X is (sequentially) compact if every se-
quence {zn},-, C K has a convergent subsequence, {wy, := 2y, }ry such that
limg o wi € K.

Example 6.41. Suppose that FF C X is an unbounded set, i.e. for all n € N
there exists z, € F such that d(z,z,) > n. The sequence {z,},. ; and all of
its subsequences are unbounded and therefore not Cauchy in X and hence not
convergent in X. This shows that compact sets must be bounded.

Ezample 6.42. Suppose that F' C X is not closed. Then there exists {z,} -, C
F such that z := lim,_,c 2, ¢ F. Moreover, although every subsequence of
{zn},—, is convergent, they all still converge to z ¢ F. This shows that a
compact set must be closed.

Lemma 6.43 (Bolzano—Weierstrass property for C”). Let D € N. Every
bounded sequence, {z (n)};—, C CP, has a convergent subsequence.

Proof. By assumption there exists M < oo such that ||z(n)|| =
d(z(n),0) < M for all n € N. Writing z (n) = (21 (n),...,zp (n)) € CP. Since
|z; (n)] < ||z (n)]] it follows that {z; (n)} -, is a bounded sequence in C. Hence
by the Bolzano—Weierstrass property for C we replace z (n) by a subsequence
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z (ng) such that limy_, o 2 (ng) = 21 exists. We may now replace the original z
by this new subsequence and then find a further subsequence z (ny) such that
limg 00 2; (ng) = 2; exists for ¢ = 1,2. We may continue this way inductively
to find a subsequence such that limg_, o 2; (ng) = 2; exists for all 1 <7 < D. It
then follows that limg_,o0 |2 — 2 (nk)|| = 0 as desires where z := (21,...,2p).
[ ]

Theorem 6.44 (Bolzano—Weierstrass / Heine—Borel theorem). As sub-
set K C CP is compact iff it is closed and bounded.

Proof. In light of Examples and we are left to show that closed
and bounded sets are compact. So let K C CP be a closed and bounded set
and {z,},.; be any sequence in K. According toe Lemma {zn}o; has
a convergent subsequence, {wy, := zp, }r, - Since wy € K for all k and K is
closed it necessarily follows that limy_, o wi € K which shows K is compact. m

Ezample 6.45 (Warning!). 1t is not true that a closed and bounded subset of an
arbitrary metric space (X, d) is necessarily compact. For example let Z denote
the vector space of continuous functions on [0, 1] with values in R and for f € Z
let || f|| = sup,e(o.1) |f ()| Then the set C := {f.},—, where

0 if t € [0,2=(+D] U277 1]
I (t) = 9(n+2) ) 4 _ o—(n+1) jf 9—(n+1) <t<3.2-(nt2)
2-n ¢ if 3.27(F) <p <o

[So fn (t) is a shark tooth over the interval [2=("+1) 27"] ] Notice that | f,| = 1
for all n so that C is bounded. Moreover || f,, — fm|| = 1 for all m # n, therefore
there are no convergent subsequence of C. The reader should use this fact to
see that C' is closed and bounded but not compact!

Exercise 6.32 (Extreme value theorem). Let K be compact subset of
X and f : K — R be a continuous function. Show —oco < inf ek f(z) <
sup,cx f (x) < oo and there exists a,b € K such that f(a) = inf,cx f (x) and
f(b) =sup,cg f (x). Hint: first argue that there exists {2, },.; C K such that
7 (2n) 1 Ubpese £ () a5 1 — oo,

Exercise 6.33 (Uniform Continuity). Let K be compact subset of X and
f : K — C be a continuous function. Show that f is uniformly continuous,
ie. if &€ > 0 there exists § > 0 such that |f(z) — f(w)| < ¢ if w,z € K with
|w — z| < §. Hint: prove the contrapositive.

Exercise 6.34. If (X, d) is a metric space and K C X is compact. Show subset,
C C K, which is closed is compact as well.

Exercise 6.35.If K C R is compact then sup(K) € K, i.e. sup(K) =
max (K) .
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¥ 17

Fig. 6.2. Here are the plots of fo and fi.

Exercise 6.36. Let (X,d) and (Y, p) be metric spaces, K C X be a compact
set, and f : K — Y be a continuous function. Show f (K) is compact in Y. In
particular, for C C K closed, we have f (C) is closed and in fact compact in Y.

Exercise 6.37. Let f : [a,b] — [c,d] be a strictly increasing continuous func-
tion such that f (a) = cand f (b) = dand g := f~1 : [¢,d] — [a, b] as in Exercise
Give one or better yet two alternative proofs that g is continuous based
on compactness arguments.

Definition 6.46. Let Z be a vector space. We say that two norms, || and ||-||
on Z are equivalent if there exists constants v, 8 € (0,00) such that

IfII < alfl and [f| < BIfI for all f € Z.

Theorem 6.47. Let Z be a finite dimensional vector space. Then any two
norms |-| and ||:|| on Z are equivalent. (This is typically not true for norms
on infinite dimensional spaces.)

Proof. Let {f;}!_, be a basis for Z and define a new norm on Z by

n
> aifi
i=1

By the triangle inequality for the norm ||, we find

n n n n

2 2
Safil < S lad £ < (| SOIAR S el < M
i=1 i=1 i=1 i=1

n
Z |ai|2 for a; € F.
=1

2

n
Zaifi
i=1

2
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where M = /> | |fi]>. Thus we have |f| < M| fll, for all f € Z and this
inequality shows that |-| is continuous relative to |||, . Since the normed space
(Z,||-l,) is homeomorphic and isomorphic to F" with the standard euclidean
norm, the closed bounded set, S := {f € Z:|f|, =1} C Z, is a compact
subset of Z relative to ||||, . Therefore by Exercise[6.32] there exists fo € S such
that

m =it {|f]: [ € 5} = |fo| > 0.

Hence given 0 # f € Z, then € S so that

f
I1£1l2

f
171l

1
I1£1l2

= |/l

ms|

or equivalently
1
/12 < — 111

This shows that |-| and ||-||, are equivalent norms. Similarly one shows that ||-||
and |[|-||, are equivalent and hence so are |-| and ||| . |

Corollary 6.48. If (Z, ||-||) is a finite dimensional normed space, then A C Z
is compact iff A is closed and bounded relative to the given norm, |-|| .

Corollary 6.49. Every finite dimensional normed vector space (Z,|||) is com-
plete. In particular any finite dimensional subspace of a normed vector space is
automatically closed.

Proof. If {f,,} -, C Z is a Cauchy sequence, then {f,} -, is bounded and
hence has a convergent subsequence, g, = fp,, by Corollary It is now
routine to show lim, oo frn = f := limg_ 00 gi- [

6.7 Connectedness

Definition 6.50. (X, 7) is disconnected if there exist non-empty open sets
U and V of X such that UNV =0 and X = UUV. We say {U,V} is a
disconnection of X. The topological space (X,7) is called connected if it
is not disconnected, i.e. if there is no disconnection of X. If A C X we say
A is connected iff (A,Ta) is connected where T4 is the relative topology on
A. Ezplicitly, A is disconnected in (X,T) iff there exists U,V € 7 such that
UNA#D0,UNA#D, ANUNV =0 and ACUUV.

The reader should check that the following statement is an equivalent defi-
nition of connectivity. A topological space (X, 7) is connected iff the only sets
A C X which are both open and closed are the sets X and (). This version of
the definition is often used in practice.
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Remark 6.51. Let ACY C X. Then A is connected in X iff A is connected in
Y.

Proof. Since
TA={VNA:VCX}={VNANY:VCX}={UNA:UC,Y},

the relative topology on A inherited from X is the same as the relative topology
on A inherited from Y. Since connectivity is a statement about the relative
topologies on A, A is connected in X iff A is connected in Y. [

Theorem 6.52 (The Connected Subsets of R). The connected subsets of
R are intervals.

Proof. Suppose that A C R is a connected subset and that a,b € A with
a < b. If there exists ¢ € (a,b) such that ¢ ¢ A, then U := (—oo,c) N A
and V := (¢,00) N A would form a disconnection of A. Hence (a,b) C A. Let
a := inf(A) and B := sup(A) and choose a,, 5, € A such that a,, < 5, and
ap } aand B, T 8 as n — co. By what we have just shown, (a,, 8,) C A for all
n and hence (o, ) = U5, (o, Bn) C A. From this it follows that A = («, 5),
[, B), (o, B] or [, B], i.e. A is an interval.

Conversely suppose that A is a sub-interval of R. For the sake of contra-
diction, suppose that {U,V} is a disconnection of A with a € U, b € V. After
relabelling U and V' if necessary we may assume that a < b. Since A is an
interval [a,b] C A. Let p = sup ([a,b] N U), then because U and V are open,
a < p < b. Now p can not be in U for otherwise sup ([a,b)]NU) > p and p
can not be in V for otherwise p < sup ([a,b] NU). From this it follows that
p ¢ UUV and hence A # U UV contradicting the assumption that {U,V} is a
disconnection of A.

Alternative proof of the converse. Because of Theorem below, it
suffices to assume that A is an open interval. For the sake of contradiction,
suppose that {U, V'} is a disconnection of A with a € U, b € V. After relabelling
U and V if necessary we may assume that a < b. Let J, = («, ) be the
maximal open interval in U which contains a. (See Exercise 7?7 or the footnote
to Proposition ?? for the structure of open subsets of R.) If 5 € U we could
extend J, to the right and still be in U violating the definition of 8. Moreover
we can not have § € V because in this case J, would not be in U. Therefore
B ¢ UUV = A while on the other hand ¢ < 8 <bandso f € A as A is an
interval and we have reached the desired contradiction. ]

For x € V, let a, :=inf{a: (a,2] C V} and b, :=sup {b: [x,b) C V'}. Since
V is open, a, < & < b, and it is easily seen that J, := (as,b,) C V. Moreover
ify e Vand J,NJy # 0, then J, = J,. The collection, {J, : x € V'}, is at
most countable since we may label each J € {J, : © € V} by choosing a rational
number r € J. Letting {J,, : n < N}, with N = oo allowed, be an enumeration
of {Jp:x €V}, wehave V =[], _yJn as desired.
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The following elementary but important lemma is left as an exercise to the
reader.

Lemma 6.53. Suppose that f : X — Y is a continuous map between topological
spaces. Then f(X) CY is connected if X is connected.

Here is a typical way these connectedness ideas are used.

Example 6.54. Suppose that f : X — Y is a continuous map between two
topological spaces, the space X is connected and the space Y is “T3,” i.e. {y}
is a closed set for all y € Y as in Definition ?? below. Further assume f is
locally constant, i.e. for all x € X there exists an open neighborhood V of x
in X such that f|y is constant. Then f is constant, i.e. f(X) = {yo} for some
yo € Y. To prove this, let yo € f(X) and let W := f~1({yo}). Since {yo} C Y
is a closed set and since f is continuous W C X is also closed. Since f is locally
constant, W is open as well and since X is connected it follows that W = X,
i.e. F(X) = {yo}

As a concrete application of this result, suppose that X is a connected open
subset of R? and f : X — R is a C! — function such that Vf = 0. If z € X and
¢ > 0 such that B (z,¢) C X, we have, for any |v| < € and ¢t € [-1,1], that

%f(x—ktv):Vf(x—ktv)-v:O-

Therefore f (z +v) = f (x) for all |v| < € and this shows f is locally constant.
Hence, by what we have just proved, f is constant on X.

Theorem 6.55 (Properties of Connected Sets). Let (X, 7) be a topological
space.

1. If B C X is a connected set and X is the disjoint union of two open sets U
and V, then either BC U or BCV.
2. If A C X is connected,

a) then A is connected.

b) More generally, if A is connected and B C acc(A) or B C bd (A), then
AUB is connected as well. (Recall that acc(A) — the set of accumulation
points of A was defined in Definition 7?7 above. Moreover by Ezercise
??, we know that acc(A) \ A =bd (4) \ A. What we are really showing
here is that for any B such that A C B C A, then B is connected.)

3. If {Ea}, 4 is a collection of connected sets such that Eq N Eg # 0 for all

a,B e AP thenY := J,c s Eao is connected as well.

3 One may assume much less here. What we really need is for any a, 8 € A there

exists {a;}_, in A such that oo = o, an = 8, and Eo,NEo, ., # Pforall0<i<n.
Moreover if we make use of item 4. it suffices to assume that
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4. Suppose A, B C X are non-empty connected subsets of X such that ANB #
0, then AU B is connected in X.

5. Fvery point x € X is contained in a unique mazximal connected subset C,, of
X and this subset is closed. The set C, is called the connected component

of x.
Proof.

1. Since B is the disjoint union of the relatively open sets BNU and BNV, we
must have BNU = B or BNV = B for otherwise {BNU, BNV} would
be a disconnection of B.

2. a) Let Y = A be equipped with the relative topology from X. Suppose
that U,V C, Y form a disconnection of Y = A. Then by 1. either A C U
or A C V. Say that A C U. Since U is both open and closed in Y, it
follows that Y = A C U. Therefore V = () and we have a contradiction to
the assumption that {U,V} is a disconnection of ¥ = A. Hence we must
conclude that Y = A is connected as well.

b) Now let Y = AU B with B C acc(A), then
AY = AnY = (AUacc(A))NY = AUB.

Because A is connected in Y, by (2a) Y = AU B = AY is also connected.

3. Let Y := UaeA FE,. By Remark we know that FE, is connected in Y
for each o € A. If {U,V} were a disconnection of Y, by item (1), either
E,CUorE,CVforala.Let A={a€ A: E, CU}then U = UyecaE,
and V = Uyea\aEo. (Notice that neither A or A\ A can be empty since U
and V are not empty.) Since

®:UOV:UOZEA7BEAC (E(XQEB)#@

we have reached a contradiction and hence no such disconnection exists.
4. (A good example to keep in mind hereis X =R, A = (0,1) and B = [1,2).)

For sake of contradiction suppose that {U, V} were a disconnection of ¥ =

AUB. By item (1) either A C U or A C V, say A C U in which case B C V.

Since Y = AU B we must have A = U and B = V and so we may conclude:

A and B are disjoint subsets of Y which are both open and closed. This

implies

A=A =AnY=ANn(AUB)=AU(ANB)

and therefore

0=ANB=[AU(ANB)|NB=ANB#

Eo;,NEa,,, UEq, N E,

i

i1 O forall0<i<mn.
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which gives us the desired contradiction.

Alternative proof. Let A’ := AU [BN A] so that AUB = A’ UB. By
item 2b. we know A’ is still connected and since A’ N B # () we may now
apply item 3. to finish the proof.

5. Let C denote the collection of connected subsets C C X such that x € C.
Then by item 3., the set C, := UC is also a connected subset of X which
contains z and clearly this is the unique maximal connected set containing
x. Since C, is also connected by item (2) and C, is maximal, C, = C,, i.e.
C, is closed.

Theorem 6.56 (Intermediate Value Theorem). Suppose that (X,7) is a
connected topological space and f : X — R is a continuous map. Then f satisfies
the intermediate value property. Namely, for every pair x,y € X such that
f(x) < fly) and c € (f(x), f(y)), there exists z € X such that f(z) = c.

Proof. By Lemma f(X) is a connected subset of R. So by Theorem
f(X) is a subinterval of R and this completes the proof. ]

Definition 6.57. A topological space X is path connected if to every pair of
points {xo,x1} C X there exists a continuous path, o € C([0,1], X), such that
0(0) = xo and o(1) = x1. The space X is said to be locally path connected
if for each x € X, there is an open neighborhood V. C X of x which is path
connected.

Proposition 6.58. Let X be a topological space.

1. If X is path connected then X is connected.
2. If X is connected and locally path connected, then X is path connected.
3. If X is any connected open subset of R™, then X is path connected.

Proof. The reader is asked to prove this proposition in Exercises 7?7 — 77
below. ]

Proposition 6.59 (Stability of Connectedness Under Products). Let
(Xa,Ta) be connected topological spaces. Then the product space Xa =
[loca Xa equipped with the product topology is connected.

Proof. Let us begin with the case of two factors, namely assume that X and
Y are connected topological spaces, then we will show that X x Y is connected
as well. Given z € X, let f, : Y — X x Y be the map f,(y) = (z,y) and notice
that f, is continuous since mx o f,(y) = « and 7y o f,(y) = y are continuous
maps. From this we conclude that {z} x Y = f,(Y) is connected by Lemma
A similar argument shows X x {y} is connected for all y € Y.

macro: svmonob.cls date/time: 31-0ct-2012/14:46



Let p = (z0,y0) € X x Y and C, denote the connected component of p.
Since {zo} x Y is connected and p € {xo} x Y it follows that {zo} xY C C,
and hence C), is also the connected component (zg,y) for all y € Y. Similarly,
X x{y} C C(ay,y) = Cp is connected, and therefore X x {y} C Cp. So we have
shown (z,y) € C, for all z € X and y € Y, see Figure By induction the
theorem holds whenever A is a finite set, i.e. for products of a finite number of
connected spaces.

Y X xY

Yo X x{yo}

<= {1} xY

X x {y}

> X

Zo

Fig. 6.3. This picture illustrates why the connected component of p in X x Y must
contain all points of X x Y.

For the general case, again choose a point p € X4 = X4 and again let
C = C), be the connected component of p. Recall that C,, is closed and therefore
if Cp is a proper subset of X 4, then X4 \ C) is a non-empty open set. By the
definition of the product topology, this would imply that X4 \ C, contains a
non-empty open set of the form

V= Naeary (Vo) =Va x Xaa C Xa\Cp (6.8)

where A CC A and V, € 7, for all o € A.
On the other hand, let ¢ : X4 — X4 by ¢(y) = = where

_JyifaeAd
Lo = Do if v ¢ A.

Ifae A mh00(y) =ya =7Ta(y) and if @ € A\ A then 7, 09(y) = ps so that in
every case Ty 0@ : X4 — X, is continuous and therefore ¢ is continuous. Since
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X is a product of a finite number of connected spaces and so is connected
and thus so is the continuous image, ¢(X4) = X4 X {pa}aeA\A C X 4. Since
p € v (X4) we must have

XA x {pa}aeA\A C Cp. (6.9)
Hence it follows from Eqgs. and that
Va x {pa}aeA\A = (XA X {pa}aeA\A) nNvVce,n (X4 \Cp] =0

which is a contradiction since Vi x {pa}t,ca\a # 0. m
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Appendix: Notation and Logic

The following abbreviations along with their negations are used throughout
these notes.

Symbol Meaning Negation
A for all 3

| there exits v

, or “space” |then E)

B such that , or “space”
a.a. almost always i.o.

i.o. infinitely often |a.a.

= equals #*

#* not equals =

< less than or equal|>

> greater than <

Here are some examples.

l.ap, = b, io. n <= #({n:a,=0>b,}) = oo. The negation of

#{n:ap=>by}) =001is

#{n:a,=b,}) <0 <= a, #b, for a.a. n.
2. lim,, o a, = L is by definition the statement;
Ve>03INeN>VYn>N, |L—a,|<e.
This may also be written as
Ve >0, |L—ay,| <ceforaa. n.

3. The negation of the previous statement is lim,,_, o, a,, # L which translates
to
Fe>053VYNeN, In>N >5|L—a,|>e.

This last statement is also equivalent to;
Je > 03 |L—ay| >cio n.

It is sometimes useful to reformulate this last statement as; there existse > 0
and an increasing function N 3 k — nj € N such that

|L —ap,| > ¢ for all k € N.






B

Appendix: More Set Theoretic Properties (highly optional)

B.1 Appendix: Zorn’s Lemma and the Hausdorff Maximal
Principle (optional)

Definition B.1. A partial order < on X is a relation with following properties;

1L Ifx<yandy <z thenz < z.
2.If x <y andy <z then z =vy.
S.x <z forall x € X.

Example B.2. Let Y be a set and X = 2Y. There are two natural partial orders
on X.

1. Ordered by inclusion, A < Bis A C B and
2. Ordered by reverse inclusion, A < B if B C A.

Definition B.3. Let (X, <) be a partially ordered set we say X is linearly or
totally ordered if for all z,y € X either x <y or y < x. The real numbers R
with the usual order < is a typical example.

Definition B.4. Let (X, <) be a partial ordered set. We say x € X is a max-
wmal element if for all y € X such that y > = implies y = x, i.e. there is no
element larger than x. An upper bound for a subset E of X is an element
x € X such that x >y for ally € E.

Ezxample B.5. Let
X = {a:{1}b:{1,2}0:{3}d:{2,4}e:{2}}

ordered by set inclusion. Then b and d are maximal elements despite that fact
that b £ d and d £ b. We also have;

1. If E = {a,c, e}, then E has no upper bound.
2.If E = {a, e}, then b is an upper bound.
3. If E = {e}, then b and d are upper bounds.

Theorem B.6. The following are equivalent.

1. The axiom of choice: to cach collection, {Xa},ca, of non-empty sets
there exists a “choice function,” x : A — [] Xa such that () € X, for

acA
all a € A, i.e. [Tocn Xa # 0.

2. The Hausdorff Maximal Principle: Every partially ordered set has a
mazximal (relative to the inclusion order) linearly ordered subset.

3. Zorn’s Lemma: If X is partially ordered set such that every linearly or-
dered subset of X has an upper bound, then X has a mazximal elementﬂ

Proof. (2= 3) Let X be a partially ordered subset as in 3 and let F =
{E C X : E is linearly ordered} which we equip with the inclusion partial
ordering. By 2. there exist a maximal element F € F. By assumption, the
linearly ordered set E' has an upper bound x € X. The element x is maximal,
forif y € Y and y > x, then E'U {y} is still an linearly ordered set containing
E. So by maximality of E, E = EU{y}, i.e. y € F and therefore y < x showing
which combined with y > x implies that y = xE|

(3=1) Let {Xa},ca be a collection of non-empty sets, we must show
[Ioca Xo is not empty. Let G denote the collection of functions g : D(g) —
[I.ca Xa such that D(g) is a subset of A, and for all o € D(g), g(a) € Xa.
Notice that G is not empty, for we may let ag € A and zy € X, and then set
D(g) = {ap} and g(ag) = z to construct an element of G. We now put a partial
order on G as follows. We say that f < g for f, g € G provided that D(f) C D(g)
and f = g|p(s). If & C G is a linearly ordered set, let D(h) = UgeqeD(g) and for
a € D(g) let h(a) = g(a). Then h € G is an upper bound for ¢. So by Zorn’s

' If X is a countable set we may prove Zorn’s Lemma by induction. Let {z,}°° ,

be an enumeration of X, and define F, C X inductively as follows. For n = 1 let
E1 = {z1}, and if E, have been chosen, let Fpt1 = EnU{@n41} if £pt1 is an upper
bound for E,, otherwise let E,+1 = F,. The set £ = U;2 E,, is a linearly ordered
(you check) subset of X and hence by assumption E has an upper bound, z € X. I
claim that his element is maximal, for if there exists y = z,, € X such that y > z,
then x,, would be an upper bound for F,,_; and therefore y = =, € E,, C E.
That is to say if y > x, then y € F and hence y < z, so y = z. (Hence we may view
Zorn’s lemma as a “ jazzed” up version of induction.)

Similarly one may show that 3 = 2. Let 7 = {F C X : E is linearly ordered}

and order F by inclusion. If M C F is linearly ordered, let E =UM = |J A.If
AEM
x,y € E then x € A and y € B for some A, B C M. Now M is linearly ordered

by set inclusion so A C Bor B C Aie z,y € Aor z,y € B. Since A and B
are linearly order we must have either x < y or y < x, that is to say F is linearly
ordered. Hence by 3. there exists a maximal element £ € F which is the assertion
in 2.

N



60 B Appendix: More Set Theoretic Properties (highly optional)

Lemma there exists a maximal element h € G. To finish the proof we need only
show that D(h) = A. If this were not the case, then let ap € A\ D(h) and

xog € Xo,- We may now define D(h) = D(h) U {ap} and

.« [ h(a)if o € D(h)
h(e) = { zo if a=ag.

Then h < h while h # h violating the fact that k was a maximal element.

(1 =2) Let (X, <) be a partially ordered set. Let F be the collection of
linearly ordered subsets of X which we order by set inclusion. Given zg € X,
{zo} € F is linearly ordered set so that F # (). Fix an element P, € F. If
Py is not maximal there exists P, € F such that Py & P;. In particular we
may choose = ¢ Py such that Py U {z} € F. The idea now is to keep repeating
this process of adding points z € X until we construct a maximal element P
of F. We now have to take care of some details. We may assume with out
loss of generality that F = {P € F: P is not maximal} is a non-empty set.
For P € F,let P* = {x € X : PU{z} € F}. As the above argument shows,
P* # ( for all P € F. Using the axiom of choice, there exists f € [Iper P
We now define g : F — F by

P if P is maximal

g(P) = {p U {f(z)} if P is not maximal. (B-1)

The proof is completed by Lemma [B.7] below which shows that g must have a
fixed point P € F. This fixed point is maximal by construction of g. [

Lemma B.7. The function g : F — F defined in Eq. has a fized pomtﬁ

Proof. The idea of the proof is as follows. Let Py € F be chosen arbi-
trarily. Notice that ¢ = { g(”)(Po)}Zo:O C F is a linearly ordered set and it is

therefore easily verified that P, = J ¢™)(Py) € F. Similarly we may repeat
n=0

the process to construct P, = |J ¢ (P)) € Fand P3 = |J ¢ (P) € F, etc.
=0

etc. Then take P, = UZOZOPnnand start again with P rgplgced by Ps. Then
keep going this way until eventually the sets stop increasing in size, in which
case we have found our fixed point. The problem with this strategy is that we
may never win. (This is very reminiscent of constructing measurable sets and
the way out is to use measure theoretic like arguments.)

Let us now start the formal proof. Again let Py € F and let F; = {P €
F : Py C P}. Notice that F; has the following properties:

3 Here is an easy proof if the elements of F happened to all be finite sets and there
existed a set P € F with a maximal number of elements. In this case the condition
that P C ¢g(P) would imply that P = g(P), otherwise g(P) would have more
elements than P.
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1. Py € F1.
2. If & C F; is a totally ordered (by set inclusion) subset then U® € F.
3. If P € F; then g(P) € Fi.

Let us call a general subset 7/ C F satisfying these three conditions a tower
and let
Fo=nN{F : F is a tower} .

Standard arguments show that Fy is still a tower and clearly is the smallest
tower containing Py. (Morally speaking Fy consists of all of the sets we were
trying to constructed in the “idea section” of the proof.) We now claim that
Fo is a linearly ordered subset of F. To prove this let I' C Fy be the linearly
ordered set

I'={C e Fy: forall Ae Fyeither AC Cor C C A}.

Shortly we will show that I C Fy is a tower and hence that Fy = I'. That is
to say JFy is linearly ordered. Assuming this for the moment let us finish the
proof.

Let P = UJFy which is in Fy by property 2 and is clearly the largest element
in Fy. By 3. it now follows that P C g(P) € Fy and by maximality of P, we
have g(P) = P, the desired fixed point. So to finish the proof, we must show
that I" is a tower. First off it is clear that Py € I' so in particular I is not
empty. For each C' € I" let

Pc = {A € Fy:either AC C or g(C) C A}.

We will begin by showing that & C Fy is a tower and therefore that &« = Fy.
1. Py € &¢ since Py C C forall C € I' C Fy. 2. If & C & C Fy is totally
ordered by set inclusion, then Ag := U® € Fy. We must show Ag € P, that
is that Ag C C or C C Ag. Now if A C C for all A € &, then Ap C C and
hence Ag € P¢. On the other hand if there is some A € ¢ such that g(C) C A
then clearly g(C) C Ag and again Ag € P¢. 3. Given A € ¢ we must show
g(A) € D¢, ie. that

g(A) Cc Cor g(C) C g(A). (B.2)

There are three cases to consider: either A & C, A = C, or g(C) C A. In the
case A =C, g(C) = g(A) C g(A) and if g(C) C A then g(C) C A C g(A) and
Eq. holds in either of these cases. So assume that A & C. Since C € I
either g(A) C C (in which case we are done) or C' C g(A). Hence we may
assume that

AG CcCg(A.

Now if C' were a proper subset of g(A) it would then follow that g(A)\ A would
consist of at least two points which contradicts the definition of g. Hence we
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must have g(A) = C C C and again Eq. holds, so @¢ is a tower. It is now
easy to show I is a tower. It is again clear that Py € I" and Property 2. may be
checked for I' in the same way as it was done for @< above. For Property 3., if
C € I' we may use @¢ = Fy to conclude for all A € Fy, either A C C C g(C)
or g(C) C A, ie. g(C) eI Thus I is a tower and we are done. ]

B.2 Cardinality

In mathematics, the essence of counting a set and finding a result n, is that it
establishes a one to one correspondence (or bijection) of the set with the set
of numbers {1,2,...,n}. A fundamental fact, which can be proved by math-
ematical induction, is that no bijection can exist between {1,2,...,n} and
{1,2,...,m} unless n = m; this fact (together with the fact that two bijec-
tions can be composed to give another bijection) ensures that counting the
same set in different ways can never result in different numbers (unless an error
is made). This is the fundamental mathematical theorem that gives counting its
purpose; however you count a (finite) set, the answer is the same. In a broader
context, the theorem is an example of a theorem in the mathematical field of
(finite) combinatorics—hence (finite) combinatorics is sometimes referred to as
”the mathematics of counting.”

Many sets that arise in mathematics do not allow a bijection to be estab-
lished with {1,2,...,n} for any natural number n; these are called infinite sets,
while those sets for which such a bijection does exist (for some n) are called
finite sets. Infinite sets cannot be counted in the usual sense; for one thing, the
mathematical theorems which underlie this usual sense for finite sets are false
for infinite sets. Furthermore, different definitions of the concepts in terms of
which these theorems are stated, while equivalent for finite sets, are inequivalent
in the context of infinite sets.

The notion of counting may be extended to them in the sense of establishing
(the existence of) a bijection with some well understood set. For instance, if a set
can be brought into bijection with the set of all natural numbers, then it is called
“countably infinite.” This kind of counting differs in a fundamental way from
counting of finite sets, in that adding new elements to a set does not necessarily
increase its size, because the possibility of a bijection with the original set is not
excluded. For instance, the set of all integers (including negative numbers) can
be brought into bijection with the set of natural numbers, and even seemingly
much larger sets like that of all finite sequences of rational numbers are still
(only) countably infinite. Nevertheless there are sets, such as the set of real
numbers, that can be shown to be“too large” to admit a bijection with the
natural numbers, and these sets are called ”uncountable.” Sets for which there
exists a bijection between them are said to have the same cardinality, and in
the most general sense counting a set can be taken to mean determining its
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cardinality. Beyond the cardinalities given by each of the natural numbers,
there is an infinite hierarchy of infinite cardinalities, although only very few
such cardinalities occur in ordinary mathematics (that is, outside set theory
that explicitly studies possible cardinalities).

Counting, mostly of finite sets, has various applications in mathematics. One
important principle is that if two sets X and Y have the same finite number
of elements, and a function f : X — Y is known to be injective, then it is also
surjective, and vice versa. A related fact is known as the pigeonhole principle,
which states that if two sets X and Y have finite numbers of elements n and
m with n > m, then any map f : X — Y is not injective (so there exist two
distinct elements of X that f sends to the same element of Y); this follows
from the former principle, since if f were injective, then so would its restriction
to a strict subset S of X with m elements, which restriction would then be
surjective, contradicting the fact that for x in X outside S, f(z) cannot be in
the image of the restriction. Similar counting arguments can prove the exis-
tence of certain objects without explicitly providing an example. In the case of
infinite sets this can even apply in situations where it is impossible to give an
example; for instance there must exists real numbers that are not computable
numbers, because the latter set is only countably infinite, but by definition a
non-computable number cannot be precisely specified.

The domain of enumerative combinatorics deals with computing the number
of elements of finite sets, without actually counting them; the latter usually
being impossible because infinite families of finite sets are considered at once,
such as the set of permutations of {1,2,...,n} for any natural number n.

B.3 Formalities of Counting

Definition B.8. We say card (X) < card (Y') if there exists an injective map,
f: X =Y and card (Y) > card (X) if there exists a surjective map g : Y — X.
We say card (X) = card (Y) if there exists a bijections, f: X — Y.

Proposition B.9. We have card (X) < card (V) iff card (Y') > card (X).

Proof. If f: X — Y is an injective map, define g : Y — X by g|¢(x) = f!
and gly\ f(x) = To € X chosen arbitrarily. Then g : Y — X is surjective.

If g: Y — X is a surjective map, then Y, := g7 ! ({z}) # 0 for all z € X
and so by the axiom of choice there exists f € [ .y Y. Thus f: X — Y such
that f (z) € Y, for all 2. As the {Y,} .y are pariwise disjoint, it follows that
f is injective. [
Theorem B.10 (Schrider-Bernstein Theorem). If card (X) < card (Y)
and card (Y') < card (X), then card (X) = card (V). Stated more explicitly; if

there exists injective maps f : X — Y and g : Y — X, then there exists a
bijective map, h: X — Y.
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Proof. Starting with an z € X we may form the sequence of “ancestors” of
z, namely ancestor (z) := (@, y1, 21, Y2, ...) where y; = g~ (z), 21 = [~ (y1),
Y2 = 9_1 ($1) R WX

—1 —1 -1 —1

Jig—> Y1 —)xlg—> Y2 — ...

We continue this process of inverse iterates as long as it is possible, i.e. we can
construct y,41 if x, € g(Y) and xp11 if yne1 € f(X). There are now three
possibilities;

1. ancestor (x) has infinite length so the process never gets stuck in which case
we say & € X, read as start in X and end never get stuck.

2. ancestor () is finite and the last term in the sequence is in X, in which case
we say © € Xx (read as start in X and end in (get stuck in) X).

3. ancestor (z) is finite and the last term in the sequence is in Y, in which case
we say € Xy (read as start in X and end in (get stuck in) V).

In this way we partition X into three disjoint sets, X, Xx, and Xy . Sim-
ilarly we may partition Y into Y., Yy, and Yx. Let us now observe that,

1. f(Xo) = Y. Indeed if € X, then ancestor (f (z)) = (x, ancestor (x))
is an infinite sequence, i.e. f(x) € Y. Moreover if y € Y, then
ancestor (y) = (y,ancestor (x)) where f(z) = y so that z € X, and
y € f(X). Thus we have shown f : X, — Y, is a bijection, i.e.
card (X ) = card (Y ) ,

2. f(Xx) = Yx. Indeed if z € Xx then again ancestor (f(x)) =
(z, ancestor (x)) which ends in X so that f (x) € Yx. Moreover if y € Yx,
then ancestor (y) = (y, ancestor (x)) where f(x) = y so that ancestor (x)
endsin X, ie. y € f(Xx).Thus we have shown f : Xx — Yx is a bijection,
ie. card (Xx) = card (Yx).

3. By the same argument as in item 2. it follow that g : Yy — Xy is a bijection,
i.e. card (Xy) = card (Yy).

The last three statement implies card (X) = card (Y') . We may in fact define
a bijection, h : X — Y, by

_f f(zx) ifre X UXx

h(w) = {g|;; (@)if zeXy
[
Definition B.11. We say card (X) < card(Y) if card (X) < card(Y) and
card (X)) # card (Y), i.e. card (X) < card (Y) if there exists an injective map,
f: X =Y, but not bijective map exists. Similarly we say card (Y) > card (X)
if card (Y) > card (X) and card (Y) # card (X), i.e. card (Y) > card (X) if

there exists a surjective map g : Y — X but no bijective map exists.
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Proposition B.12. For any non-empty set X, card (X) < card (2X) .

Proof. Define f : X — 2% by f (x) = {z}. Then f is an injective map and
hence card (X) < card (ZX) . Now suppose that g : X — 2% is any map. Let
Xo={reX:x¢g(x)} C X.Iclaim that Xy ¢ ¢g(X).

Indeed suppose there exists xg € X such that g (z9) = Xo. If 29 € X,
then z¢ ¢ g (z9) = X which is impossible. Similarly if o ¢ X¢ = g (zo) then
zo € Xo and again we have reached a contradiction. Thus we must conclude
that Xo ¢ g(X). Thus there are no surjective maps, g : X — 2% so that
card (X) # card (2%) . [

Proposition B.13. If card (X) < card(Y) and card (Y) < card(Z), then
card (X) < card (Z).

Proof. If there exists an injective map, f : Z — X then composing this
with and injective map, g : X — Y gives an injective map, go f : Z — X and
there for card (Z) < card (X). But this would imply that card (X) = card (Z).
]

Definition B.14. Let A, := {1,2,...,n} for all n € N and write n for
card (A,) .

Proposition B.15. We have card (4,,) < card (A4,) for all m < n. Moreover
if0 #X G A, then card (X) = card (Ay) for some k < n.

Proof. If f : Ay — As, then either f (1) =1 or f (1) = 2. In either case
f is injective but not bijective so that card (As) < card (41). Let S, be the
statement that card (Ax) < card (4;) for all 1 < k < < n and for any proper
subset X C A,, we have card (X) = card (A4,,) for some m < n. Then we have
just shown that Ss is true. So suppose that S, is now true. As f : A — A4;
defined by f(m) = m for all m € Ay is a injection when k < [ we always
have card (Ax) < card (A;). Now suppose that card (A;) = card (4,4+1) for
some k < n. Then there exists a bijection, f : A,+1 — Ag. In this case f (A,)
is a proper subset of Ay and therefore card (f (A,)) < card (Ax) but on the
other hand card (f (4,)) = card (A,) > card (Ax) which is a contradiction.
So no such bijection can exists and we have shown card (4g) < card (A,11)
for all & < n. Finally suppose that X C A, is proper subset. If X C A,
then card (X) = card (Ag) for some k& < n by the induction hypothesis. On
the other hand if n +1 € X, let X’ := X \ {n+1} G A,. Therefore by the
induction hypothesis card (X') = card (Ay) for some k < n. It is then clear that
card (X) = card (Ag4+1) where k+1 < n, indeed we map X := X'U{n+1} —
AkU{k—l—l}:Alﬁ_l. |

Ezample B.16. card (A, \ {k}) = n — 1 for k € A,. Indeed, let f : A1 —
A, \ {k} be defined by
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z fx<k

fla)= {x+1ifx>k'
Then f is the desired bijection. More generally if X C Y and card (X) =m <
n = card (Y), then card (Y \ X) = n—m and if X and Y are finite disjoint sets

then card (X UY) = card (X) + card (Y') . Similarly, card (X x Y) = card (X) -
card (V).

Proposition B.17. If f : A, — A, is a map, then the following are equivalent,

1. f is injective,
2. f is surjective,
3. f is bijective.

Moreover card (Bijec (4,,)) = nl.

Proof. If n = 1, the only map f : 41 — A; is f(1) = 1. So in this case
there is nothing to prove. So now suppose the proposition holds for level n and
f i Ans1 — An4a is a given map.

If f: A1 — Apg is an injective map and f (A,41) is a proper subset
of A,y1, then card (Ap41) < card (f (An+1)) = card (Ap41) which is absurd.
Thus f is injective implies f is surjective.

Conversely suppose that f : A,11 — Apy1 is surjective. Let g : App1 —
A,+1 be aright inverse, i.e. fog = id, which is necessarily injective, see the proof
of Proposition By the pervious paragraph we know that ¢ is necessarily
surjective and therefore f = ¢! is a bijection.

It now only remains to prove card (Bijec(A,)) = n! which we again do
by induction. For n = 1 the result is clear. So suppose it holds at level n. If
f i Ant1 — An4a is a bijection. Given 1 <k <n+1 let

Biji (Ant1) = {f € Bij (Ans1) : f (n+1) = k}.

For f € Biji (Ant1), we have f: A, — A1\ {k} = A, is a bijection. Thus
Biji (Ant+1) = Bij (4,,) and

n+1
Bij (Ans1) = Y Biji (Ant1)
k=1

we have
n+1
card (Bij (Apy1)) = Z card (Bijg (An+1))
k=1
n+1 n+1
= Z card (Bij (A,)) = Z n!
k=1 k=1

=Mm+1)n'=Mn+1).
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