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Preface

In recent years, the field of partial differential equation (PDE)-constrained optimization
has received a significant impulse with large research projects being funded by different
national and international agencies. A key ingredient for this success is related to the
wide applicability that the developed results have (e.g., in crystal growth, fluid flow, or
heat phenomena). In return, application problems gave rise to further deep theoretical
and numerical developments. In particular, the numerical treatment of such problems
has motivated the design of efficient computational methods in order to obtain optimal
solutions in a manageable amount of time.

Although some books on optimal control of PDEs have been edited in the past years,
they are mainly concentrated on theoretical aspects or on research-oriented results. At
the moment, there is a lack of student accessible texts describing the derivation of opti-
mality conditions and the application of numerical optimization techniques for the solu-
tion of PDE-constrained optimization problems. This text is devoted to fill that gap.

By presenting numerical optimization methods, their application to PDE-constrained
problems, the resulting algorithms and the corresponding MATLAB codes, we aim to
contribute to make the field of numerical PDE-constrained optimization accessible to
advanced undergraduate students, graduate students, and practitioners.

Moreover, recent results in the emerging field of nonsmooth numerical PDE-constrai-
ned optimization are also presented. Up to the author’s knowledge, such results are not
part of any monograph yet. We provide an overview on the derivation of optimality con-
ditions and on some solution algorithms for problems involving bound constraints, state
constraints, sparsity enhancing cost functionals, and variational inequality constraints.

After an introduction and some preliminaries on the theory and approximation of
partial differential equations, the theory of PDE-constrained optimization is presented.

vii
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Existence of optimal solutions and optimality conditions are addressed. We use a general
framework that allows to treat both linear and nonlinear problems. First order optimality
conditions are presented by means of both a reduced approach and a Lagrange multi-
plier methodology. The derivation is also illustrated with several examples, including
linear and nonlinear ones. Also sufficient second-order conditions are developed and the
application to semilinear problems is explained.

The next part of the book is devoted to numerical optimization methods. Classical
methods (descent, Newton, quasi-Newton, sequential quadratic programming (SQP))
are presented in a general Hilbert-space framework and their application to the special
structure of PDE-constrained optimization problems explained. Convergence results are
presented explicitly for the PDE-constrained optimization structure. The algorithms are
carefully described and MATLAB codes, for representative problems, are included.

The box-constrained case is addressed thereafter. This chapter focuses on bound con-
straints on the design (or control) variables. First- and second-order optimality condi-
tions are derived for this special class of problems and solution techniques are stud-
ied. Projection methods are explained on basis of the general optimization algorithms
developed in Chap. 4. In addition, the nonsmooth framework of primal-dual and semis-
mooth Newton methods is introduced and developed. Convergence proofs, algorithms,
and MATLAB codes are included.

In the last chapter, some representative nonsmooth PDE-constrained optimization
problems are addressed. Problems with cost functionals involving the L'-norm, with
state constraints, or with variational inequality constraints are considered. Numerical
strategies for the solution of such problems are presented together with the correspond-
ing MATLAB codes.

This book is based on lectures given at the Humboldt-University of Berlin, at the
University of Hamburg, and at the first Escuela de Control y Optimizacion (ECOPT), a
summer school organized together by the Research Center on Mathematical Modeling
(MODEMAT) at EPN Quito and the Research Group on Analysis and Mathematical
Modeling Valparaiso (AM2V) at USM Chile.
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Chapter 1
Introduction

1.1 Introductory Examples

1.1.1 Optimal Heating

Let Q2 be a bounded three-dimensional domain with boundary I', which represents a
body that has to be heated. We may act along the boundary by setting a temperature
u = u(x) and, in that manner, change the temperature distribution inside the body. The
goal of the problem consists in getting as close as possible to a given desired temperature
distribution z4(x) in Q.

Mathematically, the problem may be written as follows:

min J(y,u 2/ x) —zq(x dx—i—%/ru(x)zds
subject to:
—Ay=0 in Q,
% — p(uy) inT, State equation
g < u(x) < up, Control constraints

where u,,u, € R such that u, < u,. The control constraints are imposed if there is
a technological limitation on the maximum or minimum value of the temperature to
be controlled. The scalar o > 0 can be interpreted as a control cost, which, as a by-
product, leads to more regular solutions of the optimization problem. The function p (x)
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2 1 Introduction

represents the heat transfer along the boundary. Quadratic objective functionals like
J(y,u) are known as tracking type costs.

The problem consists in finding an optimal control u(x) and its associated state y(x)
such that J(y,«) is minimized. This type of problems arise in several industrial control
processes (see, e.g., [30, 45]) and in the design of energy efficient buildings [31].

1.1.2 Optimal Flow Control

Steady laminar incompressible fluid flow in a three-dimensional bounded domain £2 is
modeled by the stationary Navier—Stokes equations:

1
—ﬁAyﬂL(y-V)erVp:f in Q,

divy =0 in Q,
y=0 onl,

where y = y(x) stands for the velocity vector field at the position x, p = p(x) for the
pressure and f = f(x) for a body force. The nonlinear term corresponds to the convection
of the flow and is given by

3 Diy;
(y-V)y= zyi Dy,
=\ D

The scalar coefficient Re > 0 stands for the Reynolds number, a dimensionless quantity
related to the apparent viscosity of the fluid. Existence of a solution to the stationary
Navier-Stokes equations can, in fact, be argued only if the Reynolds number is suffi-
ciently small so that the viscous term dominates the convective one.

The fluid flow may be controlled either by acting on the boundary (injection or suc-
tion) or by using a body force (e.g., gravitational, electromagnetic). If the aim is, for
instance, to minimize the vorticity of the fluid by acting on the boundary of the domain,
an optimization problem may be formulated in the following way:

. s o
minJ () = 5 [ Jeurl y(0)? dx-+ 5l
2Jo 2
subject to:

1
RO Vy+Vp =7 in Q,
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divy=0 in Q,
y=u onl,

where U stands for the boundary control space. In order to preserve the incompressibility
of the fluid, the additional condition || ru-nds=0, with n the outward normal vector to
€2, has to be imposed on the control.

Examples of flow control problems include the design of airfoils [21, 26], the active
control of separation [10], drag reduction [24], among others. Problems with control or
state constraints have also been studied in the last years [13, 14, 57]. For more details
on PDE-constrained optimization in the context of fluid flow, we refer to the monograph
[25] and the references therein.

1.1.3 A Least Squares Parameter Estimation Problem in Meteorology

Data assimilation techniques play a crucial role in numerical weather prediction (NWP),
making it possible to incorporate measurement information in the mathematical models
that describe the behavior of the atmosphere. As a consequence, the quality of the pre-
dictions significantly increases and a larger prediction time-window may be obtained.

Fig. 1.1 Prediction of the surface temperature distribution in Ecuador
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One of the widely used data assimilation methodologies is the so-called 4DVar. This
variational approach treats the assimilation problem as a PDE-constrained optimization
one, which can be stated in the following way:

minJ(y,u) = % Zn‘i[H()’(ti)) —za(0)]" R H (1) = za (1)
= ()] B (o)

subject to:

y() =M(y(t)), (system of PDEs)

y(to) = u, (initial condition)

where 7z, are the observations obtained at different time steps #, y” is the background
vector, H is the observation operator, and R; and B are the so-called observation and
background error covariances, respectively.

The idea of 4DVar consists in solving the PDE-constrained optimization problem in
order to obtain an initial condition for the atmospheric dynamics, which is subsequently
used for the numerical simulations on a larger time-window. In this context, the use of
efficient methods for the solution of the PDE-constrained optimization problem becomes
crucial to obtain an operational procedure (see, e.g., [36]).

1.2 A Class of Finite-Dimensional Optimization Problems

We consider next a special class of finite-dimensional optimization problems, where the
variable to be optimized has the following separable structure:

x=(y,u) €R",

where u € R/ is a decision or control variable and y € R™ is a state variable determined
by solving the (possibly nonlinear) equation

e(y,u) =0, (1.1

with e : R" — R™.
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We consider the optimization problem given by:

min J(y,
(y,u) ERM X Upyq (y I/l)
subject to: (1.2)
e(y,u) =0,

with J and e twice continuously differentiable and U,q C R’ a nonempty convex set.
Existence of a solution to (1.2) can be obtained under suitable assumptions on J and e.
Let X = (,u) be a local optimal solution to (1.2). We further assume that

ey(¥,1) is a bijection. (1.3)

From the implicit function theorem (see, e.g., [12, p. 548]) we get the existence of a
unique (at least locally) y(u«) such that

e(y(u),u) =0 (1.4)

in a neighborhood of #, with the solution mapping y(u) also being twice continuously
differentiable.

If for each u € Uy there is a unique solution y(u) to (1.4), we may write the optimiza-
tion problem in reduced form as:

min f(u) =J(y(u),u). (1.5)

ucUyg

Theorem 1.1. Let it be a local optimal solution for (1.5). Then it satisfies the following
variational inequality:

f(@)(v—i) >0, Sforallv € Uy. (1.6)
Proof. Let v € Uyg. From the convexity of Uy it follows that
tv+(l=t)a=da+t(v—i) € Uy, forallz € [0,1].
Since i is locally optimal,
fla+t(v—a))— f(a) >0, fort sufficiently small.
Dividing by ¢ and passing to the limit we obtain:

(@) (v— i) = lim LEHL =) = F(@)

t—0 t

>0. a
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In the special case Uy = R/, if 7 € R! is an optimal solution to (1.5), we then obtain
the necessary condition:

Vi@ h=Vy(y@),a) " Y @h + V.l (y(@),7) Th=0, (1.7

for any h € R
Definition 1.1. An element p € R™ is called the adjoint state related to % if it solves the

following adjoint equation:

ey(y(@),7) " p = V,J (y(@), 7). (1.8)

Theorem 1.2. Let (,%) be a local optimal solution to (1.2), with U,y = R, and assume
that (1.3) holds. Then there exists an adjoint state p € R™ such that the following opti-
mality system holds:

e(y,m) =0, (1.9a)
ey(3,7) " p=V,J(3,17), (1.9b)
e”(y’ﬁ)—rp = Vuf(?,ﬁ)- (190)

Proof. From the invertibility of e,(¥,%) we obtain the existence of an adjoint state p €
R™ that solves (1.9b).

Since by the implicit function theorem the mapping y(u) is twice continuously differ-
entiable in a neighborhood of %, we may take derivatives in

e(y(@),i) =0
and obtain that

ey (v(@), @)y (@)h] + eu(y(@), @)h = 0, (1.10)
for any h € R
To obtain (1.9c) we compute the derivative of the reduced cost function in the follow-
ing way:
V@) "h=VyJ (@), 7)Y (@)h] + Vil (v(@),7) " h
= (e;(3,7) " p) 'Y (@h] + VI (7,7) T h
=p ' (e, @h]) + Vil (3,7) " h

Thanks to equation (1.10), we then obtain that

V@) 'h=—p'(eu5,0)h) + Vi (3,7) " h
= —(e,v,7) p) h+V,JF,7) h
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which due to (1.7) yields
e,¥,0) p=V,JF,0). 0

Remark 1.1. From assumption (1.3) and proceeding as in the proof of Theorem 1.2 we
get a formula for the gradient of the reduced cost function given by:

V()= —eu(yu)" p+ Vil (vu), (L1D)
where y and p are solutions to
e(y,u) =0 and ey(y,u)"p=VyJ(yu),
respectively.
One frequent choice for U,q is given by so-called box constraints
U ={ueR :u, <u<u}, (1.12)

where u,, up € R satisfy u, < u; componentwise. By rewriting (1.6), using (1.11), we
obtain that

(—eu()?,ﬁ)Tp—l— VI (5, a),ﬁ)w < (—eu(y‘, i) p+ Vi, ﬁ),u)Rl , Vit € Uy,

which implies that i is solution of

I
min (~eu5.0) P+ VI G.a),, = min 3 (~eu(5n) p+ Vil (5.0))

Thanks to the special structure of U,g and the independence of the u;’s, it then follows
that

(—eu(y‘, i) p+V.J 37, ﬁ))i .ii;= min (—eu()?, i) p+ V.G, a)) S

Ug i <ui<up; !

fori=1,...,l. Consequently,
(1.13)

For the components where (—eu @) p+ Vi, 12))1, = 0, no additional information is
obtained.
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Let us now define the multipliers:

Ay = max (0, —eu(y, l/_l)TP +V.J (7, ’Z)) )

(1.14)
Ay := |min (0, —e,(3,@) " p+ VI (7,)) ],

where max, min, and | - | are considered componentwise. Then, from (1.13) it follows
that
Aa >0, u, — i1 <0, (Agyttg — )t =0,

A’b 207 U—up SO, (A'bﬂ’_t_ub)]R’ :07
which is called a complementarity system. From (1.14) we then obtain that
Ra— Ny =Vl (5.0) = eu(3,) " p,
which, together with the adjoint equation, implies the following theorem.

Theorem 1.3. Let (¥,i) be an optimal solution for (1.2), with U,y given by (1.12), and
such that (1.3) holds. Then there exist multipliers p € R™ and g, A, € R! such that:

e(y,i) =0,

ey(3,@)" p = VyJ(3,00),

Vil (3,) = eu(7,@) ' p— Ao+ Ap =0,
Ae>0, Ay >0,

A, (g —it) :l;(ﬁ—u;,) =0,

Ug < it < up.

The last necessary conditions are known as Karush—-Kuhn—Tucker (KKT) conditions
and constitute one of the cornerstones of nonlinear optimization theory.



Chapter 2

Basic Theory of Partial Differential Equations and
Their Discretization

In this chapter we present some basic elements of the analysis of partial differential equa-
tions, and of their numerical discretization by finite differences. Our aim is to introduce
some notions that enable the reader to follow the material developed in the subsequent
chapters. Both the analysis and the numerical solution of partial differential equations
(PDEs) are research areas by themselves, with a large amount of related literature. We
refer, for instance, to the books [9, 19] for the analysis of PDEs and to, e.g., [23, 52] for
their numerical approximation.

2.1 Notation and Lebesgue Spaces

Let X be a Banach space and let ||-||, be the associated norm. The topological dual of X
is denoted by X’ and the duality pair is written as (-, )y’ x. If X is, in addition, a Hilbert
space, we denote by (-,-)x its inner product.

The set of bounded linear operators from X to Y is denoted by £ (X,Y) or by £ (X)
if X =Y. The norm of a bounded linear operator 7' : X — Y is given by

1Tl zxyy=sup  [[Tv]y.

veX, vl =1

For T € Z(X,Y) we can also define an operator T* € Z(Y',X’), called the adjoint
operator of T, such that

W, Tv)yry = (T*w,v)y x, forallve X, we Y’

and ||T||$(X,Y) = HT*Hz(Y/,X’)-

© The Author(s) 2015 9
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10 2 Basic Theory of Partial Differential Equations and Their Discretization

Definition 2.1. Let Q be an open subset of RV and 1 < p < oo. The set of p-integrable
functions is defined by

LP(Q) ={u:Q — R;u is measurable and / [ulP dx < oo},
Jo
. . : 1
and the following norm is used: ||u||;, = ([o lu(x)|? dx)? .
Moreover, we also define the space
L7 () ={u:Q — R;u is measurable and |u(x)| < C a.e. in Q for some C > 0}
and endow it with the norm ||u|;~ = inf{C : |u(x)| < C a.e. in Q}.

Theorem 2.1 (Holder). Let u € L”(Q) and v € L1(Q2) with % + é =1.Thenuv € L'(Q)
and

[ vl < g vl

The spaces LP(£2) are Banach spaces for 1 < p < e and reflexive for 1 < p < oo. For
L?(Q), a scalar product can be defined by

V) = d
(u,v)2 /qu X

and a Hilbert space structure is also obtained.

2.2 Weak Derivatives and Sobolev Spaces

Next, we study a weak differentiability notion which is crucial for the definition of
Sobolev function spaces and for the variational study of PDEs.

Let Q C RY,N = 2,3, be a bounded Lipschitz domain and consider functions y,v €
C'(Q). Utilizing Green’s formula, we obtain the equivalence

/Qv(x)Diy(x) dx:/rv(x)y(x)ni(x) ds—/gy(x)D,-v(x) dx,

where n;(x) denotes the i-th component of the exterior normal vector to €2 at the point
x € I' and ds stands for the Lebesgue surface measure at the boundary I". If, in addition,
v=0onI,then

/QY(x)DiV(X)dXZ—/QV(X)D,'y(x)dx.
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More generally, if higher order derivatives are involved, we obtain the following formula:

[ 3D dx= (=1 [ vx)D%y(x) d

where o = (0, . .., oy) is a multi-index and D* denotes the differentiation operator with
respect to the multi-index, i.e., D% = %, with |of| = 5\]:1 ;. The last equation is

the starting point for the definition of a weaker notion of differentiable function, which
takes advantage of the presence of the integral and the accompanying regular function

v(x).

Definition 2.2. Let LlloC (£2) denote the set of locally integrable functions on £, i.e., inte-

grable on any compact subset of 2. Let y € L]OC(.Q) and o be a given multi-index. If
there exists a function w € L}, (€2) such that

/y )D%v(x) dx = ( 1)|a‘/wxvxdx
Q

for all v € C5(£2), then w is called the derivative of y in the weak sense (or weak deriva-
tive), associated with ¢, and is denoted by w = D%y.

Example 2.1. y(x) = |x| in Q = (—1,1). The weak derivative of y(x) is given by

() = () = {—1 if x € (—1,0),

1 ifxeo,1).

Indeed, forv e C5(—1,1),

/i |x|v’(x)dx—/ —x)v dx+/ o/ (

‘071_/,1( Dv(x) +xv(x ] —/ o
= —/_llw(x)v(x)dx.

Note that the value of y’ at the point x = 0 is not important since the set {x = 0} has
zZero measure.

= —xv(x)

Definition 2.3. Let | < p < e and k € N. The space of functions y € L?(£2) whose weak
derivatives D%y, for « : || < k, exist and belong to L (£2) is denoted by W57 () and
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is called Sobolev space. This space is endowed with the norm

1/p
[¥llwer = ( Y /Q|D°‘y|” dx) .

lor| <k
If p = oo, the space W*>(Q) is defined in a similar way, but endowed with the norm

¥t = m
o

ax [|D%y| -
|or|<k

The spaces Wk’l’(Q) constitute Banach spaces, reflexive for 1 < p < 4. In the spe-
cial case p = 2 the Sobolev spaces are denoted by H*(Q) := Wk2(Q).
A frequently used space is

HY(Q)={yel*(Q):Dycl*Q),Vi=1,...,N}

endowed with the norm

1/2
il = (f, 02+ 7s1a)

and the scalar product
(,v) g1 :/ u'vdx+/ Vu-Vvdx.
Q Q

The space H'(£2) constitutes a Hilbert space with the provided scalar product.

Definition 2.4. The closure of C*(€2) in WX (Q) is denoted by Wok 7(Q). The resulting
space is endowed with the W*?-norm and constitutes a closed subspace of W57 ().

Next, we summarize some important Sobolev spaces embedding results (see [12,
Sect. 6.6] for further details).

Theorem 2.2. Let Q C RN be an open bounded set with Lipschitz continuous boundary.
Then the following continuous embeddings hold:

1.Ifp <N, W'P(Q) — L (Q), for p—l* = %— %,
2.Ifp=N, WP (Q) = LI(Q), for1<gq< +oo,

3.Ifp>N, WP (Q) — CO1-NIr(Q).

Theorem 2.3 (Rellich—-Kondrachov). Ler Q C RN be an open bounded set with Lips-
chitz continuous boundary. Then the following compact embeddings hold:
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L Ifp <N, WhP(Q) — L1(Q), forall 1 < q < p* with PL = éf
2.Ifp=N, W'P(Q) — LI(Q), forall 1 < g < +oo,
3.Ifp>N, WP (Q) — C(Q).

1
N>

An important issue in PDEs is the value that the solution function takes at the bound-
ary. If the function is continuous on £2, then its boundary value can be determined by
continuous extension. However, if the function is defined in an almost everywhere sense,
then its boundary value has no specific sense, since the boundary has zero measure. The
following result clarifies in which sense such a boundary value may hold (see [9, p. 315]
for further details).

Theorem 2.4. Let 2 be a bounded Lipschit; domain. There exists a bounded linear
operator T: WP (Q) — LP(I") such that

(ty)(x) =y(x)  aeonl,

foreachy € C(Q2).

Definition 2.5. The function 7y is called the trace of y on I and 7 is called the trace
operator.

If Q is a bounded Lipschitz domain, then it holds that
W()LP(Q) ={ye WP (Q):1y=0ae.on ri.

In particular, H} () = {y € H'(2) : ty=0a.e. on I"}, which, thanks to the Poincaré
inequality, can be endowed with the norm

1/2
Dl = ([ P ax)

2.3 Elliptic Problems

2.3.1 Poisson Equation
Consider the following classical PDE:

{Ayf in Q, o1

y=20 onl.
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Existence of a unique solution y € C?>() can be obtained by classical methods (see
[19, Chap. 2]), under the assumption that the right hand side belongs to the space of
continuous functions. In practice, however, it usually happens that the function on the
right hand side has less regularity. To cope with that situation, an alternative (and weaker)
notion of solution may be introduced.

Assuming enough regularity of y and multiplying (2.1) with a test function v €
Ci(£2), we obtain the integral relation

f/Ayvdx:/fvdx,
Q Q

which, using integration by parts, yields

/Vy-Vvdx—/v&nyds:/fvdx,
Q r Q

0
where dpy =Vy-n= 27 Since v=0on I, it follows that

dn
/ Vy-Vvdxz/ fvdx.
Q Q
Since CJ(£2) is dense in H} (£2) and both terms in the previous equation are continuos
with respect to the H} (€2)-norm, then the equation holds for all v € H} (Q).

Definition 2.6. A function y € H{ (£2) is called a weak solution for problem (2.1) if it
satisfies the following variational formulation:

/Vy-Vvdxz/fvdx, Wy e HY(Q). (2.2)
Q Q

Existence of a unique solution to (2.2) can be proved by using the well-known Lax—
Milgram theorem, which is stated next.

Theorem 2.5 (Lax-Milgram). Ler V be a Hilbert space and let a(-,-) be a bilinear form
such that, for all y,v €'V,

la(y,v)| < Clyllv[[v]lv, (2.3)
a(y,y) = |ylly, (2.4)

for some positive constants C and k. Then, for every £ € V', there exists a unique solution
y €V to the variational equation

a(y,v) = ({,v)yry, forallveV. (2.5)
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Moreover, there exists a constant ¢, independent of ¢, such that

Iyllv < ¢ll€]ly:- (2.6)

2.3.2 A General Linear Elliptic Problem

We consider the following general linear elliptic problem:

Ay+coy=f in Q|
Oy +oy=g onI7, 2.7)
y=0 on Iy,
where A is an elliptic operator in divergence form:
N
Ay(x) == 3 Dj(aij(x)Diy(x)). (2.8)

i,j=1

The coefficients a;; € L*(£2) satisfy the symmetry condition a;;(x) = a;(x) and the
following ellipticity condition: 3x > 0 such that

N
2 Cl,'j(x)é,‘éj > K'|§|27 Vé S Rn, fora.a. x € Q. (2.9)
ij=1

The operator d, , stands for the conormal derivative, i.e.,

Inpy(x) = Vy(x)Tna (),

with (n4);(x) = leyzl a;j(x)n;(x). Additionally I' = Ty wWIj and co € L*(Q), o« € L*(I3),
fel(Q),geL* ().
I

By introducing the Hilbert space
N
a(y,v) ::/ z a;j DiyDjv dx—l—/ coyv dx+/ ayvds, (2.10)

V:{yéHl(Q):y

and the bilinear form
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the variational formulation of problem (2.7) is given in the following form: Find y € V
such that

a(y,v) = (f\V)2) + (& V)ix), YWEV.

Theorem 2.6. Let 2 be a bounded Lipschitz domain and ¢y € L*(Q), oo € L*(I3) given
functions such that co(x) > 0 a.e. in Q and o(x) > 0 a.e. on I, respectively. If one of
the following conditions holds:

i) [To] >0,
i) =T and/ c%(x)dx+/ o (x)ds > 0,
Q r

then there exist a unique weak solution’y € V to problem (2.7). Additionally, there exists
a constant cq > 0 such that

Il < ea (120 + lgllzer) )

Proof. The proof makes use of the Lax—Milgram theorem and Friedrichs’ inequality,
and is left as an exercise for the reader. O

2.3.3 Nonlinear Equations of Monotone Type

An important class of nonlinear PDEs involve differential operators of monotone type.
Such is the case, for instance, of equations that arise as necessary conditions in the
minimization of energy functionals.

Let V be a separable, reflexive Banach space and consider the variational equation

(AY),v)viy = Vv y, forallveV, (2.11)

where £ € V' and the operator A : V — V' satisfies the following properties.
Assumption 2.1.

i) A is monotone, i.e., forallu,v €V,
(A(u) —A(v),u—v)yy >0. (2.12)
ii) A is hemicontinuous, i.e., the function

t— <A(l/l +tV)7W>V’,V



2.3 Elliptic Problems 17

is continuous on the interval [0,1], for all u,v,w € V.

iii) A is coercive, i.e.,
(Au),u)yy

lully = [Jully

— too. (2.13)

Theorem 2.7 (Minty-Browder). Let £ € V' and A : V — V' be an operator satisfying
Assumption 2.1. Then there exists a solution to the variational equation (2.11). If A is
strictly monotone, then the solution is unique.

Proof. Since V is separable, there exists a basis {v;}?* | of linearly independent vectors,
dense in V. Introducing
Vu =span{vi,...,v,},

we consider a solution y, € V,, of the equation
(An),vjdvry = (&vj)yry, for j=1....,n. (2.14)

By using the expression y, = Y/, ¢;v;, problem (2.14) can be formulated as a system of
nonlinear equations in R”.

Thanks to the properties of A, we may use Brouwer’s fixed point theorem (see, e.g.,
[12, p. 723]) and get existence of a solution to (2.14), with the additional bound:

||y’l||V S Ca

with C > 0 a constant independent of ».
From Assumption 2.1 it follows that A is locally bounded [12, p. 740], which implies
that there exist constants » > 0 and p > 0 such that

llv<r = AWy <p.
Consequently, it follows that

(An);v)vy < (AOn)Yn)vry — (AW),yn)vry + (AWV),v)vry
= (yn)yvry —(AW),yn)vry +(AW),v)yry
< ||l C+pC+pr,

forall n > 1 and all ||v||y < r, and, therefore, the sequence {A(y,)} is bounded in V'
Thanks to the reflexivity of the spaces and the boundedness of the sequences, there
exists a subsequence {y,; } mern and limit points y € V and g € V' such that

ym —yweaklyinV and  A(y,) — g weakly in V'
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For any k > 1, we know that
(Am)sviyyry = (€ vi)yry, forallm > k.

Consequently,
<8avk>V’7V = ,i@m<A()’m)»Vk>v’,v = <57Vk>v',v

and, since the latter holds for all £ > 1, we get that

(gV)viy = ({,v)yry, forallve V.
Therefore, g = £ in V'. Additionally,

(Am)symhvry = Eymhyry = (Ey)vry, as m — eo.
From the monotonicity of A,
(A(ym) —AW),ym —v)yry =20, W V.
By passing to the limit, we then get that
(I—=A(WV),y—=Vv)yry >0,YveV.

Taking v =y —tw, with t > 0 and w € V, it then follows that

(I=A(y—tw),w)yry >0,YweV.
Thanks to the hemicontinuity of A and taking the limit as + — 0, we finally get that

A(y)=/inV’. O

Example 2.2 (A semilinear equation). Let Q C R2 be a bounded Lipschitz domain,
u € L*() and consider the following nonlinear boundary value problem:

—Ay+y} =u in Q, (2.15a)
y=0 onT. (2.15b)

Weak formulation of the PDE. Multiplying the state equation by a test function v €
Cy (L) and integrating yields

/—Ayvdx—l—/y3vdx:/ uv dx.
Q Q Q
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Using integration by parts,

/Vy~Vvdx+/y3vdx:/uvdx.
Q Q Q

Since C is dense in Hj(£2) and all terms are continuous with respect to v in the
H}(£) norm, we obtain the following variational formulation: Find y € H} () such
that

/Vy-Vvdx+/y3vdx=/uvdx7 Vv € Hy (Q).
Q Q Q

Indeed, thanks to the embedding HJ () < LP(Q), for all 1 < p < +o, it follows
that y* € L*(€) and the second integral is well-defined.

Let us now define the operator A : H} () — H~1(Q) by

(A(y),v>H,17Hd ::/QVy~Vvdx+/Qy3vdx, forall v € H}(Q).

Monotonicity. Let v,w € H} (£2),
(Av) —AW),v—w) g1 H] :/ IV(v—w)[? dx+/ Vv —w)—wl(v—w) dx
’ Q Q
= Hv—w||i11 +/ (v—w)?( +vw+w?) dx.
0 Q
Since v +vw+w? > 0 a.e. in Q, it follows that
<A(v) 7A(W)7V*W>H*1,H6 2 HV*WH?W
which implies the strict monotonicity of A.
Coercivity. Let v € H} (£2),
2 4 2
A0y gy = /Q Wy dx+/gv dx> R,

which implies that

(AW),v) g1 HY

— +oo as |[v]|;1 — oo,
Wl &
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Hemicontinuity.
(Au+1v),w) g H = / V(u+1tv) Vw dx+/ (u+1v)*w dx
’ Q Q
= / Vu Vw +uw dx+t/ Vv Vw +3u?vw dx
Q Q
+t2/ 3uvw dx+ 13 / Vw dx,
Q Q

which is continuous with respect to 7.

Hence, all conditions of the Minty—Browder theorem are satisfied and there exists
a unique solution y € Hg () to the semilinear equation (2.15).

2.4 Discretization by Finite Differences

The basic idea of a finite difference discretization scheme consists in replacing the differ-
ential operators involved in the PDE with corresponding difference quotients involving
the solution at different spatial points. This procedure leads to a system of equations in
R", that can be solved with different numerical techniques.

For simplicity, let us start with the one-dimensional case and consider the interval
domain Q = (0, 1). The Poisson problem then becomes a boundary value ordinary dif-
ferential equation (ODE) given by

' =finQ, (2.16a)
¥(0) =y(1) = 0. (2.16b)

Using a uniform spatial mesh, the discretization points are x; = jh, j = 0,...n, where
n > 2 is an integer and & = 1/n is the mesh size step. The first derivative of the solution

y at the inner discretization points x; = hj, j=1,...,n—1 can then be approximated
either by

forward differences: yj%_yj,

backward differences: yj_%,

Yi+1 —Yj-1
)

tered diff :
or centered differences o
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where y; 1= y(x;), j =0,...,n. For the second derivative, by applying subsequently
forward and backward differences, the quotient

Vi1 —2yj+yj-1
h2

is obtained. The approximate solution to the boundary value problem (2.16), at the dis-
cretization points, then satisfies the following system of equations:

Yi+1 =29+ yj-1 _
—% =flx;), Jj=1....n—1, (2.17)

with yo =y, =0.
By defining the vectors y = (y1,...,y,—1)" and £ = (f1,..., f_1)7, with f; := f(x;),
Eq. (2.17) can be written in the following matrix form:

Apy =f, (2.18)
where A;, € 4|, stands for the finite difference discretization matrix given by
2 -1

-1 2 -
A = h~2tridiag, (—1,2,—1)=h"2 ) (2.19)

The matrix A, is symmetric and positive definite. Indeed,

n—1
wlApw =h"% |wi+wi_ 4+ 3 (wi—wi 1)

i=2

This implies, in particular, that (2.18) has a unique solution.
Consider now the two-dimensional bounded domain Q = (0,1)> C R2. Our aim is
to find a solution to the Poisson problem:

{—Ay:finQ,

i—¢ onl (2.20)

by using finite differences. Choosing the mesh size steps & = % and k= % withn, meN,
for the horizontal and vertical components, respectively, we get the mesh:

ﬁhk:{(x{,xé):xil =ih, xé:jh, i=0,...,n, j:O,...,m}.
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x
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Fig. 2.1 Example of a grid withm =n=4

Similarly to the one-dimensional case, but considering both spatial components, Eq.
(2.20) can then be approximated in the following way:

1 1
ﬁ(_yﬁl,j +2yij—yi-1)+ kj(_Yi.j+1 +2yij—Yij-1) = fijs (2.21)
fori=1,...,n—1; j=1,...,m— 1. Utilizing a horizontal-vertical lexicographic order

and taking n = m, the following block matrix is obtained:

B —1I

Ap=h"? 1B
-
—I B

where I € /|,y stands for the identity matrix and B € .#(,,_) is given by

|

-1 4
The resulting discretization matrix Aj is also symmetric and positive definite in the mul-
tidimensional case. Moreover, it can be verified that such finite difference scheme is
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consistent of order 2 with respect to A, with an approximation error of order 2 as well
(see, e.g., [23, Chap. 2]).

Program: Finite Difference Matrix for the Laplace Operator

function [lap]=matrices(n,h)

d(n:n:n"2)=1;

d=d4a’;

e=sparse(n”2,1);

e(l:n:(n-1)*n+1)=1;

b=ones (n"2,1) ;

a=[b,b-d,-4+b,b-e,b];
lap=-1/(h"2) *spdiags(a, [-n,-1,0,1,n],n"2,n"2);




Chapter 3
Theory of PDE-Constrained Optimization

3.1 Problem Statement and Existence of Solutions

Consider the following general optimization problem:

min J(y,u),
subject to: (3.1
e(y,u) =0,

where J: Y XU — R, e: Y XU — W,and Y, U, W are reflexive Banach spaces. We
assume that there exists a unique solution y(u) to e(y,u) = 0 and refer to the operator

G:U—Y
u — y(u) = G(u),

which assigns to each u € U the solution y(u) to

e(y(u),u)=0 (3.2)

as solution or control-to-state operator.
Using this operator, we can write the optimization problem in reduced form as

min f(u) :=J(y(u),u). (3.3)

uelU”

Hereafter we assume that f: U — R is bounded from below.

© The Author(s) 2015 25
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Definition 3.1. An element & € U is called a global solution to (3.3) if f(&) < f(u),
Vu € U. Further, i is called a local solution if there exists a neighborhood V (&) of iz in U
such that

f(@) < f(w),  VueV(a).

Definition 3.2. A functional #: U — R is called weakly lower semicontinuous (w.l.s.c)
if for every weakly convergent sequence u, — u in U it follows that

h(u) <liminf A(uy).

n—ryoo

Remark 3.1. If h is quasiconvex and continuous, then it is w.Ls.c (see [35, p. 15]). In
addition, every convex functional is also quasiconvex.

Theorem 3.1. If f: U — R is w.l.s.c and radially unbounded, i.e.,

f(u) =+, (3.4)

llullyy—r=
then f has a global minimum.

Proof. Let {uy },en be a minimizing sequence, i.e., {u,} C U and

lim f(un) = inf f(u).

n—reo

Thanks to (3.4) it follows that the sequence {u,} is bounded. Since U is reflexive, there
exists a subsequence {uy, }ren of {u,} which converges weakly to a limit i as k — oo.
Due to the weakly lower semi continuity of f it follows that

£(@) < timinf f(u,) = inf f(u).

k—>o0

Consequently, i is a global minimum. O

Example 3.1 (A linear—quadratic problem). Consider the following optimal heating
problem:

. 1 5 o o
minJ(y,u) = 5 lly— Zd||L2(Q) + ) ||u||L2(Q)7 (3.5a)
subject to:
—Ay=Pu in Q, (3.5b)

y=0 onl, (3.5¢)
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where Q C RN, N = 2,3, is a bounded Lipschitz domain, & > 0, z; € L?>() and
B elL=(Q).

As control space we consider U = LZ(Q) and, thanks to Theorem 2.4, there exists,
for each u € U, a unique weak solution for (3.5b)—(3.5c). The reduced functional
f: U — R satisfies

£0) = I(3(u),0) 2 5 2

and, consequently, is bounded from below and fulfills (3.4). Moreover f is convex
and continuous, and, therefore, w.l.s.c. Consequently, there exists an optimal solution
for (3.5).

3.2 First Order Necessary Conditions

3.2.1 Differentiability in Banach Spaces

Let U, V be two real Banach spaces and F': U — V a mapping from U to V.

Definition 3.3. If, for given elements u,h € U, the limit

SF(u)(h) = Tim ~(F(u+th) — F(u))

t—0t+

exists, then 6F (u)(h) is called the directional derivative of F at u in direction A. If this
limit exists for all 4 € U, then F is called directionally differentiable at u.

Definition 3.4. If for some u € U and all 4 € U the limit

1
OF (u)(h) =lim —(F (u+th) — F (u))
=0t
exists and 6 F (u) is a continuous linear mapping from U to V, then 8 F (u) is denoted by
F'(u) and is called the Gateaux derivative of F at u, and F is called Gdteaux differen-
tiable at u.
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Fig. 3.1 Illustration of a directionally differentiable function

Example 3.2.
a) Let U = C[0,1] and f: U — R be given through

f(u(-)) = cos(u(1)).

Let also & = h(x) be a function in C[0, 1]. The directional derivative of f at u in
direction 4 is then given by

lim l(f(u—i—th) — f(u)) = lim l(cos(u(l)—i—th(l)) —cos(u(1)))

t—0t+ t—0t

d
= - cos(u(1) +1h(1))]

= —sin(u(1) +h(1))r(1)],_,
= —sin(u(1))h(1).

Therefore, 6 f(u)(h) = —sin(u(1))h(1) and since & f(u) is linear and continuous
with respect to 4, f is Gateaux differentiable with its derivative given by

f'(u)h = —sin(u(1))h(1).

b) Let H be a Hilbert space with scalar product (-, )y and norm ||-|| ;. Let f: H —
R be defined by

Fw) = |lullg-
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The directional derivative of f at u in direction /4 is given by

1 1
tim (- th) = () = Tim (= thl )

t—0t 1 t

1
= lim ;(2l(u,h)H +22||hl17)

t—0

= 2(”,/’1)[1.

Therefore 6 f (u)(h) = 2(u, h) g, which is linear and continuous with respect to .
Consequently, f is Gateaux differentiable.

Definition 3.5. If F is Géteaux differentiable at u € U and satisfies in addition that

|F (u+h) = F(u) — F'(uhlly

—0
(= ]l ’

then F’(u) is called the Fréchet derivative of F at u and F is called Fréchet differentiable.

Properties.

1. If F: U — V is Gateaux differentiable and F': U — £(U,V) is also Gateaux
differentiable, then F is called twice Gateaux differentiable and we write

F'(u) € 2(U,.Z(U,V))

for the second derivative of F at u.

2. If F is Fréchet differentiable at u € U, then it is also Gateaux differentiable at u.

If F is Fréchet differentiable at u € U, then it is continuous at u.

4. Chainrule:Let F: U — V and G: V — Z be Fréchet differentiable at u and F (u),
respectively. Then

hed

E(u) = G(F(u))
is also Fréchet differentiable and its derivative is given by:
E'(u) = G'(F(u)) F'(u).

Let C C U be a nonempty subset of a real normed space U and f: CCU — R a
given functional, bounded from below. Consider the following problem:

min f(u). (3.6)

uecC

Definition 3.6. For u € C the direction v —u € U is called admissible if there exists a
sequence {#, }nen, with 0 < £, — 0 as n — oo, such that u+1,(v—u) € C for every n € N.
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Theorem 3.2. Suppose that it € C is a local minimum of (3.6) and that v— ii is an admis-
sible direction. If f is directionally differentiable at u, in direction v — i, then

S f(@)(v—i) > 0.

Proof. Since it € C is a local minimum and v — # is feasible, for n sufficiently large we
getthati+t,(v—i) € V(a)NC and

f(@) < fla+t,(v—a)),

which implies that
1
—(fla+1.(v—i)) - f()) = 0.

n

By taking the limit as n — oo on both sides,
of(a)(v—i)>0. O

Corollary 3.1. Let C = U and u be a local optimal solution for (3.6). If f is Gdteaux
differentiable at i, then
f(@h=0, forallheU.

Proof. Let h € U be arbitrary but fix. From Theorem 2.8 it follows, for v = h + i, that
f'(@h=0

and, for v = —h+ i, that
f'(@(=h) >0,

which implies the result. O

3.2.2 Optimality Condition

Let us now turn to PDE-constrained optimization problems and recall problem (3.1):

minJ (y,u),
subject to:
e(y,u) =0.

We assume that J: ¥ XU — R and e: Y x U — W are continuously Fréchet
differentiable. Further, we assume that the partial derivative of e with respect to y at
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(9,a) satisfies the following condition:
ey (y,u) € Z(Y,W) is abijection. 3.7

From (3.7), existence of a (locally) unique solution y(u) to the state equation e(y,u) = 0,

in a neighborhood of (3,#), follows from the implicit function theorem (see, e.g., [12,

p. 548]) and, moreover, the solution operator is also continuously Fréchet differentiable.
By taking the derivative, with respect to u, on both sides of the state equation

e(y(@),i) =0,
we obtain
ey (y(ﬁ),ﬁ)yl<ﬂ)h+eu (y(lZ),IZ)h:O, (38)

where y'(u)h denotes the derivative of the solution operator at « in direction .
If iz € U is alocal optimal solution to (3.3), we obtain from Corollary 3.1 the following
necessary condition

fl(@h = Jy (y(a),a) y' (@) h +J, (y(@@),i@)) h = 0, 3.9)
e e e ——
=(1y (9(@),0) ¥ (@)h}yr y

forallhe U.
In order to make (3.9) more explicit we introduce the following definition.

Definition 3.7. An element p € W' is called the adjoint state related to i if it solves the
following adjoint equation:

where ey (y(i1),i1)" denotes the adjoint operator of ey (y(i), it).

Theorem 3.3. Let i be a local optimal solution to (3.3) and y(@) its associated state.
If (3.7) holds, then there exists an adjoint state p € W' such that the following system of
equations is satisfied:

e(y(@),a) =0, (3.11a)
ey (y(@),a)" p=Jy (y(@), i), (3.11b)
ey (y(@),@)" p=J, (y(@), ). (3.11¢)

System (3.11) is called the optimality system for i.



32 3 Theory of PDE-Constrained Optimization

Proof. From (3.7) the surjectivity of ey (y(i), )" follows (see, e.g., [9, p. 47]) and, there-
fore, there exists an adjoint state p € W’ which solves (3.11b).

To obtain the result, we compute the derivative of the reduced cost functional as
follows:

fH(@)h = (Jy(y(@), ),y @h)yy +Ju(y(@), @)h.
Using the adjoint equation we get that

f(@)h = (ey(y(@), @) p,y (@)h)y: y +Ju(y(@), @)h
= (p,ey(y(a), )y’ (@)h)wr w + Ju(y (i), a)h.

Finally, thanks to (3.8) and using the transpose of ¢, (7, i) we obtain
f@h = (p,—eu(y(@), @) h)wrw +Ju(y(7), @)h
= —(eu(y(@),@)" p,M)yr y +Ju(y(@), @)h. (3.12)
Consequently, from (3.9) it follows that
eu (y(@), )" p = Ju (y(@),@) in U". 0
Example 3.3. Consider again the heating problem given by

minJ (y,u) = 3 |ly—zall7 + % llull 72,
subject to:
—Ay = Bu in Q,
y=0 onl.

The variational formulation of the state equation is given by: Find y € Hg () such
that

/Vy-Vvdxz/ﬁuvdx, W e H(Q).
Q Q

Consequently, e: H (Q) x L*(Q) — H~'(Q) is defined by

<e(y,u),v>H717Hd Z/QVvadx—/Qﬁuvdx

and its partial derivative with respect to y is given by

<ey(y7u)W,V>H71’H6 Z/QVWVvdx
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For a given function ¢ € H~!(Q), equation

(es ) g = [ V- Vods = (@,v)yg-1 g W0 € HY(@),
has a unique solution w € H} () and ||w||H5 < C||¢||y-1 for some constant C > 0

(Lax—Milgram Theorem). Consequently, (3.7) is satisfied.
In order to apply Theorem 3.3, we compute the remaining derivatives:

eu(y,u)h = —Ph,
( \U) =Y — 24,
Julyu) = au.

The optimality system is then given through the following equations:
/ Vy-Vvdx = / Buvdx, v e H}(Q),
Q Q
/ Vp-Vvdx= / (y—zq)vdx, WveH}Q),
Q Q

—Bp = ou, a.e.in Q,

where we used that

<ey(y( ))w, v>H L —/ Vw- Vvdx—/ Vv. dex—<w ey(y,u v>H1H g

and, similarly,

(eu()_’7 ﬁ)h,(f))Lz = /Q _Bh¢ dx = /Q _hﬁ¢ dx = (h7eu(y7’z>*¢)L2

3.3 Lagrangian Approach

It is also possible to derive the optimality system (3.11) by using the Lagrangian
approach. With such a procedure, a direct hint on what the adjoint equation looks like is
obtained.
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Consider again problem (3.3) with J: ¥ xU — R and e: Y x U — W. The
Lagrangian functional associated to (3.3) is given by

L YxUxW — R
u,p)  — ZL(y,u,p) =J(y,u) —(p,e(y,u))w w-

By differentiating - (y, u, p) with respect to y, in direction w, we obtain that

Zu(y,u, p)w = Jy(y,u)w — (p, ey (y,u)w)wr w
= Jy()’:"‘)w_ <ey(Ya u)*p7W>Y’7Y

Consequently, Eq. (3.11b) can also be expressed as
Z5(y,1,p) =0.

In a similar manner, by taking the derivative of .Z (y,u, p) with respect to u, in direction
h, we obtain

Zl(yﬂ'tap)h = Ju(yvu)h_ <p7eu(ya u)h>W’7W
=Ju(y,u)h — (eu(y,u)"p,h)yr v

and, therefore, Eq. (3.11c) can be written as
o%t()_’vﬁvp) =0.

Summarizing, the optimality system (3.11) can be written in the following way:

e(y,i) =0, (3.13a)
% (5.,p) =0, (3.13b)
Zu(5,i,p) =0. (3.13¢)
Example 3.4 (The heating problem revisited).
minJ (y, u) *||y ZdHL2+ ul| 72,

subject to:
—Ay = PBu in Q,
y=0 onl.
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In this case Y = H}(Q), U = L*(Q), W = H"!(Q) and

<e(y,u),v>H_|7Hé :/QVy-Vvdx—/Qﬁuvdv:O, Wy € H} (Q).
The Lagrangian is then defined by
L (y,u,p) = J(y,u) = (p,e(y,u))ww
= Sl =zl + Sl — [ Vv Vpat [ upds.

Next, we obtain the derivatives of . with respect to y and u and set them equal to
zero. First, for the partial derivative with respect to y, we obtain

%(yabhp)w = (y_Zd,W)LZ - /;2 Vw- Vp dx
:/ (y—zd)wdx—/ Vp-Vwdx =0,
Q Q
which implies that
/ Vp-Vw dx:/ (y — za)wdkx, Yw € H} (Q).
Q Q
For the partial derivative with respect to u,
Zi,u,p)h = o(u,h);2 +/Qﬁhpdx
_ / ouh dx+/ Bphdx =0,
Q Q
which implies that,
/ owhdx = —/ Bphdx,  VheL*(Q)
Q Q

and, therefore,
ou=—PBp a.e. in Q.

Altogether, we obtain the following optimality system:

/Vy~Vvdx:/ Buvdx, W € H(Q),
Q Q



36 3 Theory of PDE-Constrained Optimization

/Vp.dex:/(y—zd)wdx, VWEH(;(Q>7
Q Q

oau=—Pfp a.e. in Q.

The Lagrangian approach is very helpful for complex nonlinear problems, where the
structure of the adjoint equation is not easy to predict a priori. In the next example a
prototypical semilinear problem is studied in depth. Although the Lagrangian approach
is easily applicable, it should be carefully justified.

Example 3.5 (Optimal control of a semilinear equation,).

. 1 2 0, 0
min J(y,) = 5 lly—2al2 + 5 el
subject to:

—Ay+y =u in Q,
y=0 onl.

Weak formulation of the PDE. As was studied in Example 2.2., the variational for-
mulation of the state equation is given in the following way: Find y € H(} (Q) such
that

/Vy-Vvdx+/y3vdx=/uvdx, Vv € H} (Q).
Q Q Q

Consequently, e: Hj () x L*(2) — H~!(Q) is defined by

(e(y,u),v>H,1’Hé :/QVy-Vva’x—i—/Qy3vdx—/qud)c7

forallv e HOl (Q). By Minty—Browder’s theorem, there exists a unique solution to the
PDE.

Differentiability. Since y € H} () — L®(Q2) with continuous injection, we consider
the operator
N: L5(Q) — [*(Q)
y  — ¥

The Fréchet derivative of N is given by

N'(y)w = 3y*w.
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Indeed,
[ +w)* =5* =3%w|| o = [13yw? +w?]|
2 3 2
< 3 lzs IwliFs + Iwll3s = 0 (Iwile )
=o(|Iwllzs)-
Moreover,

|V G+w) =N OVl =3[ 0+w)* =] .2
=3|@y+w)wvl,2
=312y +wlgs [wlzs [Vlle

= HN’(y—i—w) —N’(y)||$(L6(Q)7L2(Q)) —0as [[w]|;s — 0,

which implies the continuity of the derivative.

Derivatives. The partial derivatives of e(y,u) are given by

(ey(nu)w,v) g1 H 2/ Vw-Vy dx+3/ y2wv dx,
Q
(eu(y,u)h,v) py- LHY = / hv dx.

Lagrangian. The Lagrangian is defined by:

ZL(y,u,p) = IIy ZdIILz+ Il 2
—/ Vy-Vpdx+/ypdx+/ up dx.
Q Q Q

Taking the partial derivative of the Lagrangian with respect to the state, we obtain
that:

%’()@’hp)wz (y—Zd,W)—/ VW~Vpdx—3/ yzwpdx
Q Q
:/(y_zd)de—/ Vp-Vde—?)/yzpwdx:O’
Q Q Q
which implies that

/Vp-dex+3/yzpwdx:/(y—zd)WdL VWEH(;(Q)-
Q Q Q
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On the other hand, taking the partial derivative with respect to u we get that:
Zu(,u,p)h = o(u,h);» +/ hp dx =0, VhELZ(Q)
Q

= oau+p=0 ae. inQ.

Optimality system.

/Vy~Vvdx+/y3vdx:/ uv dx, VvEH(;(.Q),
Q Q Q
/Vp-dex+3/ yzpwdxz/(y—Zd)Wd& Yw € Hy (Q),
Q Q Q
out+p=0 a.e.in Q.
or, in strong form,
—Ay+y ' =u in Q,
y=0 onl,
_Ap+3y2p:y—zd inQ,
p=0 onl,
au+p=0 a.e.in Q.

3.4 Second Order Sufficient Optimality Conditions

Within the theoretical framework developed so far, we can assure that if (¥,#) is a local
optimal solution to (3.3) such that (3.7) holds, then (¥, i) is also a stationary point, i.e., it
satisfies the optimality system (3.11). The following question arises: Is a stationary point
also an optimal solution for (3.3)? Second order optimality conditions target precisely
that question.

Consider again the general optimization problem (3.6)

il

where C C U is a subset of a Banach space and f is a given functional.

Theorem 3.4. Let U be a Banach space and C C U a convex set. Let f: U — R be
twice continuously Fréchet differentiable in a neighborhood of i € U. If it satisfies the
first order necessary condition

f@(u—a)>0, Vuec, (3.14)
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and there exists some & > 0 such that
f'Wh? > 8|k, VheU, (3.15)
then there exist constants € > 0 and ¢ > 0 such that
f(u) > f(@)+o||ju—alf,
forallu e C: ||u—il|, < €. Therefore, i is a local minimum of f on C.

Proof. Since f is twice Fréchet differentiable, a Taylor expansion can be used. Conse-
quently, for some 6 € [0,1],

Flu) = @)+ @)~ 0) 4 3 i+ O )
2f(ﬁ)+%f”(ﬁ+ 0(u—a))u—a* by (3.14)
= @)+ 3 @+ 3 [+ 0 ) — (@) fu—

Since f is twice continuously Fréchet differentiable, there exists some € > 0 such that

lu—al < &= [[f"(@+6(u—a)—f"@)]u-a?| < S el

Consequently,

1 1)
F) 2 f@) + 5" @) —al = 5 Ju—ally
Zf(ﬁ)—f—gﬂu—ﬁ”%,, by (3.15).

The result follows by choosing o = g. a

Condition (3.15) can be specified under additional properties of the optimization
problem. In the case of PDE-constrained optimization, the positivity condition (3.15)
is needed to hold for solutions of the linearized equation (3.8).

Theorem 3.5. Let J: Y xU — Rand e: Y xU — W be twice continuously Fréchet
differentiable such that (3.7) holds. Let (¥,ii,p) be a solution to the optimality
system (3.11). If there exists some constant 6 > 0 such that

"%&C,u) [(W7h)]2 Z 6 Hh”%] )



40 3 Theory of PDE-Constrained Optimization

1))

eyy (¥, )\ (W 2
p’(w’h) (euy()_’>b_l) euu()_}ﬂz)) (h> >W’W Z 6 HhHU’ (316)

forall (w,h) €Y x U that satisfy the equation

or, equivalently,

o) (75

<

) ‘])‘u(
7’/?) Juu(

~i '\<|
<
==

<

)

:l
=
<

ey()% )w—&-e,,(y, )h O
then there exist constants € > 0 and ¢ > 0 such that
Ju) > J(3,8) + 0 |u—allg
forallue U : |lu—il, <e.
Proof. First recall that
f(@h= (Jy5,a),y (@)h)yy +Ju(5, D)h.
The second derivative is then given by
S @0 = Jy () @h) + (Jy(3,@)," (@) (B )y y
+ {5, Y @], By g + Fuy (5,0 [B],Y (@) h)yry + T (5. D) A (3.17)

On the other hand, by differentiating on both sides of the linearized equation (3.8) with
respect to u, in direction A, we obtain that

ey (7, @)Y (@)h]* + ey (7. @)y" (@) 1) + eyu (7, @)Y (@), ]
+ ey (7, @) [,y (@)h] + euy (7, @) 1] = 0.
Therefore, using (3.11b) and the previous equation,
(Jy(,a),y" (@) [h]2>w v = (p.ey(3,0)y" (@) [1]")wr

&
<p>eyy()’7 i) [y ! it)h ] +eyu(Y7 i) [y /(_)hvh]
+euy(y, )Y (@)h] + e (3, @) (1] wr .

Using the notation w := y'(i)h,

J (_)_7,12) Ju(yaﬁ) w _ Vil W2 5o w
o0 ) (D) () = G P+ ]

Ty (5, ) [y W]+ T (7, 0) (1],
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and similarly for the second derivatives of e. Consequently, we obtain that f” (i) [1]> >

0 Hh||?] is equivalent to (3.16) and the result then follows from Theorem 3.4. O

Example 3.6. Consider again the semilinear optimal control problem:

. 1
min J(y,u) = 5|y = ZdHL2+ e 72,
subject to:

/ Vy~Vvdx—|—/y3vdx:/ uy dx, Wy € HL (Q).
Q Q Q
Recall that the first derivatives of e are given by
(ey(y, )W, v) 1 H] z/ Vw-Vy dx—|—3/ yAw,
: Q
(eu(y,u)h,v)2 = / hv dx,

and the second derivatives are given by

(eyy(y,u)] v>H L —6/ yw?vdsx,

eyu(yau) = Oa euy(y7u) = Oa euu(ya M) =0.

For the quadratic cost functional we get:

Jy}’()_)a ’Z) [W]z = ||WH12‘2 ) Jyu(yau) = Oa
Juy(%”) :Ov Juu(y7u)[h]2

Condition (3.16) is, therefore, equivalent to
Iwll2+ Vil =6 [ w?p dx = 8 .
The sufficient optimality condition then holds if

/ (1—6yp)w? dx > 0.
Q



Chapter 4
Numerical Optimization Methods

Consider the general optimization problem:

Iuléilljl./(y(u),u), 4.1)
where U is a Hilbert space, y(+) is a partial differential equation (PDE) solution mapping
and f is sufficiently smooth. The main strategy of optimization methods consists in,
starting from an initial iterate u( and using first and second order information of the cost
functional, moving along directions that lead to a decrease in the objective value. In this
respect, the main questions are: How to choose the directions? How far to move along
them?

In this chapter we present and analyze some infinite dimensional optimization
methods for the solution of problem (4.1). Once the infinite dimensional algorithm is
posed, the discretization of the partial differential equations is carried out. Such an
approach is known as optimize-then-discretize in contrast to the discretize-then-optimize
one, where the equations and the cost functional are first discretized and the problem is
then solved using large-scale optimization tools.

The advantages of the optimize-then-discretize approach rely on a better understand-
ing of the function space structure of the numerical algorithms. This can be of impor-
tance in problems where numerical difficulties may arise with direct discretization, as is
the case of problems with low regularity multipliers.

Compactness of the involved operators also plays an important role in the con-
vergence behavior of certain methods. The infinite dimensional Broyden—Fletcher—
Goldfarb—Shanno (BFGS) method, for instance, converges locally with a superlinear
rate if, in addition to the standard hypotheses, the difference between the initial Hessian
approximation and the Hessian at the optimal solution is a compact operator.

© The Author(s) 2015 43
J. C. De los Reyes, Numerical PDE-Constrained Optimization,
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Finally, a key concept in the framework of the optimize-then-discretize approach is
mesh independence. Shortly, mesh independence implies that the convergence behavior
(convergence rate and number of iterations) of an infinite dimensional method reflects
the behavior of properly discretized problems, when the mesh size step is sufficiently
small. Mesh independence turns out to be crucial for a robust behavior of the underlying
method regardless of the size of the used grid. The infinite dimensional convergence
theory for second order Newton type methods, for instance, enables to prove such a
mesh independence property.

4.1 Descent Methods

Consider the optimization problem (3.1) in its reduced form:

min f(u) :=J(y(u),u), 4.2)

uclU

where U is a Hilbert space and f : U — R is continuously Fréchet differentiable.
The main idea of descent methods consists in finding, at a given iterate iy, a (descent)
direction dj such that

Slux+ ady) < f(u), for some o > 0, 4.3)

based on first order information. Indeed, considering a linear model of the cost functional

f(uk + adk) ~ f(uk) + a(vf(uk)7dk)U7

where V f (1) denotes the Riesz representative of the derivative of f, a descent direction
may be chosen such that

dy = argmin (V£ (u),d)y. 4.4)
lld]l=1

Theorem 4.1. Let f: U — R be continuously Fréchet differentiable and w, € U such
that V f (uy) # 0. Then problem (4.4) has a unique solution given by

V()
IV f (i)l

Proof. From the Cauchy—Schwarz inequality, we get for d € U with ||d||y = 1:

d= 4.5)

(Vf (), d)v = =[IVf ) llvlldllo = (VS () lv-
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S . e Vi)
The equality is attained only if d = relo: a

Since f decreases most rapidly in the direction of —V f(uy ), the natural choice:

di = =V f(uy)

gives rise to the steepest descent method (also called gradient method). More generally,
the (gradient related) descent direction di must satisfy the following condition:

= (Vf(ue),di)y = IV ()l lldelly (4.6)

for a fixed n € (0, 1). Condition (4.6) is also referred to as angle condition.

_ (V) di)u
VS (i)l M1l

Fig. 4.1 Illustration of gradient related directions

Once the descent direction is determined, it is important to know how far to move in
such direction, i.e., which line search parameter oy > 0 should be used. The ideal choice
would be:

oy = argmin { f (uy + ady) } . 4.7)

a>0

If such a minimization problem is easily solvable, one may choose oy as the smallest
positive root of the equation:

d
= dy) = 0.
daf(uk+05 ) =0

The latter constitutes a necessary optimality condition for (4.7).
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/ f increasing

\, 2 Moves along d; until reaching
the point, where u; + od,
is tangent to a contour of f.

Fig. 4.2 Descent step with optimal line search parameter

Solving problem (4.7) may be too difficult in practice. Instead, the line search step
sizes are chosen according to different strategies. In general, the following properties are
required:

Flue+ ogdy) < fue), forallk=1,2,..., (4.8)

Flug+ oudy) — f ) =20 = (VS (), di)u - ke
Hdk”U

_d di
=daf (“”“ mu)

A globally convergent descent algorithm can then be defined through the following steps:

0. 4.9)

Algorithm 1

1: Choose up € U and set k = 0.

2: repeat
3 Choose a descent direction dj such that (4.6) holds.
4: Determine oy, such that (4.8)— (4.9) hold.
5
6

Set up = ux + ogdy and k =k + 1.
: until stopping criteria.
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Theorem 4.2. Let f be continuously Fréchet differentiable and bounded from below. Let
{ur}, {d}, and {0y} be sequences generated by Algorithm 1 with (4.6), (4.8), and (4.9)
holding. Then

lim Vf(u) =0,

k—roo

and every accumulation point of {uy} is a stationary point of f.

Proof. Since the sequence {f(uy)} is decreasing (thanks to (4.8)) and bounded from
below, it converges to some value f. Consequently,

|+ ody) — fu)| < |f (e + o) = F| + | 7 = Flu) | =5 0,
iy s

which, by condition (4.9), implies that

(Vf (), di)y

lim =0.

koo ldilly
Thanks to (4.6)
(V). di)y ke

0<n||IVFf(u)lly <
lldi ||y

0,

which implies that
lim V f (i) = 0.

k—yoo

If i is an accumulation point of {u }, then the continuity of V f implies that

Vf(i) = lim Vf(u)=0. O

k—yoo

A quite popular line search strategy is the Armijo rule with backtracking, which
consists in the following: Given a descent direction d; of f at u, choose the largest
oy € {l,%, i,...} such that

S+ oudy) — f (i) < you(Vf(ur),di)u,

where y € (0,1) is a constant (typically y = 10~#). Using the notation ¢ (&) = f (uy +
oudy), Armijo’s rule may also be written as

¢(a) < ¢(0)+79'(0). (4.10)
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F—— - —f———4
Ol

Fig. 4.3 Illustration of Armijo’s rule

Lemma 4.1. Let V f be uniformly continuous on the level set

N§ ={u+d: f(u) < f(uo),|d|ly <p},

for some p > 0. Then, for every € > 0, there exists & > 0 such that, for all u, € U
satisfying f(uy) < f(uo) and all dy, satisfying
V(). d)y _
1dilly

there holds

S+ o) — £ () < 7oV Flue). diu, V€ [07 5} .
Tl

Proof. We refer to [30, p. 102]. 0

Proposition 4.1. Let V f be uniformly continuous on Ng , for some p > 0. If the iterates
generated by Algorithm 1, with {04} satisfying the Armijo rule, are such that

—(Vf (), di)u

ldklly = ;
v ll k|l
then {oy } satisfies (4.9).

Proof. Assume there exists an infinite set K and € > 0 such that

k—>o0

S+ ogedy) — f () —— 0,
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and v J
(Vf (ux), di)u < e Vkek.
k|l

Then

From Lemma 4.1 there exists some 6 > 0 such that

(Vf(u),di)u

S+ ogdy) — f(ue) <yd
il

< —7v8¢, Vk e K.

Consequently,
S+ ondy) — f(u) -0,

which contradicts the hypothesis.

An alternative line-search strategy is given by the Wolfe conditions:

f g+ ody) — f () < you (Vf(ui), di)y
(Vf(ux+ ogdr),di)y > B (Vf(wi),di)y

49

@11
4.12)

with 0 < y < B < 1. Condition (4.11) is similar to the sufficient decrease condition in
Armijo’s rule, while condition (4.12) is known as the curvature condition and guarantees

that the slope of the function

¢ () = f(ux+ oudy)
is less negative at the chosen oy than at 0

d¢

do

dg
>B g

3

Condition (4.12) is important in order to avoid very small values of ¢ and ensures that

the next chosen oy is closer to a stationary point of problem (4.7).

A stronger version of the Wolfe conditions is obtained by replacing (4.12) with

|(Vf (i + oudi), di)y | < BI(VSf (i), di)yl s

(4.13)

in order to guarantee that the chosen step oy actually lies in a neighborhood of a local

minimizer of ¢ (o).
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Fig. 4.4 Tllustration of Wolfe’s condition (4.12)

In the case of the PDE-constrained optimization problem (3.1), since the derivative
of the cost functional is characterized by (see Theorem 3.3)

(Vf(bt),h)y = *<eu(y(ﬁ)vﬁ)*pah>U/,U +Ju(y(ﬁ)7ﬁ)hv (4.14)

where p solves the adjoint equation (3.11b) and y the state equation (3.11a), the complete
steepest descent algorithm is given through the following steps:

Algorithm 2
1: Choose up € U and solve

e(y,up) =0, ey(Yo,uo) " p = Jy(vo,uo),

to obtain (yo, po). Set k = 0.
. repeat
Choose the descent direction dy, = —V f (1) according to (4.14).
Determine o such that (4.8)—(4.9) hold.
Set w1 = uy + ogdy and solve sequentially

hokh ey

eur1) =0,  ey(ist k1) P =y Vst trs1),

to obtain (yri1, prr1)- Setk=k+ 1.
6: until stopping criteria.

The verification of both Armijo’s and Wolfe’s rule requires the repetitive evaluation
of the cost functional. Since in the case of PDE-constrained optimization such evaluation
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involves the solution of a PDE, the studied line search strategies may become very costly
in practice.

Under the stronger requirement that V£ is Lipschitz continuous on Nf, for some
p > 0, with Lipschitz constant M > 0, an alternative line search condition for the steepest
descent method is given by

2
F e+ ) < () = 2 |1V )|

Typically, a constant parameter oy, = a € (0, 1), for all k > 0, is considered.

Example 4.1. For the linear quadratic problem:

minJ (y,u) = 3|ly — zall7> + §lul7, = £(w),

subject to:
—Ay=u in Q,
y=0 on I

we obtain the following characterization of the gradient:
Vf(u) = ou+p,

where p solves the adjoint equation

QO

—Ap=y—2z4 in
p=0 on I.

The general framework of descent methods allows several choices of directions dj. A
special class is given by directions of the following type:

dy = —H; 'V f(uy),
where {Hj }reny C Z(U) satisfy
m|v|Z < (Hwov)y <M|v|y,  forallveUandallk=1,2,..., (4.15)

for some constants 0 < m < M independent of k. Condition (4.6) is then fulfilled for such
a family. Indeed,
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(~Vf@),d)y  (~VF).~H '"VF(uw),
IV ly ldlly 19 o)l [, TV @],
(HeH, 'V f (), Hy 'V (),
~ [HeH TV HUHH R

_ Vi@l
= bV )

:M:n.

Remark 4.1. Although Theorem 4.2 provides a global convergence result, the local con-
vergence of first order descent methods is typically slow (see [37, p. 45] for further
details).

Program: Steepest Descent Method for Optimization of the Poisson Equation

clear all;
n=input ('Mesh points: '); h=1/(n+l);
alpha=input ('Regularization parameter: ');

[x1,yl]=meshgrid(h:h:1-h,h:h:1-h); %%%%% Coordinates %%%%%

%%%%% Desired state %$%%%%
desiredstate=inline('x.*y','x','yv');

z=feval (desiredstate,xl,yl); z=reshape(z,n"2,1);
lap=matrices(n,h); %%%%% Laplacian %%%%%
%%%%% Initialization %%%%%

u=sparse(n”2,1);
res=1; iter=0; tol=le-3;

while res >= tol
iter=iter+1
y=lap\u; $%$%%% State equation %%%%%
p=lap\ (y-z) ; %$%$%%% Adjoint solver %$%%%%
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beta=armijolg(u,y,p,z,alpha, lap); %% Armijo line search %%
uprev=u;
u=u-betax (p+alphax*u) ; %%%%% Gradient step %$%%%%

res=12norm(u-uprev)
end

Program: Armijo Line Search for the Linear-Quadratic Problem

function arm=armijolg(u,y,p,z,alpha, lap)
countarm=0;
gradcost=12norm(p+alphaxu) "2;
costl=1/2*12norm(y-z) "2+alpha/2*12norm(u) "2;
beta=1; armijo=le5;

while armijo > -le-4xbetaxgradcost
beta=1/2" (countarm) ;
uinc=u-betax (p+alphax*u) ;
yinc=lap\uinc;
cost2=1/2*12norm(yinc-z) "2+alpha/2*12norm(uinc) "2;
armijo=cost2-costl;
countarm=countarm+1
end
arm=beta;

4.2 Newton’s Method

Another type of directions is obtained if, at each iteration, a quadratic model of the
cost functional f(u; + d) is minimized with respect to the direction d. Using Taylor’s
expansion, such a quadratic model is given by

) = () + (V1) ) + 5 (V) d)os, (4.16)

where V2 f(u;)d stands for the Riesz representative of f”(uy)d.
The minimizer d; to (4.16) then satisfies the first order optimality condition

V() + V2 f (we)di = 0
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or, equivalently,

V2 f(u)di = =V f (). 4.17)

In this manner, assuming invertibility of the second derivative, the direction

di=— (V£ ()~ V() (4.18)

is obtained, which leads to the iteration

e = ue— (V2 £ ()~ V().

Equation (4.17) corresponds to the Newton iteration for the solution of the optimality
condition

Vf(u)=0.

If the second derivative of f at the iterates {uy} satisfies condition (4.15), convergence
of the Newton iterates

werr = e — 0 (V2 () V() (4.19)

is obtained, according to Theorem 4.2.

Condition (4.15), however, is very difficult to be verified at each Newton iterate.
Moreover, although V2 f is “positive” at the solution, it does not have to be so at each
iterate.

By observing that

(V2 0)wv)y = (VA @v)y + (V2 () = VA ()] 1),

an alternative condition is obtained by assuming “positivity” of V2 f(i) at a solution 7
and Lipschitz continuity of V2 £ in a neighborhood of .

Theorem 4.3. Let it € U be a local optimal solution to problem (4.2) and let f be twice
continuously differentiable. Let V> f be Lipschitz continuous in a neighborhood V (ii) of
it and

(V2f(a)d,d)y >« ||All7, VheU, (4.20)

for some constant x > 0. Then there exists a constant § > 0 such that, if ||uo —i||,; <,
then:

a) the Newton iterates

werr = e — (V2F(u)) ' VA () 4.21)

converge to U,
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b) there exists a constant C > 0 such that
i1 = itlly < Cllus — i, (4.22)

Proof. Assuming that V(i) = 0 and (for the moment) that V2 f (i) is invertible for all
k, we obtain, from the iterates given by (4.21), the estimate

= (V2 £ ()~ V) |
= (| (V2 0)) ™" [V2 ) = ) = V £ 0) + V(@)
<[ (s ™ 195 @ =V 1(u) 4 92 ) = )],

g1 — il =

From the mean value theorem we get that

V@) V() = [ V3 ) (7 ),
which implies that
9@ =V £ ) + V2 ) e — )|
= H/O1 (V2 f (e + (i1 — i) — V2 f(ug) | dt (i1 — )

U

< [ IV Pl 1 ) — V2 ()
,A|| -+ (i — g "

2U) dt H’/_‘_“k“U
1
< [ wla-wlydra—wy
L, _ 2
<5 lla—

where L > 0 is the Lipschitz constant for V> £ on V ().
On the other hand, thanks to (4.20) there exists (V2 f (IZ)) - By choosing the constant
1 , we get that

0= ————7r—
(@),

1
2|ov2 |

V2 () — V2 £ (o)

L(u) < LHﬁ_”OHU <

b

Z(U)
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which, by the theorem on inverse operators, implies that V2 f(u) is invertible (see, e.g.,
[3, p. 51]). Moreover,

N
01| wra, 9@ - Vw0l

<2/(Vr@)

20|

2wy

Consequently,

o =l < (V) ], 5 ool
1

= H (V2f(ﬂ))71H$<U> t 2LH(V2f(ﬁ))7l H o=l

2)

1 _
S5 lJuo — |, -
By induction we obtain the invertibility of V2 f(u;) and also that
_ _ 1 _
=@ty < & = llugerr —lly < 5 llwe—lly -
Therefore, the sequence {uy} converges toward i as k — . Additionally,
—1 —1
V2 | =2 ra)™| for all k
|@rwn™,,, <2 (@), forank,
and, consequently,

s —ally <L (V@) |, N,

Taking C :=L H (V2f(@)) - H,z’(u) , the result follows. o

The last result implies that the Newton method converges locally with quadratic rate.
Considering the special structure of the PDE-constrained optimization problems, the
convergence result for Newton’s method can be formulated as follows.

Theorem 4.4. Let (¥,i1) be a local optimal solution of the problem:
min J(y,u)
subject to:

e(y,u) =0,
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whereJ: Y xU — Rande: Y xU — W are twice continuously Fréchet differentiable
with Lipschitz continuous second derivatives. Further, assume that:

ey(y,u) is a bijection for all (y,u) in a neighborhood of (3,1).
If there exists a constant K > 0 such that
Ll 3o p) [0, )] > K || (4.23)
Sorall (w,h) €Y x U satisfying
ey(¥, m)w + ey (§,@)h =0,
then the Newton iterates converge locally quadratically.

Before proving Theorem 4.4, let us take a closer look at the structure of the corre-
sponding Newton system. Similar to the proof of Theorem 3.5 we obtain that

F 1wl ho] = Z5 ) 3y, p) (W), (w2, h2)],

for all (w;,h;) €Y x U, i = 1,2, satisfying the linearized equation

¢ (y,u) (wi, hi) = ey (y,u)w; + e, (y,u)h; = 0, (4.24)
where, in addition,
e(y,u)=0 (4.25)
and
ey(% u)*p = Jy (y7 Lt) (426)

Since € (y,u) : Y x U — W is a continuous linear operator, it follows from the annihila-
tor’s lemma that

ker(e(y,u))" = range(e'(y,u)")
and, therefore, if for some (@1, ;) €Y' x U’

L )91, (w2, 12)] = (1,92, w22y
for all (wy,hy) € ker(e’(y,u)), then there exists an element & € ker(e'(y,u)") such that

"g(/)/i,u)(y’ M,p)[(W1,I’l1)] + (51752) = ((P17(P2) in Y/ X U/.

Moreover, there exists a unique 7 € W’ such that

dyu)n=E.
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Therefore, in a neighborhood of i,
f(uhy =9 €U’
is equivalent to
(L0500 0su, ) (w1, k)] + € () 7, (v )y = (@, )y, (4.27)

for all (v,h) € Y x U. By taking, in particular, the cases 2 = 0 and v = 0 we arrive at the
following system of equations:

" / * w 0
52”(},,7) (v,u,p) €' (y,u) ( hll > —(o]. (4.28)
e ()’7 u) 0 T 0

Newton’s method V2 £ ()8, = —V f(u) for the PDE-constrained optimization problem
is then given through the following steps:

Algorithm 3

1: Choose ug € V(i) and solve

e(y7u0) =0, e}‘(YO:”O)*P:Jv(y07“0)7

to obtain (yo, po). Set k = 0.
2: repeat
3: Newton system: solve for (8y,8,,6z) €Y xU x W’

(X(fv”u)(yk,uk,pk) 6/(yk’uk)*> ( (2)) = (Eu(y;M)*p(iJu(yhuk)) .
0

e,(ylﬁuk) 0

Or
4: Set u+1 = ug + 6, and solve
e(y,ue1) =0, to obtain yi. €Y,
ey (Vi 1, Uk 1)" P = Iy Vs 15 War1), to obtain p € W'

5: Setk=k+1.
6: until Stopping criteria.

Proof. (Theorem 4.4). We have already argued that if

V2 f(u)8, = =V f(u)
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has a unique solution 8, € U, then there exists a unique 7 € W’ such that (4.28) holds.
Since condition (4.23) is equivalent to (4.20), the Newton iterates for the reduced prob-
lem are well defined and there exists a unique solution for system (4.28). O

Program: Newton Method for the Optimization of a Semilinear Equation

clear all;
n=input ('Mesh points: '); h=1/(n+l);

alpha=input ('Regularization parameter: ');
[x1,y1l]=meshgrid(h:h:1-h,h:h:1-h); %$%%%% Coordinates %%%%%

%%%%% Desired state %%%%%
desiredstate=inline('x.*y','x','v');
z=feval (desiredstate,x1l,yl); z=reshape(z,n"2,1);

lap=matrices(n,h);
u=sparse(n”2,1);

Laplacian %%%%%
Initial control

o0 o° oP
o0 0P oP
o0 0P o°
o0 o0 o°
o0 o° o°

v=semilinear (lap,u) ; Initial state %%
Y=spdiags(y,0,n"2,n"2);
p=(lap+3+Y."2)\ (y-2); %
res=1; iter=0;

oo
o
a°
oo

Initial adjoint %%%%%

while res >= le-3
iter=iter+1
Y=spdiags(y,0,n"2,n"2); P=spdiags(p,0,n"2,n"2);

A=[speye(n"2)-6*Y.*P sparse(n”2,n"2) lap+3xY."2
sparse(n”2,n"2) alphaxspeye(n”2) -speye(n”2)
lap+3*Y."2 -speye(n”2) sparse(n”2,n"2)];

F=[sparse(n”2,1);-p-alpha*u;sparse(n”2,1)];

delta=A\F;

uprev=u;
u=u+delta(n”2+1:2xn"2); %$%%%% Control update %$%%%%
y=semilinear (lap,u) ; $%%%% $%%%%
Y=spdiags(y,0,n"2,n"2);

p=(lap+3*Y."2)\ (y-2); %$%%%% Adjoint equation %$%%%%
res=12norm(u-uprev)

State equation

end
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4.3 Quasi-Newton Methods

For the numerical solution of the reduced problem (4.1), we have so far considered
descent directions of the type

dp = —H_ "V f(uy).

For the choice H, ' — J (steepest descent) a globally convergent behaviour is obtained,
but possibly with a slow convergence rate. On the other hand, for H,~ I = (sz (uk)) -
(Newton) a fast local convergence is obtained, but with additional computational effort
and without global convergence guarantee.

An alternative consists in considering operators H; which approximate the second
derivative and lead to a fast convergence rate, but at the same time preserve the positivity
and lead to a globally convergent method.

As for finite dimensional problems, an alternative consists in approximating the sec-
ond derivative by using an operator B € £ (U) that fulfills the secant equation:

Byt (1 —up) = Vf(ury1) = V().

Sk Tk

Byt

V1 (u) VZf(“k)

N

|
| I

T
Uk+1 Uk

Fig. 4.5 Illustration of the secant equation

Since the operator By is not uniquely determined from the secant equation, addi-
tional criteria are needed for the construction of the operators. If U = R”, one possibility
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consists in choosing rank-2 updates of the form:

Bit1 = Bi+ yowiwy + Bevievy
as close as possible to the matrix By. Specifically, if By is chosen as solution of:

min [[W (B! B )Wl

subject to: (4.29)
B=BT,
Bsj = z,

where || - || stands for the Frobenius norm and W is a positive definite matrix such that
W2s; = z, then the solution to problem (4.29) is given by the BFGS update:

BkSkSI{Bk ZkZ]{
Bivr=Br——gp =+ 7
Sk Bksk 2y Sk

A generalization of the previous formula to Hilbert spaces yields:

Bisy @ Bis i ® Zk
(Beskssk)y  (zsSk)y

Biy1 =B — (4.30)

where for w,z € U, the operator w ® z is defined by
(w@2)(v) = (z,v)y w

The complete BFGS algorithm, without line-search, is then given through the following
steps:

Algorithm 4
1: Choose up € U, By € .Z(U) symmetric, set k = 0.
2: repeat
3: Solve Bydy = =V f(ug).
: Update uyy| = ug +dj.

4
5: Compute V f (ug41).

6: Set sg = U1 — g, gk = V.};(MHI) =V f(w).
7 Update Bk+1 =By — kst @ Bresi %% .
Bsksst)y  (@sSk)y

8
9:

: Setk=k+1.
until Stopping criteria.
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Similar to the descent algorithm, the BFGS requires only one solution of the state
equation and one solution of the adjoint equation.

Theorem 4.5. Let f be twice Fréchet differentiable and V> f be Lipschitz continuous in
a neighborhood of i, with bounded inverse. Let By be an initial positive operator. If
By—V?f (1) is compact, then the BFGS iterates converge q-superlinearly to i provided

lluo — il| and ||BO—V2f(ﬁ)

2(U)
are sufficiently small.

Under the choice of an appropriate line search parameter that guarantees the satisfac-
tion of the curvature condition (zx, sg )y > 0, global convergence of the BFGS is obtained.
Typically, the Wolfe conditions are used for this purpose. As with Newton’s method, the
bounded inverse condition in Theorem 4.5 can be replaced by a convexity condition on
the second derivative.

Remark 4.2. The compactness condition on the operator By — V£ (i7) is necessary for
the superlinear convergence rate of the method [22, 39]. Indeed, an example in the space
of square summable sequences [, is presented in [55], where only linear convergence of
the BFGS is obtained. In the example, the quadratic function f(x) = %xTx and the initial
sequence xo = (270,271,272, ..) are considered. Additionally, the following starting
infinite tridiagonal matrix is used:

5 =2
-2 5 =2
-2 5

Remark 4.3. With the same hypotheses as in Theorem 4.5, a mesh independence result
for the BFGS can be obtained. Specifically, let Uj, be a finite-dimensional Hilbert space
that approximates U, and u” € U, be the solution to the discretized optimization problem:

min f;,(u").
uheu,

Moreover, let the iteration indexes be defined by:

i(e) :=min{k e N: |Vf(up)|lv < €},
in(e) = min{k € N: [V fy) o, < ).
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If the discretization of the problem satisfies suitable conditions (see [38]) and the
assumptions of Theorem 4.5 hold, then for each € > 0 there exists A such that

i(e) — 1 <iy(e) <i(e), for h < he. 4.31)

This means that the number of required iterations of both the infinite dimensional algo-
rithm and the discretized one differs at most by one, for 4 sufficiently small.

Example 4.2.
. 1 o
man(y,u):f/ \y—zd|2+—/ u?dx,
2 Jo 2 Jo

subject to:
—Ay+y’ =u,
Yr=0.
Adjoint equation:
—Ap+3y’p=y—2z4, in Q,
p=0, on I.
Gradient of f:
Vf(u)=ou+p.

Using a finite differences discretization and the simple integration formula
(u,v)p2 = h*uy,
we get that
(w@z)v = (z,v) 2w ~ Kz vw = Pwzl v,

where the bold notation stands for the discretized vector in R™ of a function u €
L?(2). The BFGS update is then given by:

/’lszSk(BkSk)T hZZkZZ
h2s! Bysy h2zl s,

_ BkSkslsz Z](Z]zw

Bit1 =By —

k T T )
Sk BkSk z;, Sk

which coincides with the matrix update in R™.
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If a finite element discretization is used, then
(u,v) 2 ~u’ My,

where M stands for the mass matrix corresponding to the discretization of Lﬁ(!)).
Therefore,
woz)vae MTz) vw=wMTz)Tv

and the BFGS update is the following:

Bysi (MTBkSk)T ZkZZM
SI{MBkSk SI{MZ/{ ’

Bjy1 =Bk —

Program: BFGS Method for the Optimization of a Semilinear Equation

clear all;

n=input ('Mesh points: '); h=1/(n+l);

alpha=input ('Tikhonov regularization parameter: ');
[x1,yl]l=meshgrid(h:h:1-h,h:h:1-h); %%%%% Coordinates %%%%%

o0 0P

%%%% Desired state %%%%%
( 1

desiredstate=inline('x.*y','x','yv"');

desiredstate=inline('10*sin(5%x) .xcos (4xy)"','x"','v"');
z=feval (desiredstate,xl,yl); z=reshape(z,n"2,1);
lap=matrices(n,h); %%%%% Laplacian %%%%%
%%%%% Initialization %%%%%
u=sparse(n”2,1);
res=1; iter=0;
B=speye (n"2) ; $%$%%% Initial BFGS-matrix %%%%%
while res >= le-3
iter=iter+1
y=semilinear (lap,u) ; %%%%% State equation %$%%%%
Y=spdiags(y,0,n"2,n"2);
p=(lap+3xY. " 2)\(y-2); %%%%% Adjoint solver %%%%%

oe

$%%%% BFGS matrix %%%%
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if iter >= 2

s=u-uprev;

t=Bxs;

r=(p+alphax*u) - (pprev+alpha*uprev) ;
B=B-1/(s'xt)xkron(t',t)+1/(s'xr)*kron(r',r);

end

delta=-B\ (pt+alphaxu) ; %%%%% BFGS Direction %%%%%

uprev=u; pprev=p;

u=u+delta; %%%%% BFGS step (no line search)%%%%%

res=12norm(u-uprev)
end

4.4 Sequential Quadratic Programming (SQP)

The Newton method studied previously provides a locally fast convergent approach
for the solution of PDE-constrained optimization problems. The computational cost of
Algorithm 3, however, appears to be high, since apart from the system in Step 3, many
solutions of the state and adjoint equations have to be computed.

By considering the problem from a different viewpoint, namely the numerical solu-
tion of the optimality system, the sequential quadratic programming approach provides
a locally quadratic convergent method for finding stationary points of PDE-constrained
optimization problems.

The starting point of the SQP method is indeed the optimality system given by (3.13)
or, equivalently,

g/(y,u)()_’)lzyp) =0,
_e()_)a IZ) =0.

(4.32)

By applying a Newton method for solving the previous system of equations, we obtain
the following linearized system:

L et o) — et 5>> ey (Vi k)" i — Jy (i, k)
() Dot PR) =€ O 1) (su = | eulyi ) pe—Ju(yi ) | (4.33)
—e' (i, uk) 0

5p e ()’k» Mk)

Vi1 = Yk + Oy, U1 = Ug + Oy, Pk+1 = Pk + Op.
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Note that system (4.33) corresponds to the necessary and sufficient optimality condition
of the following linear—quadratic problem:

o1
min 5L Okt POL(S 8)12 4 L, Gt i) (8y,84).

subject to:
eY(ykauk)ay+eM(yk7uk)5M +e(ykvuk) = 0

(4.34)

Indeed, if (y,ux) € V(3,i), where (¥,i) is an optimal solution to the PDE-constrained
optimization problem such that ¢’ (¥, i) is surjective and

Ll oGt p) [ )P = l|All,

for some x > 0, and the second derivatives of J and e are Lipschitz continuous, then by
proceeding as in the proof of Theorem 3.3, there exists 8, € W' such that system (4.33)
holds.

System (4.33) is consequently well-posed and the SQP algorithm is given through the
following steps:

Algorithm 5

1: Choose (yo,u,po) €Y xU x W'.
2: repeat
3:  System: solve for (8y,8,,8s) €Y x U x W’

' . o ey (Vi ug)* pre — Jy (v, )
(et =) (&) - (R0

(ykauk) 0 617 e()}Imuk)

4 Setupi1 = up+ 0y, Yi+1 = Yk + 6y, Prr1=pr+6p andk=k+1.
5: until Stopping criteria.

Remark 4.4. Since the SQP corresponds to the Newton method applied to the optimality
system, it is also known as Lagrange—Newton approach. Local quadratic convergence
of this approach can be proved similarly as for Newton’s method. Moreover, a mesh
independence principle can also be proved in this case if the discretization satisfies some
technical assumptions [1]. The result also holds if inequality constraints are included [2].
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Example 4.3. Consider the following semilinear problem:

. ' o
min J (y,u) = %/Q ly—zalPdx+ = Il 72
subject to:

/Vy-Vvdx+/y3vdx=/ uvdx, YveH(Q).
Q Q Q

By treating y an u independently, the following first and second derivatives of the
Lagrangian can be computed:

Ly 09)(8,8,) =(y =24, 8,) — /Q Vp-V8, dr—3 /Q -8 pds
+05(u75u)+/gp5u dx,
L0, D) (85, 84), (w, h)] =(8,,w) — 6 /Q Y-8 -w-p dit (8, h).

Additionally, the action of the linearized equation operator and its adjoint are given
through the following expressions:

(e'(y,u)(6y,5u),v)W7W/:/ Vﬁy.Vvdx—i—?»/ yzﬁyvdx—/ OV dx,

Q Q Q

(e'(y,u)*5p,(w,h)>y/xU,:/ VSP.dex+3/y26p.wdx—/ Oph dx.
Q Q Q

According to Algorithm 5, we shall solve the system

*

* y ) _J )
<°g(ly/7u)(Yk7”kaPk) —el(Yk’Mk) ) <6)> _ ey(yk uki*pk y(yk %)

N e) Q O eu(Yi, u)* Pk — (Vi we) |
o o e(yk, ux)

which, by taking the expressions explicitly, is equivalent to

/ Oyw dx—6/ ViDiSyw dx—/ V6, - Vw dx—3/ y£5pw dx
Q Q Q Q
= Jo Vpi-Vwdx+3 [oyepew dx— [o (v —za)w dx,

aau + 517 = —Dk — OUl,

—/ V5y-Vvdx—/ 3y,%5yvdx+/ 5uvdx:/ Vyk-Vvdx—i—/ y,zvdx—/ upvdx.
Q Q Q Q Q Q
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Finally, we obtain the iteration system:

I—6YP 0 —A-3Y2\ /3§, Ape+3Y2p—yk+2
—A-3Y2 T 0 5, Ay +Y; — e

Program: SQP Method for the Optimization of a Semilinear Equation

clear all;
n=input ('Mesh points: '); h=1/(n+1);

alpha=input ('Regularization parameter: ');
[x1,yl]l=meshgrid(h:h:1-h,h:h:1-h); %%%%% Coordinates %%%%%

%%%%% Desired state %$%%%%
desiredstate=inline('x.xy','x','y');

z=feval (desiredstate,xl,yl); z=reshape(z,n"2,1);
lap=matrices(n,h); %%%%% Laplacian %$%%%%

%$%%%% Initialization %$%%%%
u=sparse(n”2,1); y=sparse(n”2,1); p=sparse(n”2,1);
res=1; iter=0;

while res >= le-3
iter=iter+1

%%%%% SQP step %$%%%%

Y=spdiags(y,0,n"2,n"2); P=spdiags(p,0,n"2,n"2);

A=[speye(n"2)-6+Y.*P sparse(n”2,n"2) -lap-3xY."2
sparse(n”2,n"2) alphaxspeye(n”2) speye(n”2)
-lap-3*Y."2 speye(n”2) sparse(n”2,n"2)];

F=[lap*p+3*Y. 2+xp-y+z; -p-alphaxu; lap*y+y. 3-ul;

delta=A\F;

uprev=u; yprev=y; pprev=p;

y=y+delta(l:n"2);

u=u+delta(n"2+1:2*n"2) ;

p=p+delta(2+*n"2+1:3*n"2);

res=12norm(u-uprev)+1l2norm(y-yprev)+12norm(p-pprev)
end




Chapter 5
Box-Constrained Problems

5.1 Problem Statement and Existence of Solutions

We consider the following type of optimization problems:

min J(y, u),

subject to: 5.1)

e(y,u) =0,
uc Uada

where J: Y xU — R, e: Y xU — W, with Y, U and W reflexive Banach spaces, and
U,q C U is a closed, bounded, and convex set.
Further we assume that the state equation satisfies the following properties.

Assumption 5.1.

i) For each u € U,,, there exists a unique solution y(u) € Y to the state equation
e(y,u) =0.
ii) The set of solutions {y(u)} is bounded in Y for u € Uy.
iii) If uy, — 0 weakly in U, then the corresponding states y(u,) — y(4i) weakly in Y.

Theorem 5.1. Let J: Y x U — R be bounded from below and weakly lower semicon-
tinuous (w.Ls.c.). Then there exists a global optimal solution for problem (5.1).

Proof. Since J is bounded from below, there exists a sequence {(y,,u,)} C Tpg =
{(y,u) : u € Uyq,e(y,u) = 0} such that

lim J(y,,u,) = inf  J(y,u).

n—beo )€ Ta
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Since U,y is bounded and by Assumption 5.1 {y(u)} is also bounded in Y, we may
extract a subsequence {(yy, , s, ) }ren such that

()’nk7unk) — (9,4) weaklyinY x U.

Since U, is convex and closed, it is weakly closed and therefore it € U,;. Moreover, by
Assumption 5.1 § = y(#) is a solution of the equation

e(,i) =0,
which implies that (§,%) € J,4. Since the functional J is w.l.s.c. it follows that

J(9,4) < liminfJ(yy, ,u,, ) = inf J(y,u).
3,a) < P (ylk ’lk) (€T (v, u)

Consequently, ($,4) = (¥,i) corresponds to an optimal solution to (5.1). O

5.2 Optimality Conditions

Defining the solution operator

G:U—Y
u — y(u) = G(u),

we can reformulate the optimization problem in reduced form as:

min /(i) = J (y(u), ). 5.2)
uelyy

Hereafter we assume that J: ¥ xU — R and e: Y x U — W are continuously Fréchet

differentiable. From Theorem 3.2, if i1 € U,y is a local optimal solution for (5.2), then it

satisfies the variational inequality

f(@)(v—i) >0,

for all admissible directions v — i. Since U,; is convex, the condition holds for all v €
Umg.

Assuming that e, (7,) is a bijection and proceeding as in the proof of Theorem 3.3,
we obtain the existence of an adjoint state p € W’ such that the following optimality
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system holds:
e(y,i) =0, (5.3a)
ey(y, )" p = Jy(y,i), (5.3b)
(Ju(3,0) — eu(5, )" p,v— i)y y > 0, forallve Uy. (5.3¢)

Hereafter we will focus on the special case U = L?(2), and
Uw={uce LZ(Q) tug <u(x) <upaein Q}, (5.4)

with u,, u, € R such that u, < uy.
By identifying U with its dual, inequality (5.3c) can be written as

(Ju()lﬁ)*eu()_f,ﬁ)*l%vfﬁ)u >0, Vv € Uyq. (5.5)

The box structure of the feasible set (5.4) allows to derive more detailed optimality
conditions, which are the basis of the solution algorithms presented in this chapter.

Proposition 5.1. Let U = L*(Q) and U,; be defined by (5.4). Then inequality (5.5) is
satisfied if and only if, for almost every x € €2,

(Ju(7,0)(x) — eu(7,8)" p(x)) (v—a(x)) > 0, WweR:u, <v<uy,. (5.6)

Proof. Letz(x) :=J,(3,i)(x) —eu(F,@)* p(x). Since z € L* (L), then almost every xq € Q
is a Lebesgue point, i.e.,
1

lim ——— z(x)dx = z(xo).
p—0t ‘Bp(x0)| Bp (x0)

For p sufficiently small, the ball B, (xo) C £ and the integral exists. Similarly, it follows
that almost every xp € €2 is a Lebesgue point of i.
Let xp € Q be a common Lebesgue point of z and i and let v € [u,, u|. We define the

function
if x € By (xo)

u(x) =4 "
| a(x) elsewhere.
It follows that u € U,; and from inequality (5.5)

|Bp |/ i(x))dx = ——— ! 2(x) (v — ii(x) )dx.

‘BP( )| By (x0)

By taking the limit as p — O, it follows that

0 < z(x0) (v —it(x0))
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for almost all xy € Q. O

Lemma 5.1. Let U be a Hilbert space, C C U be a nonempty, closed, and convex set.
Then, for all ¢ € U and all ¢ > 0, the following conditions are equivalent:

ueC and (p,v—u)y >0, YweC, (5.7)
u=Pu—co), (5.8)

where P: U — U denotes the projection onto C.
Proof. (5.7)= (5.8): Let u. := u— c¢@. Then we have that
(e —u,v—u)y = —c(@,v—u) <0, YveC.

Consequently, u = P(u,).
(5.8)= (5.7): Since u = P(u,) € C, it follows from the projection’s characterization
in Hilbert spaces that

((p,v—u):—%(uc—u,v—u)zo, YveC. o
By introducing the multiplier
A= Ju(3, i) — eu(,@)"p,
inequality (5.5) can be written as
i=Py,(ii—ch).
Moreover, under the conditions of Proposition 5.1, inequality (5.6) can be written as
#(x) = Py, ) (@(x) — cA(x)) a.ein Q,

where P, ,,1: R — R denotes the projection onto the interval [t4,up]. By decomposing
A into its positive and negative parts, i.e.,

kzla_z'ba

with A,(x) = max(0,A(x)) and A;(x) = —min(0, A (x)), inequality (5.6) can be written
as:

Ju(3i) —e,(5,0) ' p=A— Ap a.e.in Q, (5.9a)
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Ag(x)(v—1ii(x)) >0 a.e.in Q,Yv € [ug,up), (5.9b)
Ap(x)(v—1ii(x)) <0 a.e.in Q,Yv € [ug,up), (5.9¢)
Ag(x) >0, Ap(x) >0 a.e.in Q, (5.9d)
U, < <uy a.e.in Q. (5.9¢)

By taking v = u, in (5.9b) and v = u;, in (5.9¢c), we obtain from (5.9d) and (5.9¢) that
Ag(ug —it) = Ap(up— 1) =0 a.e.in Q.

Consequently, inequality (5.6) is equivalent to the following complementarity problem:

ug < i(x) <up a.e.in Q, (5.10a)
Da(x) > 0, Ap(x) > 0 a.e. inQ, (5.10b)
Aa(x) (ug —(x)) = Ap(x) (up —i1(x)) =0 a.e.in Q. (5.10¢)

The alternative formulations of the variational inequality (5.6) as a projection formula or
as a complementarity system give rise to the development of different numerical strate-
gies for the solution of problem (5.1). This will be the subject of the next sections of this
chapter.

Fig. 5.1 Example of complementarity: the multiplier A may take values different from O only on the
sectors where the control is active

Second order sufficient optimality conditions for problem (5.2) follow from Theo-
rem 3.4, if the condition

f1@[h?* =8|y, Vheu, (5.11)
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holds for some & > 0. Moreover, a similar result than Theorem 3.3 for (¥, i, p) satisfying
the optimality system (5.3) may be obtained.

Condition (5.11) may be however too strong, since it involves all possible directions
h€U.Inthe case U = L*(2) and Uy = {u € L*(2) : uy < u(x) < up ae. in Q}, the
sufficient condition can be weakened by considering it on the cone of critical directions
defined by:

C(@) = {veLz(Q):

Fig. 5.2 Example of critical cone directions

The second order sufficient condition (SSC) is then given by
o 2
L0 G0 [(w.h)]* > 8 Al
for all (w,h) € Y x C(i1) that satisfy the equation

ey()_)a IZ)W+ €u()_7, ﬁ)h = O
Example 5.1. Consider the following quadratic problem in R:

min_f(x) = x} +4x1x; +x3.
x€[0,1]2

The unique stationary point is given by the solution of the system

T
Vi o-9= (G0 13) 6920 webiP



5.3 Projection Methods 75

which is given by ¥ = ( g) . The Hessian is given by H = (i ;) , whose eigenvalues

are Ay = —1, A, = 3. H is clearly not positive definite. However, if we define the

L 2 [>0if £=0
C(x)_{VER'V’{SOifii:I ,

it can be easily verified that

24 Vi 2
>
o ) (33) () 2 ke,

for all v € C(%). Therefore, X = (8) satisfies the (SSC).

critical cone

LAl O N OB O

Fig. 5.3 Quadratic form on [—1, 1]2 (left) and restricted to the critical cone (right)

5.3 Projection Methods

The main idea of projection methods consists in making use of a descent direction com-
puted for the problem without bound constraints and then project the new iterate onto
the feasible set defined by the inequality constraints.
To be more specific, consider the reduced problem
min f(u). 5.12
uclU,y f( ) ( )

If we have some iterate u; and compute some direction dj, then the next iterate given by
the related projection method, will be:

U1 = Py, (g + ogd), (5.13)



76 5 Box-Constrained Problems

where Py, denotes the projection onto U,y and o € (0,1) is a line search parameter.
From equation (5.13) it can be observed that in order to make the update, a projection
has to be computed. This may not be easy in general. Moreover, a modified line search
strategy has to be implemented for the choice of oy.
The general projected descent algorithm is given through the following steps:

Algorithm 6 Projected descent method
1: Choose ug € U,y and set k = 0.

2: repeat
3: Compute a direction dy, for the problem on U.
4: Choose oy by a projected line search rule such that
F Py (i + ondi)) < f ().
5: Set

w1 =Py, (up+onpdy)  and  k=k+1.

6: until stopping criteria.

Proposition 5.2. Let U be a Hilbert space and let f: U — R be continuously Fréchet
differentiable on a neighborhood of the closed convex set U,y. Let uy € Uy, di =
—Vf(ux) and assume that V f is 0-order Holder-continuous with modulus L > 0, for
some 0 € (0,1], on the set

{(l—t)uk-i-lPUad(u]?) 0<r < 1},
where uff = uy — oV f(ux). Then there holds

1
F (P 4f)) = £ ) < = |1 Pog ) = g+ L1 Py () — | ™

Proof. From the mean value theorem if follows that
F(Pu,, () = f ) = (V) Pu, () — we)u

= (Vf(w), Pu,y () —ui)u + (VL) = Vf(ur), Py, (ug) — ug)
a) b)

for some v = (1 —1)ug +1tPy,, (uy).
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For the term a), we obtain:

1
(Vf (), Py (ul) —w)u =— (e —ug , Py, (u) — w)u

=uy

R

1 (04 (04
Za(Puad(uk) —Py, (i) Pugy (uy) — Py (ui) )u

1
= o U = Pu (i), Pu (i) = Puy (i) Ju

<0

1
< L P ) e
For the term b),

(VFOP) = Vf (), Py, (uf) — ) < [[VFOE) — V(i ||UHPUud () — |,
<L _”kHU ||P ”kHU

< L||Py,,(uf) - o

)

snee Vg~ < [P ()~ :

It then follows from Proposition 5.2 that the projected gradient direction is a descent
direction for problem (5.12). A modified Armijo rule is given by: Choose the largest
oy € {1, 2,4, } for which

F (P (e — 0V f () — fue) < HP Voot — 04V f () — ][5, (5.14)

where y € (0,1) is a given constant.
Thanks to Lemma 5.1, we can choose as stopping criteria

||tk — Puy (e — V f () HU

for some 0 < € < 1. In the case of PDE-constrained optimization problems we can
express the stopping criteria with help of the multiplier A as

H”k — Py, (u — c),k)HU < e, forsomec > 0.
Theorem 5.2. Let U be a Hilbert space, f: U — R be continuously Fréchet differen-

tiable and U,y C U be nonempty, closed, and convex. Assume that f(uy) is bounded from
below for the iterates generated by the gradient projected method with line search (5.14).
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If for some 6 > 0 and p >0, Vf is 6-order Holder continuous on

Ny = {u+d: f(u) < f(uo), |ldlly <p},

then
lim ||uk — PUad (uk — Vf(uk)) HU =0.
k—yo0
Proof. For the proof we refer to [30, p. 108]. O

For the particular case U = L*(Q) and U,y = {u € L*(Q) 1 uy < u(x) <up a.e.in Q},
the projection formula is given, thanks to Proposition 5.1, by
Py () (x) = Pl ) ((x)) = max (utg, min(u(x), up))-

Remark 5.1. A mesh independence result for the projected gradient method is obtained
in [40] for ordinary differential equation (ODE) optimal control problems. In this case,
the iteration indexes are defined by:

i(¢) :==min{k € N: [lux — w1 [l < €},
in(€) :=min{k € N: ||uf —ul_ ||y, < e}

Under suitable assumptions on the discretization, the result establishes that for all €,p >
0 there is he p such thatif i < he p, then

i(e+p) <ip(e) <i(e).

Remark 5.2. The application of projection methods considering other type of directions
dy = —H, 'V £(u) is by no means standard. For Newton directions

dp = —(Vf () "'V f (),

for instance, the application of Algorithm 6 may not lead to descent in the objective
function. To solve this problem in R", the reduced Hessian

0ij ificeA(u)orjeA(u)

2 -
(VeSf(u))ij = {(sz(u))ij otherwise

where A(u) denotes the set of active indexes, may be used instead of the full second
order matrix (see, e.g., [37]). In [41] an infinite-dimensional variant is proposed for
solving ODE control problems.
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Program: Projected Gradient Method for the Optimization of the Poisson Equa-
tion

clear all;

n=input ('Mesh points: '); h=1/(n+l);

alpha=input ('Tikhonov regularization parameter: ');
ua=input ('Lower bound: '); ub=input ('Upper bound: ');
Armijo=input ('Line search (l=yes): ');
[x1,y1l]=meshgrid(h:h:1-h,h:h:1-h); %$%%%% Coordinates %%%%%

%%%%% Desired state %%%%%
desiredstate=inline('x.*y','x','v');
z=feval (desiredstate,x1l,yl); z=reshape(z,n"2,1);

lap=matrices(n,h); 2%%%% Laplacian %%%%%

%%%%% Initialization %$%%%%

u=sparse(n”2,1); res=1; iter=0;

while res >= le-3
iter=iter+1
y=1lap\u; %%%%% State equation %%%%%
se90q so000
3%%%% 3%%%%

p=lap\ (y-2z); Adjoint solver

0000000000000000000009000000999000
585555555 %%5%5555%%%%5%%5%5%%%%%%
o .

% Armijo line search
0000000000000000000009000000099900
5553355955533 35%5%5593%%%5%%%3%%%

countarm=0;

beta=1;
gradcost=12norm(max (ua,min (u-betax* (p+alpha*u) ,ub)) -u) ;
costl=1/2*12norm(y-z) "2+alpha/2*12norm(u) "2;

if Armijo==1
armijo=1leb5;
while armijo > -le-4/betaxgradcost”™2
beta=1/2" (countarm) ;

uinc=max (ua,min (u-betax* (p+alphax*u) ,ub)) ;
yinc=lap\uinc;

cost2=1/2*12norm(yinc-z) "2+alpha/2+*12norm(uinc) "2;
armijo=cost2-costl;
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gradcost=12norm(max (ua,min (u-betax* (p+alpha*u) ,ub))-u) ;
countarm=countarm+1
end
end
uprev=u;
%%%% Projected gradient step %%%%
)
res=12norm(u-uprev)
end

5.4 Primal Dual Active Set Algorithm (PDAS)

Consider the following optimization problem:

min J(y,u),
subject to:
(5.15)
e(y,u) =0,
u<upae.in 2,
where U = L?(€). Since in this case u, = —co, the optimality condition (5.9) can be
written in the following way:
4(x) = P(_ooy,) (f(x) — cA(x)) ae. inQ, VYe>0, (5.16)

which, since A (x) = —A,(x), implies that
i(x) = P(—eo ) (#(x) + cAp(x)) = 0 ae inQ, Vec>0.

Thanks to (5.16),

1
c
%(zi(x) +cdp(x) —up) if up < i(x)+cAp(x)
B {0 if not
1
c
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Altogether, we obtain the following optimality system:

81

e(y,4) =0, (5.17a)
ey(y,8)" p = Jy(3, 1), (5.17b)
eu(¥,i)" p = Ju(3,it) + A, (5.17¢)
Ap(x) = cmax (0, a(x) + %lb(x) —up), for all ¢ > 0. (5.17d)

Let us define the active and inactive sets at the solution (7,%) by A = {x : i(x) = up}
and I = Q \ A, respectively. The main idea of the PDAS strategy consists in considering

equation (5.17d) in a iterative scheme:

7L§+1 (x) = cmax(0, u(x) + %ﬁ.lf(x) —up).

(5.18)

Considering, in addition, the complementarity relations given by (5.10), Eq. (5.18) leads
to the following prediction of active and inactive sets at the next iteration:

lk k
Apr1 = {xuk(x)‘FhSX) > ”b}a fv1 = {x|uk(x)+ K

WSM},}

The complete algorithm is then given through the following steps:

Algorithm 7 Primal-dual active set method (PDAS)

1: Choose ug, yo , A and ¢ > 0. Set k = 0.

2: repeat
3: Determine the following subsets of £2:
Ay (x)
Apy1 = {x|uk(x)+ bc >be, Lyt =2\ A
4: Solve the following system:

e(Yki1, k1) =0,
ey (V1 Uk1)* Prt = Iy Ykt 15 Ut 1)s
(OS)ky1 =9 ugy1 =up,  OnApyy,

l}f+l =0, on i1,

eu (V1 k) Pt = Ju i1, ) + AL

and setk =k+1.
5: until stopping criteria.
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For the subsequent analysis of the PDAS algorithm we consider the following partic-
ular structure of the cost functional and the state equation:

T00) = 8(0)+ 5 ull e(y,u) = E(y) ~

where E: Y — L?(Q) is continuously differentiable, with E’(7) continuously invert-
ible, and g : Y — R is continuously differentiable. The system to be solved in each
primal—dual iteration is then given by:

E(Yii1) = i1, (5.19a)
E'(yir1) Pr1 = & (ir1), (5.19b)
o1 AT+ e =0 a.e.in Q, (5.19¢)
Ugs1 = Up on Agq, (5.19d)
A1 =0 on [l . (5.19¢)

Considering two consecutive iterates of the algorithm and choosing ¢ = «, it follows that

1
E(yir1) —E(yx) = tgp1 —u = — g M (Prs1 — pi) +RE,
where ¢ denotes the indicator function of a set C, and

0 on Ay NAg+1,
ubJrépk =up—ur <0onlyNAki1,
A =—Lpe—up <0 on ANy,

0 onlyNlgyg.

For the global convergence of the PDAS method we define the following merit func-
tional:
M(u,Ap) = az/ max(0,u — ub)zder/ min(0, A,)?dx,
Q AT (u)

where A" () = {x:u > up}.
Theorem 5.3. [f there exists a constant p € [0, ) such that
Ik —pelliz <p R , oreveryk=1.2,... (5.20)

then
M1, AT < a2 p?M(ug, Ay)
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foreveryk=1,2,...
Proof. From (5.19) it follows that

— A5 = At = Pt + o on A1,

U1+ éPkH =0 on Iy,

which using the algorithm PDAS implies the following estimates:
)Lk
On Ay = x|uk+ Eb >up ot

M1 = Pkl — Pr+ pr+ o
A on Agy1 NAg,

= Dk+1 — Pk +
Ot(ub - uk) on Agpq Ni.

Since A (x) < o(ug(x) —up) on Agyq and ug(x) = up on Ay, it follows that A (x) < 0 on
Aj41NA. In addition, since or(up —ug) (x) < Af(x) on A4y and Af(x) = 0 on I, we get
that o (up — uy ) (x) < 0 on Ag1 NIi. Consequently,

M1 (0) = = (0) < e (%) = pi(x) on Ay

= min(0, 44 ()] < 1pis () - (o) on Aus.
Ak
On [ 1= x|uk—|—a”§ub :

1
U1 (X) —up = a(*PkH + pk — i) (x) —up

é)‘lf on lry1 NAg,

1
= a (pk(x) 7pk+1(x)) + { up —up on 1 NIy,

Since é?tg (%) < up — ug(x) on Ly and up = ug(x) on Ay, it follows that

a)yb (x) <0 onAg NIliyq.
k
Also since uy(x) — up < —@ on [, 1 and Mf(x) = 0 on I, we get that

ue(x) —up <0 on iy Nlyg.
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Consequently,
1
U1 (X) —up < a(l’k(x) = pr+1(x)) on [y

= [max 0,41 () — )| £ P () = il on
Since from (5.19) it also follows that
lf“(x) =0 onl, and U1 (x) =up onApiq,
we obtain that

M(ug1, A5 < az/l max (0, uy — up) dx+ A min(0, ;") dx
Sy A1

S/ |Prs1 — pildx,
Q

which, thanks to (5.20), yields
2
M1, A1) < p? HR"HU. (5.21)

Additionally, from the structure of R¥, it follows that

|Rk(x)| < max(O, uk(x) — ub) on A1 NAg,

R (x)| <0 on A N,
1 1

IRA(0)] < max(0,—— Af) = —[min(0, Af) on st N Ay,

[RE(x)[ <0 on f1 M.

Integrating over €2 we get that

2 1
R* </ max (0, u; —u 2—1——/ min(0, A%)[?
[#]: = fymax@u—w+ 25 [ min0.4h)
< o M (g, AY). (5.22)
Consequently, from (5.21) and (5.22) the result follows. O

Corollary 5.1. Under the hypothesis of Theorem 5.3, there exists (3,i,p,Ay) €Y x U X
Y x U such that

klgl;lc(ykaubpkallf) = ()_),I/_i,p,lb)
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and (3,1, p, Ap) satisfies the optimality system.:

E®y) =, (5.23a)
E'(%)p =g, (), (5.23b)
ai+p+i, =0, (5.23¢)
Ay = max (0, Ay + a(ii — up)). (5.23d)

Proof. From equations (5.20) and (5.22) we obtain that

2 P2
1P = pel2 < (£) M2,

which, thanks to (5.21), implies that

p k—1
Iperi=pillz < () o] -

and by induction

k
e = pell 2 < (%) PR, fork=1,2,...

Consequently, there exists some p € U such that

lim py =p inU.
k—yoo
Since, for k > 1,
A1 = {x: —pi(x) > oy}, L = {x: —pe(x) < aup b,

it follows that

Akl _ ) T 0y = Py on A1,
b 0 on iy,

=max (0, —py — oup) + XAy (Pk = Pr+1)-
Since pri1— pr k2= 0and Dk o, p, the continuity of the max function from L*(Q) —

L?(Q) implies that
]}im AET = A = max(0, —p — auy).
—3oo
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Finally, from the optimality condition
o1 + AT+ prt =0,

there exists i such that ]}im uy = i. Thanks to the properties of the operator E: ¥ —
—yo0

L?(Q), we may pass to the limit in the PDAS optimality system and obtain (5.23). O

Remark 5.3.

1. If the operator E: ¥ — L?(Q) is linear, then the condition

1112
|E Hzm(g),y) <a

is sufficient for (5.20) to hold.
2. A frequently used stopping criteria for the PDAS algorithm is given by:

Apy1 = Ay,

In the linear case, this choice is theoretically justified (see [6]).

5.5 Semismooth Newton Methods (SSN)

An alternative approach for the solution of system (5.17) consists in considering it as an
operator equation
Flx) =0, (5.24)
where
F:X —Z
x — F(x),

with X and Z Banach spaces. If F would be Fréchet differentiable, a classical Newton
type method could be used for solving (5.24). In the case of system (5.17), however,
the max function is not Fréchet differentiable and a standard Newton scheme cannot be
applied. The following question then arises: Is it possible to define a weaker differentia-
bility notion for such a function such that a Newton type iterative scheme can be stated?

Definition 5.1. Let D be an open subset of a Banach space X. The mapping F : D C X —
Z is called Newton differentiable on the open subset V C D if there exists a generalized
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derivative G : V — Z(X,Z) such that

lim —— [|F (x4 ) — F(x) — G(x+ h)hll, = O, (5.25)

h=0 ||hl[x
for every x € V.
Example 5.2. Consider the absolute value function

f=l'R—R
x — |x|.

The function is not differentiable at 0. However, by using the generalized derivative
(x) = —1 ifx <O,
EYW=11 ifx>o,
we obtain for the case x =0:

i)ifh>0: |x+h|—|x|—|r|]|=0,
i) ifth<0: |Jx+h|—|x|+|h||=]|-x—h—x+h|=0.
Consequently,
1
lim —|f(x+h) — f(x) —g(x+h)h| =0
h—0 |h|

and |- | is Newton differentiable.

Theorem 5.4. Let x be a solution to (5.24), with F Newton differentiable in an open
neighborhood V containing X. If

[Gx)! <C, (5.26)

|5f<z,x)
for some constant C > 0 and all x € V, then the semismooth Newton (SSN) iteration

Xer1 =X — G(xp) " UF (x) (5.27)
converges superlinearly to X, provided that ||xy — X|| is sufficiently small.

Proof. Considering that F(X) = 0 and the iterates given by (5.27) it follows that

ki1 — %l = || — Glo) ™' F i) — ||
= [|G(x) ™ (F (%) = F (xx) — G(xe) (X — x0)) ||
< CIIF (x) — F(8) — Glx) (xe — ) - (5.28)
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Thanks to the Newton differentiability it then follows, for p = % that there exists a ball

Bg (%) such that if x; € Bs(%X), then
- - 1 -
[betcer =%l < Cp flaoe = Fly = 5 llve — -
Consequently, if ||xo — X||y < 6 then x; € Bs(%), Vk > 1, and
lim ||xk —)EHX =0.
k—soo0

Moreover, from (5.28) and the Newton differentiability, we get that

i [Pt —_f||x < lim C [|F (k) — F (%) — G_(xk)(xk — 9z _ 0,
koo o =Xl T ke ek — %]l
which implies the superlinear convergence rate. O

Proposition 5.3. The mapping max(0,-): L1(Q) — LP(Q) with 1 < p < g < oo is New-
ton differentiable on L1(Q2) with generalized derivative

Gmax 1 L1(Q2) — L(L1(Q2),LF(Q))

given by:
_ [ 1 ify(x) >0,
Grn0)9 = { o 10 0
Proof. For the detailed proof we refer to [34, p. 237]. O

Considering system (5.23) with E € £ (Y, U), the system to be solved is given by

Ey—u
E*p—g(y) _o
ou+p+ip
Ap —max (0, Ap + ot (u — up))

F(y,u,p,lb) =

and its generalized derivative by

E&, — 0,
E*8) — gyy(y) 0y
(16,44-61;4-5)L
0y, — xa(8 +ady)

G(ya uapa;{'b)[(ayvall?a[ﬂS)L)] =

where y4 stands for the indicator function of the active set

A={x: A+ o(u—uy) >0}
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The Newton step is then given through the solution of the following system:

E -1 00 Oy Ey—u

—gw() 0 E*O S | _ E*p—gy(y)
0 ol I 1 5, o+ p+ Ay ’
0 —oyas 0 xr oy Ap —max(0, Ay + ot (v —up))

where y; denotes the indicator function of the inactive set I = Q\A.

Theorem 5.5. Consider system (5.23) with E € £ (Y,L*(Q)) and g(y) = 1 [o |y —
z4|* dx, where z4 € L*(Q). Then the semismooth Newton method applied to (5.23) con-
verges locally superlinearly.

Proof. For the proof we refer the reader to [34, p. 242]. a

Remark 5.4. An important feature of the SSN applied to (5.23) is that, in the linear case,
the iterates coincide with the ones of the PDAS algorithm.

Program: SSN Method for the Optimization of a Semilinear Equation

clear all;

n=input ('Mesh points: '); h=1/(n+l);

alpha=input ('Regularization parameter: ');
[x1,yl]=meshgrid(h:h:1-h,h:h:1-h); %%%%% Coordinates %%%%%
%%%%% Desired state %%%%%

desiredstate=inline('x.*y','x','yv');
z=feval (desiredstate,x1l,yl); z=reshape(z,n"2,1);

ub=10+ones(n”"2,1); %%%%% Upper bound %
lap=matrices(n,h); %%%%% Laplacian %$%%%%

$%%%% Initialization %$%%%%
u=sparse(n”2,1); y=sparse(n”2,1);
p=sparse(n”2,1); lam=sparse(n”2,1);
res=1; iter=0;

while res >= le-3
iter=iter+1
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end

oe

%%%% Semismooth Newton step %$%%%%
Y=spdiags(y,0,n"2,n"2); P=spdiags(p,0,n"2,n"2);
Act=spdiags (spones (max (0, lam+alphax* (u-ub))),0,n"2,n"2);

A=[lap+3*Y. "2 -speye(n”2) sparse(n”2,n"2) sparse(n”2,n"2)
-speye(n"2)+6+Y.+«P sparse(n”2,n"2) lap+3xY."2 sparse(n”2,n"2)
sparse(n”2,n"2) alphax*speye(n”2) speye(n”2) speye(n”2)
sparse(n”2,n"2) -alphaxAct sparse(n”2,n"2) speye(n”2)-Act];

F=[ -lap*y-y. 3+u
-lap*p-3+*Y. 2%p+y-2
-p-alpha*u-lam
-lam+max (0, lam+alphax (u-ub))];

delta=A\F;

uprev=u; yprev=y; pprev=p;

yv=y+delta(l:n"2);

u=u+delta(n"2+1:2*n"2);

p=p+delta(2*n"2+1:3xn"2) ;

lam=lam+delta (3*n"2+1:4*n"2) ;
res=12norm(u-uprev)+12norm(y-yprev) +12norm(p-pprev)




Chapter 6
Nonsmooth PDE-Constrained Optimization

6.1 Sparse L!-Optimization

Finite-dimensional optimization problems with cost functions involving the /!'-norm of
the design variable are known for enhancing sparsity of the optimal solution. This has
important consequences in problems where a large amount of data is present, like speech
recognition, image restoration, or data classification (see, e.g., [53]).

In the context of PDE-constrained optimization, sparsity means that the infinite
dimensional design variable is localized in its domain of action, i.e., it takes zero value in
a large part of its domain. The function-space counterpart of the /'-norm is the Lebesgue
L'-norm, and the corresponding problem is formulated in the following way:

min J(y,u) + B lul| 1,
subject to: (6.1)
e(y,u) =0,

where 8 > 0. The additional difficulties, compared to the problems treated in previous
sections, arise from the non-differentiability of the L'-norm.
By rewriting (6.1) in reduced form, we obtain the equivalent problem:
min J(y(u),u) + Bllul. (6.2)
ucel
Although the reduced cost (6.2) is nonsmooth, it consists in the sum of a regular part

and a convex non-differentiable term. Thanks to this structure, optimality conditions can
still be established according to the following result.
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Theorem 6.1. Let U be a Banach space, j) : U — R Gdteaux differentiable and j, : U —
R U{+ee} convex and continuous. If ii € U is a local optimal solution to

min jy (u) + jo(u), (6.3)

then it satisfies the following optimality condition:
Ji@ v —i)+ ja(v) — jo(it) >0, forallv e U. (6.4)
Proof. From the optimality of i we know that
Ji(i) + ja (@) < ji(w) + ja(w), for all w € B ().
Taking, for v € U and ¢ > 0 sufficiently small, w = ii +1(v — i) € Bg (i), it follows that

0 <ji(@+1(v—i))—ji(@)+ja(@+1(v—i)) - ja (i)

< ji(a+t(v—i) = ji(@)+1 ja(v) + (1 =1) jo(it) — ja(&).
Dividing by ¢ and taking the limit on both sides we get

Ji(at1(v—i)) - ji (@)

0<
t

+j2(v) = jo(@),
which implies that
0< ji@v—a)+ j2(v) - jo(@). o

For the sake of readability, let us hereafter focus on the following tracking type cost
term

1 o
T =5 [ b=zl it 5l

and the control space U = L?(£2). From Theorem 6.1 an optimality condition for (6.2)
is given by the following variational inequality:

(v(@) —z4,Y (@) (v — 1)) + ee(@g,v — @) + B vl — Bllall =0, WveU. (6.5

Moreover, it can be proved (see, e.g., [20, pp. 70-71]) that the optimality condition (6.5)
is equivalent to the existence of a dual multiplier A € U such that:

(@) — zg,y (@)v) + (it +A,v) =0, forallve U (6.6a)

A =8, in{xeQ:ia>0} (6.6b)
Al < B, in{xe Q:a=0} (6.6¢)
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A=-5, in{xeQ:a<0}. (6.6d)

Assuming bijectivity of ey(y, i) and proceeding as in Theorem 3.3, it can be justified that
there exists an adjoint state p € W' such that the following optimality system holds:

e(y,ii) =0, (6.72)
ey(¥,8)" p =3 —2za, (6.7b)
p+oii+A =0, (6.7¢)
A =B, in {xeQ:a>0}, (6.7d)
A < B, in{xe Q:ia=0}, (6.7¢)
A=-B, in{xe Q:i<0}. (6.71)

By using the max and min functions, the last three equations of the optimality system
(6.7) can be reformulated in the following short way:

i—max(0,i+c(A —B)) —min(0,i+c(A + ))

0, (6.8)

for all ¢ > 0. This equivalence can be verified by inspection and its proof can be traced
back to [32].

Considering the first three equations of (6.7) and Eq. (6.8), a semismooth Newton
method for the solution of the optimality system can be stated. Taking into account the
generalized derivative of the max and min functions:

Gra)0={ g o 20 G ={] 20 69

a Newton update for Eq. (6.8) is given by

Ou — (Xqusc(A—B)>0} T X{ute(r+p)<0}) (8u +¢8y)
= —u+max(0,u+c(A —B))+min(0,u+c(A +p)), (6.10)

where y{,,~0) stands for the indicator function of the set {x : w(x) > 0}. With the choice
¢ = a~', the complete algorithm is given next.
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Algorithm 8 Sparse optimization of a semilinear equation
1: Choose (yo,uo, po,A0) €Y x U x W' x U and set k = 0.
2: repeat
3: Set X4 := X{|au+1,|>p} and solve for (8, 6,,8p,8,) €Y xU x W' x U :

L5 Oes s pic) =€ (i ue)™ 0 (g’)
—e' (v, ux) 0 0 6”
(07—yx4) 0 7 5;’

ey (Vi uk)* Pk — Jy (i, u)
eu (Vi ) pre—Jy (Vi )
e(yk,uy)
—Uj +max(0,uk + Ot_l(lk . ﬁ)) +min(0,uk + Ot_l(lk Jrﬂ))

4 Setugy1 = ug+Ou; Yer1 = Yx+ Oy, Prr1 = Pk +0p, 1 = A+ andk=k+ 1.
5: until Stopping criteria.

Example 6.1. We consider the following semilinear optimal control problem:

. 1 2 (04 D
min J(y,u) = 5 ||y = zallz2@) + 5 lullpz +Bllullz1,
subject to:
—Ay+y’=u  inQ=(0,1)%
y=0 onl.

The computed controls are depicted in Fig. 6.1 both when no sparsity term is included
and when the L'-norm weight 3 is set equal to 0.008. The parameter o takes, in both
cases, the value 0.001. The sparse structure of the corresponding optimal control can
be clearly identified from the plot on the right.
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Fig. 6.1 Optimal control (8 = 0) and sparse optimal control (8 = 0.008)
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Program: Sparse Optimization of a Semilinear Equation

clear all;
n=input ('Mesh points: '); h=1/(n+l);
alpha=input ('Regularization parameter: ');

[x1,yl]l=meshgrid(h:h:1-h,h:h:1-h); %%%%% Coordinates %%%%%

o0
o0

%%% Desired state %$%%%%
' (

desiredstate=inline('sin(2+pi*x) .*sin(2+pi*y) .*exp(2*x)/6"','x"',"'yv"');
z=feval (desiredstate,x1,yl); z=reshape(z,n"2,1);

b=0.008; %%%%% L1 weight %%%%%

lap=matrices(n,h); %%%%% Laplacian %%%%%

%%%%% Initialization %$%%%%
u=sparse(n”2,1); y=sparse(n”2,1);
p=sparse(n”2,1); lam=sparse(n”2,1);
res=1; iter=0;

while res >= le-10
iter=iter+1

o0

%%%% Semismooth Newton step %$%%%%
Y=spdiags(y,0,n"2,n"2); P=spdiags(p,0,n"2,n"2);
Actl=spdiags (spones (max(0,u+l/alpha* (lam-b))),0,n"2,n"2);
Act2=spdiags (spones (min(0,u+l/alpha* (lam+b))),0,n"2,n"2);
Act=Actl+Act2;

A=[lap+3*Y."2 -speye(n”2) sparse(n”2,n"2) sparse(n”2,n"2)
-speye (n"2)+6*Y.*P sparse(n”2,n"2) lap+3xY."2 sparse(n”2,n"2)
sparse(n”2,n"2) alpha*speye(n”2) speye(n”2) speye(n”2)
sparse(n”2,n"2) speye(n”2)-Act sparse(n”2,n"2) -1/alphax*Act];

F=[ -lap*y-y. 3+u
-lap*p-3+*Y. " 2%p+y-2
-p-alpha*u-lam
-u+max (0,u+l/alphax (lam-b) ) +min (0,u+1/alphax* (lam+b))];

delta=A\F;

uprev=u; yprev=y; pprev=p;
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y=y+delta(l:n"2);

u=u+delta(n"2+1:2*n"2);

p=p+delta(2*n"2+1:3xn"2);

lam=lam+delta (3*n"2+1:4*n"2) ;

res=12norm(u-uprev)+1l2norm(y-yprev)+1l2norm(p-pprev)
end

6.2 Pointwise State Constraints

Although the action of the design variable u naturally imposes bounds on the state y, it is
sometimes important to restrict the maximum or minimum pointwise value that the state
variables can reach. Such is the case, for instance, of problems that involve heat transfer
in solid materials, where the temperature has to remain below a critical melting point
(see, e.g., [45]).

From a mathematical point of view, the presence of pointwise state constraints adds
several difficulties to the treatment of the optimization problems. Analytically, different
function spaces with low regularity functions have to be considered for the associated
multipliers (which are just regular Borel measures). Due to this fact, also alternative
approximation strategies have to be designed for the numerical solution of such prob-
lems.

A prototypical type of PDE-constrained optimization problem with pointwise state
constraints can be formulated in the following manner:

min J(y,u),

subject to: ©.11)

Ay =u,
y(x) <yp ae.in Q,

where A stands for a linear elliptic operator with sufficiently regular coefficients, €2 is
of class € Y is a reflexive Banach space and J: ¥ x L?(Q) — R is a tracking type
functional given by:

1 o
I = 5 [ y=af? dx+ 5 ul

In order to derive optimality conditions for problem (6.11), the following abstract
Lagrange multiplier theorem may be used (for the proof we refer to [11]).
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Theorem 6.2. Let U,Y be Banach spaces and K CY a convex set with nonempty interior.
Let it € U be a local optimal solution of the problem

min J(u),
(6.12)
subject to: G(u) € K,

where J : U — R and G : U — Y are Gdteaux differentiable mappings. If there exists
ug € U such that
G(it) + G (@) (uo — i) € int(K),

then there exists a Lagrange multiplier |1 € Y’ such that:

(J’(ﬁ)—i—G’(ﬁ) U, u—u)U/U >0, forallu ek, (6.13)
(u,w—G(i))y forallweY. (6.14)

Since convex sets of the type {v € LP(Q) : v <y, a.e. in Q} have empty interior (see,
e.g., [56, p. 326]), a stronger topology is required in order to apply the previous theorem.
A usual approach consists in considering the state y = G(u) in the space of continuous
functions, where the nonempty interior hypothesis is satisfied. However, this may be
the case only if some extra regularity of the state can be obtained from the governing
equation. This occurs, for instance, in elliptic problems under additional regularity of
the coefficients and the domain 2.

Theorem 6.3. Let it € L>(Q) be a local optimal solution to (6.11) and § € Y its asso-
ciated state. Assume that A € £ (Y,L*(Q)) is bijective and that Y — C(Q) with dense
and continuous injection. Then there exists uy € L*(Q) such that § + Wyo—i < Yp a.e. in
Q, where Awy,_; = uo — it, and there exists p € L?(Q) solution of the adjoint equation

/ pAw dx = (@, W) y () c@), forallw ey, (6.15)
Ja

Sor any @ € #(Q), the space of regular Borel measures. Moreover, there exist L €
M () and p € L*(8) such that the following optimality system holds:

Aj=i, (6.16a)
/QﬁAw dx = /Q(y—zd)w dx+ (U, W) z(2)c@) forallw €Y, (6.16b)
P+ o =0, (6.16¢)

(1w =3) 22).c2) <0, forallweY. (6.16d)
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Due to the poor regularity of the multipliers involved in (6.16), a Moreau—Yosida
regularization is frequently used for the numerical solution of the optimization problem.
This approach consists in penalizing the pointwise state constraints by means of the
C!-function

max (0,4 + y(y — yp))?, with some fixed A € L*(Q),

yielding the following problem:
min J(y,u) + 5 Jomax(0,4 +y(y—yp))?dx,
subject to: (6.17)
Ay =u.
Existence of a solution to (6.17) can be argued in a similar manner as for the uncon-

strained problem. Moreover, a first-order optimality system may be derived using the
techniques of Chap. 3.

Theorem 6.4. Let (i1, §) be a local optimal solution to (6.17) and let A = 0. Then there
exists an adjoint state p € L*(Q) such that

Ap =, (6.18a)
A'p=9—z4+U, (6.18b)
p+oai=0, (6.18¢c)
u = max (0, y(§ —yp)). (6.18d)

Proof. The existence of an adjoint state is obtained by following the lines of the proof
of Theorem 3.3. In what follows let us introduce the variable

p = max(0,y(9 — ) € L*(Q).
By computing the derivative of the reduced cost functional we obtain:
f(@h= (Jy(y(a),2),y (@)h)yy + Y/Q max (0,9 —yp)y' (@)hdx+Ju(y(i), d)h.
which, using the adjoint equation (6.18b), implies that

f(@h=(A"p.y (@)h))yy +Ju(y(@), d)h
= (P, &Y (@)h) 2+ Ju(y(@2), @)1
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Considering the linearized equation Ay’ (i)h = h, we finally get that
fH(@)h = (p,h) 2 +Ju(y(@), @) (6.19)

and, therefore,
p+oi=0inL*(Q).

O

The solutions so obtained yield a sequence {(yy,uy) },~o that approximates the solu-
tion to (6.11) in the following sense.

Theorem 6.5. The sequence {(yy,uy)}y~0 of solutions to (6.17) contains a subsequence
which converges strongly in Y x L*(2) to an optimal solution (3,i) of (6.11).

Proof. Let (¥,i) € Y x U be a solution to (6.11). From the properties of the regularized
cost functional we know that

Jy(y,uy) < Iy (3, i) = J (3, D). (6.20)

Consequently, since ¢ > 0, the sequence {uy }y~0 is uniformly bounded in L?(£2), which

implies that {yy}y~0 is uniformly bounded in Y. Therefore, there exists a subsequence,

denoted the same, such that y, — § weakly in ¥ and u, — i weakly in L*(Q).
Additionally, from (6.20) the term

1 2
27IImax(O,y(yryb))HLz(m (6.21)
is uniformly bounded with respect to y. Hence,
}1_{& [ max (0, yy —y») ||L2(Q> =0.

Applying Fatou’s Lemma to the previous term we get that ¥ < y;,. Considering addition-
ally that
J(3,2) < liminfJ (yy,uy) < limsupJy(yy,uy) < J(3,i), (6.22)
Yoo Y—roo

we get that (9, ) is solution of (6.11). Subsequently, we denote the optimal pair by (7, ).
To verify strong convergence, let us first note that, due to (6.22)

tim [l a2+ @ g2 = 15— 20l + el
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and, hence, uy — i strongly in L?(Q). From the state equations it can be verified that the
difference y, — y satisfies the equation A(yy — y) = u, — it, which thanks to the bounded-
ness of A~! implies that yy — y strongly in Y. O

For the numerical solution of (6.18) the difficulty arises from the last nonsmooth
equation. Using again the generalized derivative of the max function given by (6.9), the
semismooth Newton step is given by

8 — VXgy>y} & = —1 +max(0,y(y — yp)),

and the complete algorithm can be formulated as follows.

Algorithm 9 Moreau-Yosida

1: Choose (yo,uo, po, o) €Y X LZ(Q) x W' x LZ(Q).
2: repeat

3: Solve for (8y,8,,8,,8,) €Y x L*(Q) x W' x L*(Q)
. S, vk, uk)* pr — Iy (ks
QZY/*ALt)(ykvuk’Pk) _el(ykvuk)a( 0 ( y) é (yk uk)*pk }(yk uk)
e o) | _ | eulmesu)” pie—Jy (e k)
—e' (Vi i) 0 0 s = —e(yi, )
(77%{yr>v } 0) 0 I ! 7
k=¥ ot — e +max (0, Y(yk — y5))
4 Setugy1 =ug+ 8y, Yer1 =Yk + Oy, Pt = Pk +Op, M1 = i+ and k=k+ 1.
5: until Stopping criteria.

Program: State-Constrained Optimal Control of a Semilinear Equation

clear all;

n=input ('Mesh points: '); h=1/(n+l);

alpha=input ('Tikhonov regularization parameter: ');
gama=1le4;

[x1,yl]l=meshgrid(h:h:1-h,h:h:1-h); %$%%%% Coordinates %%%%%
%%%%% Desired state %$%$%%%

desiredstate=inline('x.*y','x','y');
z=feval (desiredstate,x1,yl); z=reshape(z,n"2,1);
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vb=0.2+ones(n"2,1); % Upper bound

29009
3%%%
lap=matrices(n,h); %%%%% Laplacian %%%

%$%%%% Initialization %$%%%%
u=sparse(n”2,1); y=sparse(n”2,1); p=sparse(n”2,1); mu=sparse(n”2,1);
res=1; iter=0;

while res >= le-3
iter=iter+1

o
o

%%% Semismooth Newton step %$%%%%
Y=spdiags(y,0,n"2,n"2); P=spdiags(p,0,n"2,n"2);
Act=spdiags (spones (max (0, gama* (y-yb))),0,n"2,n"2);

A=[ lap+3*Y. "2 -speye(n”2) sparse(n”2,n"2) sparse(n”2,n"2)
-speye (n”"2)+6+«Y.+P sparse(n”2,n"2) lap+3xY."2 -speye(n”2)
sparse(n”2,n"2) alphaxspeye(n”2) speye(n”2) sparse(n”2,n"2)
-gamaxAct sparse(n”2,n"2) sparse(n”2,n"2) speye(n”2)];

F=[ -lap*y-y. 3+u
-lap*p-3*Y. 2*p+y-z+mu
-p-alphaxu
-mu+max (0, gamax (y-yb))1;

delta=A\F;

uprev=u; yprev=y; pprev=p;

y=y+delta(l:n"2);

u=u+delta(n”"2+1:2*n"2) ;

p=p+delta (2*xn”"2+1:3*xn"2) ;

mu=mu+delta (3*n"2+1:4x*xn"2) ;

res=12norm(u-uprev) +12norm(y-yprev) +12norm(p-pprev)
end

6.3 Variational Inequality Constraints

Another type of nonsmooth optimization problems occurs when the constraints are given
by so-called partial variational inequalities. An elliptic variational inequality problem
has the following form: Find y € Y such that

a(y,v=y)+Jjv)=jy) = (f,y=yyy, forallvey, (6.23)



102 6 Nonsmooth PDE-Constrained Optimization

where Y, U are Hilbert function spaces defined on a bounded domain 2 C RV, a(-,) is
a continuous and coercive bilinear form, j: ¥ — RU {eo} is a convex nondifferentiable
functional and f € Y'.

Inequalities of this type arise in contact mechanics, elastoplasticity, viscoplastic fluid
flow, among others (see, e.g., [18, 20]). If the convex functional j(-) corresponds to
the indicator functional of a convex set, the variational inequality has special structural
properties. Something similar occurs if the term has the form

i) = [l

with § C Q and K € .Z (Y, (L*(S))™), for some m > 1. Both cases will be considered in
the sequel.

The optimization of variational inequalities is closely related to the field of mathemat-
ical programming with equilibrium constraints (MPEC), which has received increasing
interest in the past years, both in finite-dimensions and in function spaces [15, 27, 28,
44, 49]. Due to the nondifferentiable structure of the constraints, the characterization of
solutions via optimality conditions becomes challenging, and the same extends to the
numerical solution of such problems.

A general tracking type distributed optimization problem can be formulated as fol-
lows:

min J(y,u) = 3 Jo |y —zal* dox+ §|lull7,
subject to: (6.24)
a(y,v=y)+jv)—jy) = (u,y—y)yy, forallvey.

For simplicity we restrict our attention to the cases where U = L?() and assume that
Y — L*(Q) — Y’ with compact and continuous embeddings. Existence of a unique solu-
tion to (6.23) can be easily justified by the well-known Stampacchia’s theorem, while
existence of an optimal solution to (6.24) is shown in the following result.

Theorem 6.6. There exists an optimal solution for problem (6.24).

Proof. Since the cost functional is bounded from below, there exists a minimizing
sequence {(yn,un)}, i.e., J(yn,un) — inf, J(y,u), where y, stands for the unique solu-
tion to

a(Yn,v—yu) +Jj(v) = jOn) > (tn,v —yn)y' y, forallvey. (6.25)

From the structure of the cost functional it also follows that {u,} is bounded in U.
Additionally, it follows from (6.25) that {y,} is bounded in Y. Therefore, there exists a
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subsequence (denoted in the same way) such that
u, ~dweaklyinU and y, —3yweaklyin?Y.
Due to the compact embedding L?(£2) < Y it then follows that
u, — i strongly in Y’
From (6.25) we directly obtain that

a(Yn,Yn) = a(yn,v) + j(n) = j(v) = (n,;yn = v)yry <0, W Y.

Thanks to the convexity and continuity of a(-,-) and j(-) we may take the limit inferior
in the previous inequality and obtain that

a(9,9) —a(@v)+j@) —Jjv) = (@3 =vjyy <0, Wwey, (6.26)

which implies that y solves (6.23) with # on the right hand side.
Thanks to the weakly lower semicontinuity of the cost functional we finally obtain
that
J(3,a) <liminfJ (y(un),un) = iII}f](y(u%”%

n—yoo

which implies the result. O

6.3.1 Inequalities of the First Kind

If the non-differentiable term j(-) corresponds to the indicator functional of a convex set
of thetype C:={veY:v<yae. in Q}, with y €Y : ¢y > 0a.e. in Q, the variational
inequality problem consists in finding y € C such that

a(y,v—y) > (u,v—y)yy, forallveC. (6.27)

These type of inequalities are commonly known as obstacle type inequalities. For this
particular instance, additional properties can be investigated. For example, if the domain
is of class €%, the state space ¥ = H} (£2) and the right hand side belongs to U = L?(£),
then there exists a unique solution y € H?(Q) NH} () to (6.27) (see, e.g., [4]). More-
over, there exists a slack multiplier A € L?(2) such that (6.27) can be equivalently writ-
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ten as the complementarity problem:

aly,v)+ A, v)2 = (u,v)2, forallvey,
y<wyae,A>0ae,
(A‘ayflII)Lz =0.

(6.282)
(6.28b)
(6.28¢)

The corresponding optimization problem can then be cast as a mathematical program

with complementarity constraints. The problem reads as follows:

min J(3,u) = § [ v —za? dix-+ )

subject to:
a(y,v)+A,v)2 = (u,v);2, forallvey,
y<wyae,A>0ae,
(Ay— )2 =0,

(6.29)

Due to the nonsmooth nature of the constraints, different type of stationary points
may be characterized for problem (6.29), in contrast to what happens in differentiable

optimization, where a single stationarity concept suffices.

Definition 6.1. A point i € U is called C(larke)-stationary for problem (6.29), if it sat-

isfies the following system:

a(y,v)+ A,v)2 = (u,v);2, forallvey,

y<vy, a.e.in Q,

A >0, a.e.in Q,

(A,y—w)2 =0,

a(p,v) + <§7V>Y’,Y =(y—2z4,v)p2, forallveyY
p+ou=0, a.e.in Q

(&,p)yy >0,

p=0, ae.in & :={x: 1 >0}

and, additionally,
(E,¢)yy =0, VoeY:p=0ae.in{x:y=y}.
A point i € U is called strong stationary, if it satisfies (6.30) and

p<O0 a.e.in B,

(6.30a)
(6.30b)
(6.30c)
(6.30d)
(6.30¢)
(6.30f)
(6.30g)
(6.30h)
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(E,0)yy <0, VocY:¢p>0ae inBand p =0ae.in .7,

where B := {x:y = w A A = 0} stands for the biactive set.

The derivation of optimality conditions for this type of problems is actually a cur-
rent topic of research. Regularization approaches as well as generalized differentiability
properties (directional, conical) of the solution map or elements of set valued analysis
have been explored with different outcomes, advantages, and disadvantages (see, e.g.,
[4,5, 27,28, 29, 42, 46, 50]).

Back to problem (6.29) and its numerical treatment, note that the last three comple-
mentarity relations can be formulated in reduced form as:

A =max(0,A +c(y—y)), for any ¢ > 0. (6.31)

This reformulation enables the development of new algorithmic ideas for handling the
constraints. An immediate regularized version of (6.31) is obtained, for instance, if the
multiplier inside the max function is replaced by a function A € L?() (possibly A = 0)
and c is considered as a regularization parameter ¥, which may tend to infinity. If, in
addition, a local regularization of the max function is utilized in order to obtain a smooth
solution operator, then, instead of the governing variational inequality, the following
nonlinear PDE is obtained as constraint:

a(y,v) 4+ (maxy(0,y(y = y)),v);2 = (u,v);2, forallv €Y, (6.32)

where maxy is a C I_approximation of the max function given by

if x > 2Ly,
max,(0,x) 1= if x| < %ﬂ

: 1
if x < ~2

O R =

N

=

+

09—
oy
N—

[N

The resulting optimization problem reads as follows:

min J(y,u) = 3 Jo |y —za|* dx+ 5 |[ul|7,,
subject to: (6.33)
a(y’ V) + (maXY(Oa Y(y - W))? V)LZ = (M, V)L27 forallveY.
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An optimality condition for problem (6.33) may be obtained using the techniques of

Chap. 3. The resulting optimality system is given as follows:

a(y,v) + 7(max, (0,5 — ), V)2 = (1,7) 2, forall ve v,
a(p,v) +y(sign,(y —=y) p,v) 2 = (v — 24,V) 2, forallvey,
ou+p=0,

where

1 if x> A 2y
sign, (x) = }/(x—i— ﬁ) if x| < o 37
0 ifx < —o.

(6.342)
(6.34b)
(6.34c)

In the next theorem convergence of the solutions of the regularized variational

inequalities toward the solution of (6.27) is established.

Theorem 6.7. Let y and y, be solutions to (6.27) and (6.32), respectively, both with

u € L*(Q) on the right hand side. Then
Yy — y strongly inY as y — —+oo.
Proof. Let us define the primitive function
"X
Dy(x) = /0 maxy(0,s)ds,

and consider the energy minimization problem

1 1
min 2a(1,y) + /Q SO W) dx— ()2

(6.35)

Equation (6.32) is a necessary and sufficient optimality condition for (6.35). Therefore,

yy also solves (6.35) and, from the optimality, we get that

alyyoy) 5 [ @iyl w))dx = (137) < Saly. ) = (w.v).

Since the function in (6.35) is radially unbounded (see (3.4)), we get that {y,} is bounded

in Y and, moreover,

K 1
Sl 4 [ @ty -w)ar<c.

for some constants k¥ > 0 and C > 0. Therefore, there exists a subsequence, denoted the

same, such that y, — § weakly in Y.
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Since 0 < max(0,x) < max,(0,x), it follows that

1 1
0< o | Imax(0.70sy —w))Pdr< [ @ilrtyy—w))dr<c

Consequently,
||max(0,yy—1,l/)||i2 —0  asy— oo,

and, thanks to Fatou’s Lemma, |max (0,5 — y)| = 0.
Let A, := max, (0, y(yy — y)) > 0. It then follows that

>0

—~ 1
Ay =y) = Ay yy =)+ (A, ¥y —y) = }(ly, YOy —w)) = 0. (6.36)

Taking the difference between (6.32) and (6.28a), with the test function v =y, —y, leads
to the equation

a(yy=y,yy =)+ Ay =24, yy=y)2 =0. (6.37)
Using (6.36), the coercivity of the bilinear form, the complementarity relations (6.28b)—
(6.28c¢) and the feasibility of y, we get that

0 < klyy—vlF <alyy—y.yy—y)+ Ay yy—)

=0
B B —
=Ly =P+ A F-v)p+ A v—y)p
< (A, yy—9)p2-
Taking the limit as y — oo yields the result. O

As a consequence of the previous result, the regularized optimal solutions, obtained
by solving (6.33), converge to the original solution of (6.29) in the following sense.

Theorem 6.8. Every sequence {uy}y~o of solutions to (6.33) contains a subsequence
which converges strongly in U to an optimal solution it € U of (6.29). Moreover, if
(6.29) has a unique optimal solution, then the whole sequence converges strongly in U
towards @i, as Y — oo.

Proof. Let i1 denote an optimal solution for (6.29). From the structure of the cost func-
tional we obtain that

J(yy,uy) <J(0,0) < Cy, forall y >0, (6.38)
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and, therefore, the sequence {u,} is uniformly bounded in U. Consequently, there exists
a weakly convergent subsequence, which will be also denoted by {u,}.

Let /i be a weak accumulation point of {u,}. Thanks to Theorem 6.7, yy(uy) — y(uy)
strongly in Y. Additionally, considering (6.27) with # and u; on the right hand side,
respectively, and adding both inequalities, we get that

a(y(@) —y(uy),y(@) = y(uy)) < (@ — uy,y(@) — y(uy)),

which, thanks to the ellipticity of a(-,-), implies that y(uy) — y(i) strongly in Y. Conse-
quently,
yy(uy) — (i) strongly in Y.

Due to the weakly lower semicontinuity of the cost functional, we obtain that

J(y(@r), i) < liminfJ (yy(uy),uy) < liy;g}fl(yy(ﬁ)ﬂ) =J(y,1)

—yoo

and, therefore, (y(i2),4) is an optimal solution to (6.29). From the last inequality it also
follows that

lim ||u,||? = ||i||?
tim [y = 1
which, together with the weak convergence u, — i, implies strong convergence in U.

If, in addition, the optimal solution is unique, convergence of whole sequence takes
place. O

Remark 6.1. By passing to the limit in (6.34) an optimality system of C-type is obtained
for the limit point (see, e.g., [33]).

Since maxy is continuously differentiable and sign,, is a Newton differentiable func-

tion with derivative

v ifld <5,
0 if not,

sign’y(x) = {

a semismooth Newton method may be used for solving system (6.34), yielding the fol-
lowing adjoint equation update:

a(8p,v) + y(signy (y = ¥) 8, v)12(0) + 7 | POV dx—(8y,v)12(0)

\y*W\S@

= —a(p,v) = y(sign,(y = ¥) p.v)2() + (V= 2a,V) 2(02)-  (6.39)

The complete algorithm is given through the following steps:
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Algorithm 10 SSN-Optimization with VI constraints (first kind)
1: Choose (yo,up,po) €Y xU x W'.
2: repeat
3: Solve for (8y,0,,0p) €Y xU xY

A+ ysign, (i —y) =1 0 8,
%lm,wg%P—l 0 A+ ysign,(ye— ) Sy
0 ol 1 6]}

Ay + ymaxy 0,y — W) — g
=— | Apx+ysign, (e — W) p =Yk +2a

U+ py
4: Setuyyy =ug+ 8y, yir1 =Yk + Oy, Prr1 = pr+6pand k=k+1.
5: until Stopping criteria.
Program: Optimal Control of an Obstacle Problem
clear all;
n=input ('Mesh points: '); h=1/(n+l);
alpha=input ('Tikhonov regularization parameter: ');
gama=l1e3;
[x1,yl]l=meshgrid(h:h:1-h,h:h:1-h); %%%%% Coordinates %%%%%

o
oo

%%% Desired state %%%%%
desiredstate=inline('x.*y','x','v');
z=feval (desiredstate,x1l,yl); z=reshape(z,n"2,1);

vb=0.2+xones(n"2,1);
lap=matrices(n,h); %

% Upper obstacle bound %$%%%%
Laplacian %$%%%%

u=sparse(n”2,1); y=sparse(n”2,1); p=sparse(n”2,1); mu=sparse(n”2,1);

res=1; iter=0;

while res >= le-3
iter=iter+1

o0
o0
oe

%%%% Semismooth Newton step %$%%%
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S=spdiags (signg(y-yb,gama),0,n"2,n"2); P=spdiags(p,0,n"2,n"2);
Act=spdiags (spones (max (1/ (2+*gama) -abs (y-yb),0)),0,n"2,n"2);

A=[ lap+gamax*S -speye(n”2) sparse(n”2,n"2)
-speye (n"2)+gama”"2*xAct*P sparse(n”2,n"2) lap+gama*S
sparse(n”2,n"2) alphaxspeye(n”2) speye(n”2)1;

F=[ -lap*y-gamaxmaxg (y-yb,gama)+u
-lap*p-gamaxsigng (y-yb,gama) . xp+y-z
-p-alphaxul;

delta=A\F;

uprev=u; yprev=y; pprev=p;

yv=y+delta(l:n"2);

u=u+delta(n”2+1:2xn"2) ;

p=p+delta(2*n"2+1:3xn"2) ;

res=12norm(u-uprev)+12norm(y-yprev) +12norm(p-pprev)
end

6.3.2 Inequalities of the Second Kind

There are several problems where the variational inequality constraints do not have an
obstacle-type structure like (6.27), but are rather characterized by a so-called threshold
behavior. This means that a certain constitutive property is preserved until a quantity
surpasses a limit, from which on a different qualitative behavior takes place. This is the
case, for instance, of a body in frictional contact with a surface, where no tangential
movement occurs until the external forces are large enough so that the friction threshold
is surpassed and the displacement starts. Something similar occurs in elastoplasticity
or viscoplastic fluids, to name a few application examples (see [20] and the references
therein).

These inequalities are characterized by the presence of a non-differentiable term of
the form

i) =/S\Ky|ds,

where S C Q and K € .2 (Y, (L*(S))™), for some m > 1, yielding the following problem:
Find y € Y such that

alyv—y)+g [ [Kolds—g [ |Kolds > (fv=3)yy,  forallve¥,  (640)
S S )

where g > 0 stands for the threshold coefficient.
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Similar to variational inequalities of the first kind, existence of a multiplier g €
(L*(S))™ can be proved by duality techniques (see, e.g., [20]) and an equivalent sys-
tem to (6.40) is given by:

a(y,v)+ /quds ={f,Vyy, forallvey, (6.41a)
g :

(q(x), Ky(x))rm = g|Ky(x)|rm, ae.in S, (6.41b)

lg(x)| < g, ae.inS. (6.41¢)

Note that, if Ky(x) = 0, no pointwise information about ¢(x) is obtained from (6.41).

For simplicity, let us hereafter focus on the special case S = Q and K : ¥ — L?(Q)
the canonical injection. A distributed type optimization problem may then be formulated
as follows:

min J(y,u) = 3 fo |y —2al* dx+ §ullf2.

subject to:
a(y,v)+(q,v);2 = (u,v)2, forallvey, (6.42)
q(x)y(x) = gly(x)[, ae.in Q,
lg(x)] < g, a.e.in Q.

Based on the behavior of the solution and its multipliers on the biactive set, also
different stationarity concepts arise in this case. The study of stationary points in this
context is actually a matter of current research (see [15, 17]).

Definition 6.2. A point iz € L*(£) is called C(larke)-stationary for problem (6.42), if it
satisfies the following system:

a(y,v)+(q,v);2 = (u,v);2, forallv ey, (6.43a)
q(x)y(x) = g[y(x)] ae. in Q, (6.43b)
lg(x)| < g a.e.in Q, (6.43¢)
a(p,v)+ (& v)yy = (y—24,v)12, forallveY (6.43d)
oau+p=0 a.e.in 2 (6.43¢)
p=0 ae. in . = {x:|qx)| < g}. (6.43f)

and, additionally,
(&.p)yy >0, (&.y)yy=0. (6.44)

A point it € U is called strong stationary, if it satisfies (6.43) and

(Ev)yry 20, YveY :v(x) =0 where |g(x)| < g and v(x)g(x) > 0 a.e. in B,



112 6 Nonsmooth PDE-Constrained Optimization
p(x)g(x) >0 a.e.in B,

where B := {x:y=0A|q| = g} stands for the biactive set.

Since the biactive set is typically small, one is tempted to ignore its importance. The
following simple example illustrates that optimal solutions may correspond to biactive
points in a significant number of cases.

Example 6.2. For u € R, consider the finite-dimensional variational inequality
29(v—y)+v|—|y| > u(v—y), forall v € R,
and its energy formulation
min j(y) = {y* + [y —wy}. (6.45)
Analyzing by cases, for y > 0 and y < 0, we get the following:

Fory > 0: j(y) = y* 4+ (1 —u)y and j'(y) = 2y + (1 — u). Therefore, the solution is
given by

Tu—1) ifu>1,
y =
0 otherwise.

Fory <0: j(y) =y*>— (1 +u)y and j'(y) = 2y — (1 +u). Thus, the solution is given
by
Jiu+) ifu<—1,
o {0 otherwise.

Summarizing both cases, the solution to (6.45) is the following:
(u—1) ifu>1,

ifue[-1,1],
(u+1) ifu<—1.

=
Il
S =

(ST

Considering the cost function

1 o
J) = 50— 1)+ 54,

0,1
5 a e (0,1),
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and plotting the level curves, it can be observed that the minimum value will be

attained either at (0,0) or at some point (y(i2),4) # (0,1), depending on the value
of a. Consequently, the optimal solution is not biactive.

-
/ — NN
LoL O Yoo y(u)
Y ~_L_-- 7/
-
\\\\‘—’/ //

: : u
NE
biactive point: g =1,y =0

Fig. 6.2 Solution operator and contour lines of the cost function.

Considering a more general cost function:

I = 30-EV+ Sw-&)?,  aeO),

it can be verified that for & < —1 and &; > —20a/(1 + &;) the minimum is attained at
(3,i) = (0,—1), which is a biactive point.

Note that equations (6.43b)—(6.43¢) can also be formulated as the inclusion ¢ € dgly|,
where d¢ stands for the subdifferential of ¢. For solving the problem numerically, the
subdifferential may be replaced by the following C'-approximation of it:

8T if ylx| > g+ 5.
hy(x) = { fi(g—3(g—vixl+2)?) if g— 55 <7lxl <g+ 35, (6.46)
¥x if x| §g—%/,

for vy sufficiently large.



114 6 Nonsmooth PDE-Constrained Optimization

Proposition 6.1. The regularizing function hy satisfies the following approximation
property:

gyx 1
hy(x) — ————| < —, forallxeR. (6.47)
0~ | <3
Proof. Tf x is such that }/|x| <g— g3y 0r ylx| > g+ 2y’ the results is obvious. Let x be

such that g < y|x| < g+ Z" It then follows that max(g, y|x|) = y|x| and

gyx Y 1 v (1 S|
e <Ll = E——
)= max(g,y|x|>’ ‘ (g7l + 3, (w) 8
If x is such that g — <y|x|<g, then
gyx Y 1 X
hy(x) = ——————<|<|lg—5(g— + ) x‘
) max(gmlxl)‘ ’( F&m Tt gy \x\ 7
<ls- y|x|+\ (6= 1l +
1 y(1>2 1
<5t5l5) =5 =
2y 2\y 14

By using the function 4, the following family of regularized equations is obtained:

a(y,v) +(4,v) 20y = (u,v)12(q) forallvey, (6.48a)
q="hy(y) a.e.in Q. (6.48Db)

Existence of a unique solution to (6.48) follows from the monotonicity of 4. In the next
theorem, convergence of the regularized solutions toward the original one is shown.

Theorem 6.9. Let y and yy be solutions to (6.41) and (6.48), respectively, both with
u € L*(Q) on the right hand side. Then

yy — y strongly in'Y as Y — +oo.
Proof. Let y denote the unique solution to the auxiliary problem:
a(¥,v)+(g,v) = (u,v)2, forallvey, (6.49a)

~

n y
— ___ (6.49b)
17 87 max(e, 7I5))
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Existence and uniqueness of a solution to (6.49) can be obtained by using Minty—
Browder’s theorem.

Taking the difference between the solutions to (6.41) and (6.48), and using the triangle
inequality, we obtain that

ly=yylly < lly=3lly + 117 —=yylly- (6.50)

For the first term on the right hand side of (6.50) we take the difference between
(6.41a) and (6.49a), with v =y — §. We obtain that

x|y =93 < (g—4,9—y),for some x > 0. (6.51)

Analyzing the last term pointwisely, we get the following:
On ofy:= {x : y[§| > g}, thanks to (6.41b)—(6.41c):

(@) g ) —50) = g2
()]
< gly(x)| —gly(x)| = gl9(x)| + g[$(x)| = 0.

y(x) = q(x)y(x) — g[9(x)| + q(x)9(x)

~—

On .= Q\ o7, = {x: y|J| < g}, using (6.41b)—(6.41c) and the set’s definition:
14 v Y

((x) = g(0)) (v (x) = 9(x)) = PWE)y(x) = V) > — g(x)y(x) — g(x)F(x)
< (g =73 DIF)]

nE &
< (g=1WD ==
Altogether we get that ,
(4=4.9-2 < 10 (6.52)
and, consequently,
[y =3y < g, for some constant C; > 0. (6.53)
VY

For the second term on the right hand side of (6.50), by taking the difference between
(6.48) and (6.49), we obtain that

alyy—9,yy—9) + (hy(yy) _hy(}A’)ayY—ﬁ)Lz =- (hy(f’) -
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Using the coercivity of a(-,-) and the monotonicity of /,, we then get that

~

Ky =315 < = (4:00) r=3) . forsome x>0
L

8Yy
max (g, v19])
Thanks to (6.47), it follows that

A

hy(yy) — —S2 5 %
PO max (e 5D )

which implies that

1
< — —y| dx,
_y/glyy Al

. G "
lyy =917 < ~ Iy =3l (6.54)
for some C; > 0. From (6.53) and (6.54), the result is obtained. 0

A family of regularized PDE-constrained optimization problems is also obtained by
using (6.48). The problems read as follows:

min J(y,u) = 5 [ [y —zal* dx+ §||ul,,
subject to:
aly,v)+(q,v);2 = (u,v);2, forallvey,
g=hy(y) ae.inQ.

(6.55)

Existence of an optimal solution for each regularized problem can be argued by classi-
cal techniques. Moreover, by using the techniques of Chap. 3, the following optimality
systems are obtained:

a(y,v) +(q,v)2 = (u,v) 2, forallvey, (6.56a)
q=hy(y) a.e.in Q, (6.56b)
a(p,v)+ Ay, v)2 = (y—24,v) 12, forallvey, (6.56¢)
Ay =H,()"p ae. in Q, (6.56d)
au+p=20 a.e.in £2. (6.56¢e)

Theorem 6.10. Every sequence {uy}y~o of solutions to (6.55) contains a subsequence
which converges strongly in L*(2) to an optimal solution i € L*(Q) of (6.42).

Proof. The proof is similar to the one of Theorem 6.8, with if denoting an optimal solu-
tion for (6.42). From the structure of the cost functional it follows that {u,} is uniformly
bounded in L?(£2) and, therefore, there exists a weakly convergent subsequence {uy}
and a limit point @ such that u, — 4 weakly in L*(Q).
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Thanks to Theorem 6.9, y,(uy) — y(uy) strongly in Y. Moreover, from the structure
of the variational inequality, we get that

a(y(uy),y(@) = y(uy)) + j(y(@)) = j(y(uy)) = (uy, y(@) = y(uy))
and
a(y(@), y(uy) —y(@)) + j(y(uy)) = j(¥(@)) = (&, y(uy) —y(@2)).
Adding both inequalities and using the ellipticity of the bilinear form, we get that:
[y(uy) =y@)lly < Clluy —ally,

for some constant C > 0. Altogether we proved that the regularized states yy(uy) — y(it)
strongly in Y.

Thanks to the weakly lower semicontinuity of the cost functional, we obtain that
(y(@),4) is an optimal solution to (6.42) and, also that,

. 2 A2
tim e =
which implies strong convergence. a

Remark 6.2. By passing to the limit in the regularized systems (6.56), an optimality sys-
tem of C-type is obtained for any accumulation point of {uy}y>0 (see [15]).

The derivative of /(x) is given by the function
0 if ylxl > g+ 4

Hyx)={ Ple—vil+3;) if g—5 <yl <g+s; (6.57)
if ylx|<g-— %,,

which is piecewise continuous and semismooth. By replacing the multipliers g, and
Ay in the state and adjoint equations, respectively, a generalized Newton step for both
equations is given by

a(5y,v) + (hg/(yk)a}'7v)L2 - (5u7v)L2 = _a(ya V) - (hy(yk)vV)LZ + (M,V)Lz, (658)

a(8p,v) + (hy(ve) 8p,v) 12 + (Hy (V) By pacsv) 2 — (8, ) 12
= _a(pv V) - (hg/(}’k)Pa V)L2 + (y—Zd,V)LZ, (6.59)
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where

Ry (x) :

. 1 1
_ 7 it < <gty 6.60)
0 elsewhere.

The complete algorithm is given next.

Algorithm 11 SSN-Optimization with VI constraints (second kind)
1: Choose (yo,uo,po) €Y xU x W'.

2: repeat
3: Solve for (8y,8,,8¢) €Y xU x W’

A+H,) =1 0 Sy Ay + hy(yi) — ux
Ry(r)p—1 0 A+H, () O | =— | Apc+1y(0k) Pr— yi+ 24
0 ol I Sp Oy + pi
4 Setugy1 = ug+ 8y, Yer1 =Yk + Oy, Prr1 = pr+06pand k=k+1.
5: until Stopping criteria.

Remark 6.3. If the operator K in (6.40) is not the canonical injection, globalization strate-
gies may be needed for the semismooth Newton method to converge (see [16]).
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