FOURIER EXPANSIONS OF COMPLEX-VALUED EISENSTEIN SERIES
ON FINITE UPPER HALF PLANES

ANTHONY SHAHEEN AND AUDREY TERRAS

ABSTRACT. We consider complex-valued modular forms on finite upper half planes Hj; and obtain Fourier expansions of Eisenstein
series invariant under the groups I' = SL(2,Fp) and GL(2,F)). The expansions are analogous to those of Maass wave forms on the
ordinary Poincaré upper half plane - the K-Bessel functions being replaced by Kloosterman sums.

1. INTRODUCTION

Before outlining our results, let us give a brief summary of the classical results for which we have found finite analogs. This
work is part of a continuing project to seek out finite analogs of Terras [16], Chapter 3.
The usual Poincaré upper half plane H consists of complex numbers z = x + iy with y > 0. The Poincaré arc length is

defined by ds? = y~2 (abc2 +d y2) and the corresponding Laplacian is A = y? (5—22 + ;y—zz) More information about H, its
non-Euclidean geometry, and modular forms can be found in Terras [16].
Maass wave forms (of weight 0) for I' = SL(2, Z) are functions f : H — C which are eigenfunctions of the Poincaré

b) € I' and with f(z)

o2

Laplacian A = y? (— + 62) such that f(yz) = f (‘c’;fs) = f(z)forallz €e Hand y = (Ccl

ox? 0y_2
growing at most as a polynomial in y as y — oo.
An example of a Maass wave form for SL(2, Z) is provided by the Maass Eisenstein series on H defined, for z € H and
s € CwithRes > 1, by

(1.1) Es(z) = Z Im(y 2)*.

7 €L\’

d

Here ' is the subgroup of I" consisting of matrices which fix co (i.e., the lower left element is 0).
Define the gamma function for Res > 0 by

@]

d
(1.2) T(s) = /yse_y—y.
s y
Next define the K-Bessel function for Rea > 0 by
i d
=a 1
(1.3) Ky (a) = _/yse () Ay
2 / y

Set
A(s) = 75T (s)C(2s),
where ((s) is Riemann’s zeta function. Then the Fourier expansion of £, (z) is

Al =s) ., 2

1 1 .
(1.4) v+ YT S T 20 o)y K1 QR lnly)e?
A(s) A(s)n; $ =3
Here the divisor function is
os(n) = Z d*.
0<d|n

See Terras [16] pp. 208-9 for a sketch of three proofs.
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The upper half plane H has a finite analog called the finite “upper” half plane H, attached to a finite field IF, with g
elements. We assume ¢ is an odd number. It is likely that most of our results go through in characteristic 2, but we leave this
for a future paper. Then we take a fixed non-square ¢ € I, and define

qu{zzx—i—yx/g |x,yqu,y7é0}.

The finite upper half plane is considered in detail in Terras [17], Chapter 19. See also Shaheen [13]. An application to
coding theory is to be found in Tiu and Wallace [19]. References which cover finite upper half planes in both even and odd
characteristic include: Angel [1], Angel and Evans [3], Evans [8], as well as Soto-Andrade and Vargas [15].

Recall that an element of the general linear group

a b
g:(c d)eGL(2,]Fq)

has entries in F; and non-zero determinant. Then for z € H;

az+b
= e H,.
&= cz+d 1
Define the “distance” between z, w € H, by
N(z —
(1.5) A w) = YE= W)
ImzImw

It is easily checked that for g € GL(2,F,), d(gw, gw) = d(z, w). Fora € F,, define the finite upper half plane graphs
X, (9, a) to have vertices the elements of /1, and an edge between z and w in H, iff d(z, w) = a. For a # 0, 49, the graph
X,4(9, a) is (g + 1)-regular, connected, and Ramanujan. See Terras [17] for more information. Ramanujan graphs are of interest
to computer scientists because they provide efficient communications networks. Chai and Li [7] have proved some interesting
connections of the spectra of the finite upper half plane graphs and modular forms of function fields.

The GL(2, Fy)-invariant operators on H, analogous to the non-Euclidean Laplacian on the Poincaré upper half plane / are
the adjacency operators on the finite upper half plane graphs defined for a € I, by

(1.6) Aaf@ = D flw).
weHy
d(z,w)=a
These operators generate a commutative algebra of operators.

One can view H, as a finite symmetric space G/K as in Terras [17], Chapter 19. From that point of view, the adjacency
operators 4, correspond to G-invariant differential operators on a symmetric space. This subject may also be studied from the
point of view of association schemes (see Bannai and Ito [4]) or Hecke operators (see Krieg [11]).

A (complex-valued) modular form on the finite upper half plane H, is a function f : H; — C having an invariance
property for a subgroup I' of GL(2,F;). See Definition 3 below. Here we consider I' = SL(2,FF,) and GL(2,F,). Such
modular forms which are eigenfunctions of the adjacency operators for the finite upper half plane graphs attached to H, are
analogs of Maass wave forms on the Poincaré upper half plane.

Now we consider one of our finite upper half plane analogs of the Maass Eisenstein series in formula (1.1). Let I" be a
subgroup of GL(2,F,;) and let y be a multiplicative character on IF;' Define the Eisenstein “series” for z € H; as

(1.7) E r(z) =) x(m(yz)).
yell
We will see that £, 1 is an eigenfunction of the adjacency operators of finite upper half plane graphs if it does not vanish
identically on Hy. To see when this happens, recall that F is a cyclic group with generator g. (See Terras [17] and the
references given there for more information about finite fields.) Thus a multiplicative character y of Iy has the following
form for integers a, b:
2mwiab

(1.8) xa(@)=e T, 0<ab<q-2.

We will find that for ¢ = p”, withg > 2andn > 2, E; Gr(2,F,) is non-zero if and only if y = y, when a is a multiple of
(p — 1). This last condition is equivalent to saying that y, |]F; = 1. When n = 2, we will find that E) GL@.F,) 1s non-zero, for
x =1or y =/ asinformula (1.15) below. We will also find experimentally that £, ¢ (2,F,) is non-zero for p = 3,5 when a
is a multiple of (p — 1) (see Tables 1 and 2 at the end of this paper).

As we saw in formula (1.4), Fourier expansions of Maass Eisenstein series on H involve K-Bessel functions. In the finite
case under consideration the Bessel functions will be replaced with Kloosterman sums. Thus we need to define these sums as
well as Gauss sums in order to state the Fourier expansion of the Eisenstein series £ gr2.F,)(2)-
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Let ¥ be an additive character of ;. Then ¥ = ¥, where

27iTr(bu)
(1.9) Ypo(u)=e » , for byu eFy.
Here the trace in the exponent is
(1.10) Tr(u):Tr]Fq/Fp(u)=u+up+up2+---+up’171

Let ¥ be an additive character and y a multiplicative character. Define the Gauss sum by
(1.11) T W) =T, W) = D x(O¥@).

"
teIFq

The Gauss sum is analogous to the gamma function of formula (1.2).
See Ireland and Rosen [10] for more information on Gauss sums. In particular, they show that, if y and ¥, are not trivial,
then

(1.12) T (¢, o) = 2 (07HT (1, ¥).
Another basic result says that if y and ¥ are not trivial, then
(1.13) Ty, )| = V4
The Kloosterman sum for a, b € F, is defined by
(1.14) Ke(xla,b) = > z(0)¥ (at+bt_1).
telF
q

The Kloosterman sum is analogous to the K-Bessel function of formula (1.3). These sums have great importance in number
theory. See Sarnak [12] who discusses the connection with modular forms and “Kloostermania”.
Define the quadratic residue character 1 on ]F; by

1, if y is a square in F;
(1.15) A(y) =4 -1, ifyisnotasquareinF};
0, y=0.

One of our main results (see formula (2.8) ) is a finite analog of formula (1.4) and says that the Fourier expansion of the
Eisenstein series £, ¢ (2,F,)(2) is given by

1 T4, YDAy, 1)
(1.16) —1)2 Ey 6L F,) )(2) = ){(y)—i—ﬂ (1 ’\pl}; 1

r(p
R 3 g (o e
qF(x,‘Iﬁ) x0) bZ]F; x(b)K‘Ph vS =3 Wy (—x).

Tr(b)=0

27 (=9)A (=0)

We will also prove the analogous result for I' = SL(2,F,) in formula (2.7). Both of these Fourier expansions result from that
of Theorem 1 which gives the Fourier expansion of what we call a G-type Eisenstein series (see Definition 2).

The main idea of the proof of (1.16) is to imitate the second proof of formula (1.4) given in Terras [16]. This proof goes
back to Bateman and Grosswald [5] and is extended in Terras [18]. The main fact needed is the Poisson summation formula
for Z as a subgroup of R. For our finite upper half plane analog we will use Poisson summation for the additive subgroup I,
of IF,. See Proposition 2 below or p. 199 of Terras [17].

One can also consider finite field valued modular forms on finite upper half planes. These are perhaps more analogous to
holomorphic modular forms. See Shaheen [13] where an analog of the Selberg trace formula is developed which is more like
that of Selberg (see Hejhal [9]) than the version in Terras [17].

2. LATTICES, MODULAR FORMS ON Hq, AND FOURIER EXPANSIONS

Classically Eisenstein series are sums over lattices such as Zw; @ Zw, for elements w; in C which are linearly independent
over R. Our finite analog of a lattice is defined as follows. Here ¢ = p”, withn > 1.

Definition 1. An F,-lattice in C, = F, (\/5) is a set of the form L = F,w| ® F,wy, where wi, wy € C, are linearly
independent over T.

Note that if z € H,, we have an example of an IF ,-lattice in C;, = F, (+/9) by setting L. = F »z ® F),. Next we define a
G-type Eisenstein series.
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FIGURE 1. A Tessellation of Hy9 from GL(2,F7). Any 7 points of different colors form a fundamental
domain for GL (2, F7)\ Has.

Definition 2. Let x : F, (v/0)* = C be a multiplicative character. Define the G-Eisenstein series G 4 2), forz € Hy, by

1
2.1) Go= > X(E)'

0#w
wel,=F,z0F),

Proposition 1. Ifqg = p", y = (Ccl Z) € GL(2,F),) and z € Hy, then

G,(yz) = x(cz+d)G,(2).
Proof. Imitate the classical proof found in [14]. O
We now give our most general definition of a complex-valued modular form.

Definition 3. Let y : F, (V0)* = C be a multiplicative character. We say that f Hy — Cis a complex-valued modular
Sform for y and a subgroup T of GL(2,F,) if

fyz)y=yxlcz+d)f(z) forall y = (z 2) el andz € H,.
We denote the complex vector space of such forms by M,, (I').

Proposition 1 can then be restated to say that, as a function of z, G, (z) € M, (I') . If f € M, (I')and g € M, (T'), then
fgeM,, ().

Note that M, (GL(Z, Fp)) # {0} implies that y(a) = 1 for all a € F,. Similarly M, (SL 2, IFp)) # {0} implies that
x(—1) = 1. This is analogous to the fact that classical holomorphic modular forms for SL (2, Z) must have even weight.

Fundamental domains for I'\ H,, are discussed in Shaheen [13]. It turns out that the classical perpendicular bisector method
for constructing such fundamental domains (discussed in Terras [16], for example) has a finite analog.

Tessellations of H; given by letting I' act on a fundamental domain are as beautiful as those for the modular group acting
on the Poincaré upper half plane. One such tessellation is given in Figure 1.

Let x be a multiplicative character of IFy and let N = N]Fq (V3)/F, be the norm map. The character y o N™! seems like a
reasonable character to investigate. In fact, it comes up when we consider the Eisenstein series £, r from formula (1.7) of the
introduction when I' = GL(2, F)) as we shall soon see.

Here we will need the Poisson summation formula for a subgroup B of a finite abelian group 4 proved in Terras [17], p.
199. The formula relates Fourier analysis on 4/B and that on 4 itself.
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Proposition 2. Poisson Summation Formula for Finite Abelian Groups.
Suppose B is a subgroup of the finite additive abelian group A and f : A — C. Then

LSt n) = 3 Fw@).

(2.2)
181725 |A|\PeB#

We write A to denote the group of additive characters of A. Here the dual group to B in A is
B* = {W e 4|¥(b) = 1,vb e B} = (4/B),

and the Fourier transform of fat'¥ € A is

f) =" f@)¥w).

ueAd
Note that the left hand side of formula (2.2) is a function of the coset a + B in 4/ B while the right hand side involves Fourier

transforms on 4.
We want to apply the Poisson summation formula to B = I, as an additive subgroup of 4 = F,. Therefore, we will need to

2xiTr(au) o~
know the characters in Ff,. Asin formulza (T 1;9)), W,(u) =e 7  isanarbitrary element of F,. Here the traceis 7r = T I'F,/F,
as in formula (1.10). Then, ¥,(u) =e » = 1forallu € F,, if and only if, p divides Tr(au) = uTr(a) forallu € IF,.

Therefore, ¥, € Fi, if and only if, T7(a) = 0 in IF,. We have proved the following lemma.

Lemma 1. Using the notation of the preceding proposition, if we consider ¥, as a subgroup of the additive group ¥, the dual
groupto ¥, inTF, is

F = [\y e F,|a eF,, Tr@) = Tre,x, (@) = o] .
We will also find that the Kloosterman sum appears in a different guise in our computations. So let us define the finite

k-Bessel function in analogy to that considered on the Poincaré upper half plane in Terras [16], p. 136.

Definition 4. For a multiplicative character y of ¥ and an additive character ¥ of ¥y, if z € Hy, define the k-Bessel function

by |
k(zly,¥) = ZX (Im (Z:-_u)) Y(u).

uelfy,

It follows from Lemma 2 below that k(z) = k(z|y, ¥) is an eigenfunction of all the adjacency operators 4, for the finite
upper half plane graphs from formula (1.6).

The following proposition is proved in Celniker et al [6] (see also Angel et al [2]). It is a finite analog of a classical integral
formula for K-Bessel functions.

Proposition 3. Relation Between k-Bessel function and Kloosterman sum.
For a non-trivial multiplicative character y of Fy and a non-trivial additive character ¥y of g and z € Hg,

1
T (x> Yok, Wa) = gaxt () Wa (=) K, (2 2] = 0%, = ),
where g, = ZueF Y, (u?) is a Gauss sum, the Kloosterman sum K is defined by formula (1.14), and the multiplicative
q
character 1 is given in formula (1.15).

Why do we say that g, is a Gauss sum? It is easily seen that for a # 0
23) o= D Wald) = D" (14 2@) Yol = 4 (a7) TG, ).

uely uelFy
Theorem 1. Let N : I, o) — IF be the norm map, x = ya be the multiplicative character of Fy given by (1.8), and

ze€ Hy Ifa=0,then Gy, (z) = p>—1.1Ifa e {pT_l, 2(p2—l)’ 3(172_1), 4(p2_1),..., m(pz_l)} where 5 = % — 1, then for

z=x+yJoe Hy, we have the Fourier expansion

1 pT (L W)T (hy, W)
— G, 10 =14=
ron—1(@) g T(n¥)

p—1
S (24 () K, (ix ‘—6%, —%) ().

1 (=) A (=0)
T (4, YY)
q F (Xa Tl) O;ébeJFq

Tr(b)=0
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Here yy is the additive character of ¥y given by (1.9), T'(x, W) is the Gauss sum from formula (1.11), K, is the Kloosterman
sum from formula (1.14), ) is the multiplicative character from formula (1.15). If
—1 2p—-1 3p-D 4p-)  mp-1

0 > 5 s L) )
a ¢ 2 2 2 2 }

then G ,,y-1 = 0.

Proof. First note that a € {0, pT_l, 2(”2_1), 3(p2_1), 4(”2_1), .. m(” mp=y is equivalent to 12 = identity on I, To see this,

>

1
suppose that Fy = (g) and y = x, as in formula (1.8). It follows that [}, = <gﬁ-1 > Therefore, y? = identity on I}, if and

only if (p — 1) divides 2a.

Henceforth, we will assume that y> = identity on [F,. The case y = yo is trivial since G, is constant. Thus for the
remainder of this proof we also assume that y # yo.

Ifz € Hy, then

i 3 o) B0 S0 5 (e )

(c,d)e]F%, del, celfs deF),
(c.d)#(0,0)

= > PO+ D> 220 D T (NE +u)
velfy, velfs, uelf,

. 0, if y? #identity onF*;
=1 1 +Zue]FpX_l (N@z+uw)), if x> =identity on [Fy.

We can now apply Poisson summation (from Proposition 2.2) and Lemma 1 to see that

ST Weru =2 > 3 T WE +u)Fpw).
uelf, (;bee)]l’q uely

Expanding the inner sum, we have, using Definition 4, for b # 0

1
D T INGHu) Y w) = D x( 2y )\P_bw = 2" WkClx, ¥-p)

uelf, uel, N(z +u)
&-b » 1
=——Y (—x)K Al = oy, ——
T Y) (=K, (A =y =)
Here we make use of Proposition 3.
It follows from formula (2.3) that
1
—G, N- = k v
_1 xoN 1(2) (y) (Z|X7 O)
F(,%), 2 1
+2 — 5 AOT)Ky, (1Al = 0y°, = ws(—x).
q O#ZE;% T(x, ¥s) ’ 4
Tr(b)=0
Apply formula (1.12) to see that
1
—— G on-1@) =1+ k(zlx, Yo)+
p—17N (y)
p T4, Y)
. (x7) B)Kw, (x Al — 0y° ,——)!//b( x).
q T(x, ¥ O#;Fq b
Tr(b)=0

But, what is k(z|y, Wo)? To answer this, note that

_ —1 ~1(y2 _
k(ZIx,‘I’o)—Zx(Im(Z+u)) W)Zx * = ).

uel, veF,

Plug in formula (1.12)
I'(x, Y,2_s)

12 _ 5y —
20T =10 )
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to obtain
! O Y2y) 1 it (w(2-0))
Kebe ) = 65 2 Ty~ oG 2 2 KW
4 )”qu % ¥ x O l)uqu wely
1 22iTr(=ow) 2mir (wo?)
= AT (y W) Z x(w)e 7 Z e P .
xOT(x, 1) e =

When w # 0, the inner sum is the Gauss sum g, = A(w™ T (1, ¥1). Therefore,
F(ﬂ.,\l’l) 2ziTr(=0w) F(i,‘I‘l)F(ix,‘I‘l)

k(zly, o) = ———— A o= '
el ¥o) 2O (x, ¥1) w;:;(){)(w)e X (=) A(=)T (x, ¥1)

The theorem follows. O

Furthermore, if ¢ # p2, then one can show that G JoN-1 (z) is not the zero function by showing that the constant term of

its Fourier expansion is non-zero. When ¢ = p?, our later computations show that certain of these Eisenstein series must be
non-zero also. But we leave the general ¢ = p? question open for the moment.

-1 2(p=1) 3(p=1) 4(p—1 -1 -1 .
Corollary 1. Ifqg # p? and a € {0, =, (Pz ) (p2 ) (p2 )., m(pz )\ ywhere 2= ?ﬁ — 1, then G, ,y-1(2) is not the
zero function. If ¢ = p?, G, y-1(2) is not the zero function.
Proof. If a = 0, then the result is clear. If a # 0, we show that the constant term of the Fourier expansion of G, ,y-1(2) is
non-zero. We have two cases to consider.
If Ay, is the identity character, then the constant term of ﬁG;{aoN—l (z)is 1+ gl“(l, Y)=1- 5 #+ 0.

Suppose that 1y, is not the identity character. We take the absolute value of the second term in the constant term and note
that it is not 1 using formula (1.13). Therefore, the constant term of G, ,y-1(2) is nonzero. O

Next we consider the Fourier expansion of some Eisenstein series which are analogous to the Maass Eisenstein series (1.1).
First we define the finite analog of the power function y* on the Poincaré upper half plane.
Let y : Fj — C be a multiplicative character. Define the “power function” p, : H; — C, to be

24 py (@) = x(Im(2)).

Lemma 2. (The power function is an eigenfunction of all adjacency operators) If A, denotes the adjacency operator defined
by formula (1.6), then

Aupy, = ula, x)py, where pu(a,y) = Z x (Im(w)).
d(w,~d)=a

Proof. See Terras [17], page 324. ]

Now we want to relate the Eisenstein series of E-type from formula (1.7) - an Eisenstein series analogous to the Maass
Eisenstein series of formula (1.1) - and the G-type Eisenstein series from definition 2. If I" is a subgroup of GL(2,F,), yx is
a multiplicative character on F; and p, (z) is the power function from formula (2.4), define the finite upper half plane E-type
Eisenstein series £, r(z) by formula (1.7). Then we see that

det(y ) Im(z)
2.5 E = = 7).
(2:5) @ =2 0= 3 x( Nt d)
yel a b
y:(c d)er
Note that £, € M, (I'), where y; denotes the trivial character.
Lemma 3. Given c,d € F), not both zero and u € ¥}, there exist p pairs (a, b) € IF?, such that det (z Z) =u.
Proof. We need to solve the equation xd — yc = u # 0 for x, y € F,. If ¢ # 0, then we can pick any x € F, and solve for

y = ¢~ (xd — u). This gives us p different choices for x. If ¢ = 0, then y can be any element of F pand x = ud —1. Again, we
have p choices for y. 0
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We see from the preceding results that for our two favorite subgroups of GL(2, ;) we have the following relations between
the E and G-type Eisenstein series:

(2.6) Ey st (2) = px(Im(2))G, y-1(2),
Ey Lo, () =plp—1)x(Im(2)G, y-1(2).

Here the G-type Eisenstein series G, is defined by formula (2.1). In both cases of formula (2.6), when ){zhg‘; # 1, the
Eisenstein series is 0.

It follows from Lemma 2, that if £/, r # 0 on H,, then £, r(z) is an eigenfunction of the adjacency operator 4, of formula
(1.6) with eigenvalue

pla, )= > x(m(w)).

weH,
d(w,~d)=a

Thus the Eisenstein series, £, r, are the analogues of the classical Maass Eisenstein series £, from formula (1.1) at least
when they are not identically zero. The case of I' = K, the subgroup of GL (2, F,) fixing /6 was studied in Angel et al [2],
where they were called spherical functions. The general case was introduced in [13] in an attempt to find elements of LZ(FlHq)
that simultaneously diagonalize the matrices AL = 4] L2(T\H,)"

We can now easily find the Fourier expansions of £ SL(2,F,) and £, g LQ.F,) using that of G yoN-1 (z) in Theorem 1.

Let y = y, be the multiplicative character ofIF; given by (1.8) and z € H,. If a = 0, then EX,SL(Z’FP)(Z) =p(p*> - 1).If

ace {pT_l, 2(p2_1), 3(p2_1), 4(1’2_1), e, m(pz_l)}, where 4 = % — 1, then we have the Fourier expansion

1 pIT (ALY Uy, Y1) _4
(2.7 ————FE, 510F,)@) =x»)+ = X~ (=0y)A(=9)
p(p — 1) 05D q T (x,¥)

p I (4,¥) , 1

() (x2) (B) Kw, \ Ax |—0y", —~ ) wp(—x).

g T (x,¥1) O}L,,Ze;‘gq ’ 4

Tr(b)=0

Ifa ¢ {0, Zyt, 28D, 3ezD $ezD By then By g1.07,)(2) = 0.

Ifg # p?>anda € {0, %1, 2(p2—1)’ 3(p2_1), 4(p2_1), e, m(l’z_l)} where % = ;5]:—} — 1, then E 51.(2,,)(2) is not the zero
function.
Similar results hold for £, G1@2,F,)(2). Let y = yq be the multiplicative character of g given by (1.8) and z € H,. If

a=0,then £, L0, () = p(p— D(p?=1).Ifae{p—1,2(p=1),...,m(p— 1)} where m = % — 1, then

| T OLYDT (g, W)
.8 ey @) = £0)+ LT T i)
ra,vy 1
g%x@) > () b) K, (ix _5}’2’_1) Wb (—x).
’ 0£beFy

Tr(b)=0

Ifa g{0,p—1,2(p—1),....m(p— D}, then £, g1, (z) =0.
Ifg# p*andae(0,p—1,2(p—1),...,m(p — 1)} where m = f}%} — 1, then £, G1(2,F,)(2) is not the zero function.
In order to compute some values of these Eisenstein series we need to think about fundamental domains. Here we will only
consider ¢ = p? for p = 3, 5. The fundamental domains in Examples 1 and 2 below and the Eisenstein series in Tables 1 and
2 below were calculated using Mathematica.

Example 1. SL(2, F3)\ Ho.

Write x forarootof x>+1 = 0 and Fg = {a+bx | a, b € F}. Thenlet 6 = 14x, and suppose y is a root of the equation y* =
0. Then, Hy = {a+byla, b € Fy, b # 0}. The elements of Fg are given the ordering {142x,2+2x,2x,2,0, 1, x, 1+x,24x}.
Each SL (2, F3)-orbit in figure 2 has a different shape and level of shading. The elements of the fundamental domain have been
circled (or boxed). Reading from left to right increases Re(z), and reading from bottom to top increases Im(z). More explicitly
a fundamental domain for SL (2, [F3)\ Hy is the set:

I+2x+QC+x)y,24+QC+x)y, 1 +2x+ 1 +x)y,24+ A +x)y,x + (1 +x)y, 1 +2x + xy}.
Example 2. SL(2, F5)\ Has.
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FIGURE 2. The fundamental domain for SL (2, F3\ Hy) is given by the 6 points which are either circled or boxed.

Let x be aroot of x> +2 = 0 and Fa5s = {a + bx | a, b € Fs, }. Suppose § = 1 + x, and y satisfies y> = J. Then we have
Hys = {a + byla, b € Fas5, b # 0}. It can be shown that a fundamental domain for SL (2, Fs)\ Hs is given by the 10 points

{1+3x+@+2x)y, 1 +4x+ @ +2x)y,3+ @ +2x)y,2x + (4+2x)y,3+ 3+ 2x)y,
I+4x+Q2+2x)y, x+2+2x)y, 1 +4x + (1 +2x)y,3+ (1 +2x)y, 1 +4x + (4 + x)y}.

We shall write A,B,C,D,E,F,G,H,I,J for these 10 points to save space in our table 2.
More general results on fundamental domains can be found in [13].

Finally we compute values of £, SL(Q’[F[))(Z) for the preceding examples. One can compute £, ¢ L(z,Fp)(Z) for the same
values of p and ¢ using formula (2.6).

Table 1 below gives the values of £, g7 (2,75) on SL(2, F3)\Hy for y = x4, 0 < a < 7. Table 2 below gives the values of
E, sp@,Fs) on SL(2,Fs)\Hps for y = x4, 0 < a < 23. It follows from our computations that at least for these special cases
the Eisenstein series on H,,» for SL(2, Fp) do not vanish.
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Table 1. Values of £

ANTHONY SHAHEEN AND AUDREY TERRAS

,SL(2,F3) on SL(2,F3)\Hy for y = 4,0 < a <7.

z Ey SL@.F) Ey sL@F3)
14+2x +Q+x)y 24 —6i + (3 —9i)V2
2+ Q2 +x)y 24 (=64 12i) + (3 — 3i)v/2
14+2x 4+ 1 +x)y 24 0
24+ (1+x)y 24 6i — (3 —9i)v/2
x+ (0 +x)y 24 0
142x +xy 24 (6 —12i) — (3 —3i)v/2

z

Ey SL@F)

Ey. sL@Fy)

1+2x+Q4x)y | —-6-6 6i — (3 4 9i)v/2
2+ Q2 +x)y —6—6i | —6—12i —(3+3i)V2
I1+2x+(Q+x)y | 12+12i 0
24+ (1 +x)y —6— 6i —6i + (34 9i)V2
x+ A +x)y 12 +12i 0
1+2x +xy —6 — 6i 6+ 12i + (3 +3i)v/2

z

Ey, SLQF3)

Ly SLQFy)

14+2x + (2 +x)y -12 —6i — (3 —9i)V2
2+ Q2 +x)y 12 —6+12i — (3 =3i)V2
1+2x+ (1 +x)y 0 0
2+ (1+x)y 12 6i + (3 —9i)v2
x+ (0 +x)y 0 0
14 2x +xy 12 6 —12i + (3 — 3i)v/2

z

Ey . SLQFy)

Ey SLQF3)

1+2x+Q4x)y | —6+6i 6i + (3 4 9i)V/2
24+ Q2+x)y —6+ 6i —6—12i + (3 +3i)v/2
T+2x+ (0 +x)y | 12-12 0
24+ (1 +x)y —6+ 6i —6i — (3 +9i)V2
x+ (1 +x)y 12— 12i 0
142x +xy —6+ 6i 64 12i — (3 +3i)V2
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Table 2. Values of £, r on '\ Hss for y = x4, 0 <a <23,T =SL(2,Fs).

[z [ Epsiers) @)

[ Ep.sLFs @)

[ ErasLrs @) |

A 120 0 20 +20i4/3
B 120 —30 — 10i — (10 — 30i)+/3 20 + 20i/3
c 120 30 — 40i + (20 — 10i)+/3 —30 —30i/3
D 120 0 20 +20iv/3
E 120 —50i + (10 + 20/)v/3 —30 —30i/3
F 120 0 20 4 20i+/3
G 120 0 20 +20iv/3
H 120 50i — (10 + 20i)/3 —30 —30i/3
I 120 30 4 10i + (10 — 30i)v/3 20 4 20i+/3
J 120 —30 4+ 40i — (20 — 10i)+/3 —30 —30i/3
[z [ Eyosar)@ [ Eysiers) (@) [ Ey0.500.F5) (@) |
A 0 —60 — 20i+/3 0
B —60 — 20i 0 —30 — 10i + (10 — 30i)+/3
C —60 — 20i —30 — 10i+/3 30 — 40i — (20 — 10i)/3
D 0 —60 — 20i+/3 0
E 60 + 20i 30 4+ 10i4/3 —50i — (10 4 20i)+/3
F 0 60 + 20i+/3 0
G 0 60 + 20i+/3 0
H| —60—20i 30 4+ 10i4/3 50i 4 (10 4+ 20i)+/3
1 60 + 20i 0 30 + 10i — (10 — 30i)+/3
J 60 + 20i —30 — 10i+/3 —30 4 40i + (20 — 10/)+/3
H z H Ey,.50.F5)(2) H EyssL0.Fs)(2) ” Ey6.5L2.F5)(2) H
A —40 0 —60 + 20i/3
B 80 —30 4 10i + (10 4 30i)+/3 0
C 0 30 + 40i — (20 + 10i)+/3 —30+ 10i/3
D —40 0 —60 + 20i+/3
E 0 50i — (10 — 20i)/3 30 — 10i/3
F —40 0 60 — 20i/3
G —40 0 60 — 20i/3
H 0 —50i + (10 — 20/)v/3 30 — 10i/3
I 80 30 — 10i — (10 + 30i)/3 0
J 0 —30 — 40i + (20 + 10i)+/3 —30 4+ 10i/3
Lz [ Eppsier)@ [ Eppsiery() | Eppn.sioFs (@) |
A 0 20 —20i/3 0
B —60 + 20i 20 — 20i+/3 —30 4 10i — (10 4 30)+/3
C —60 + 20i —30 4 30i+/3 30 + 40i + (20 + 10i)+/3
D 0 20 —20i+/3 0
E 60 — 20i —30430i4/3 50i + (10 — 20i)+/3
F 0 20 —20i+/3 0
G 0 20 —20i/3 0
H| —60+20i —30 +30i/3 —50i — (10 — 20i)+/3
I 60 — 20i 20 —20i+/3 30 — 10i — (10 + 30i)+/3
J 60 — 20i —30 +30i/3 —30 — 40i — (20 4 10i)/3
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