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The Contest Between the Kernels in the Selberg Trace
Formula for the (¢ + 1)-regular Tree

Matthew D. Horton, Derek B. Newland, and Audrey A. Terras

ABSTRACT. We compare half a dozen kernels in the regular tree analogue of
Selberg’s trace formula and the deductions about finite (q+1)-regular graphs
X that result. Included are the following kernels:

1) the kernel given by the indicator function of the set of points in the
tree at a fixed distance from the origin,

2) the (ubiquitous) heat kernel,

3) the kernel used to prove that the Thara zeta function of X is the recip-
rocal of a polynomial,

4) the kernel whose spherical transform is the indicator function of an
interval on the real line,

5) the resolvent kernel or Green’s function,

6) the kernel whose horocycle transform is the indicator function of the
set {-n,n}.

1. Introduction

Suppose Ty, denotes the k = (¢+ 1)-regular tree. This means T}, is a connected
graph with no cycles such that each vertex has degree k = ¢+ 1. See Figure 1. By
a kernel (not to be confused with the concept from algebra) we mean a function
g : Ty x T — C to be used in the analogue of an integral operator L, on functions
¢ : Ty — C, defined by

Lyp(z) = Y gla,y)e(y).
y€Ty

Since Ty is infinite, we will have to worry about convergence unless we view every-
thing as a generalized function or distribution.

We will be taking the trace of L, restricted to functions f : I'\Tp — C, where
I" is the fundamental group of a finite k-regular graph X which can be identified
with T\T%. This quotient, is viewed as a finite analog of a compact Riemann
surface. Our trace formula is thus analogous to Selberg’s original trace formula
(see [34]). See Terras [42] or the Terras website

http : //www.math.ucsd.edu/ " aterras/newchaos.pdf

for tables comparing three types of trace formulas. A reference for the continuous
trace formula is Terras [40].
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FIGURE 1. T4 = 4-regular tree (i.e., connected 4-regular graph
with no cycles).

1.1. The Six Kernels. our goal is to compare six kernels to see which
is more informative about the finite k-regular graph X. Some of the kernels (e.g.,
the heat kernel) have classical counterparts and others do not.

DEFINITION 1. For x,y € Ty, define the distance between x and y by
d(z,y) = number of edges in the unique path in T} connecting x and y.
Our kernels g will have the form g(z,y) = g(d(x,y)), for z,y € Ty.
Kernel #1) The kernel f,, is defined to be

o 1, lf d(mvy) =n,
In(z,y) = { 0, otherwise.

Kernel # 2) The heat kernel w; is that whose spherical transform (see
Definition 19) is

ﬁ}(}\) _ e%()\fk)t'

Kernel #3) The kernel a,, is the one used to show that the reciprocal of the
Thara zeta function (see Definition 8) of X is a polynomial.
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Kernel #4) The kernel f,, g is that with spherical transform (see Definition
19)
— o _ [ 1 if a<A<g,
fap(d) = { 0, otherwise.
Kernel #5) The resolvent kernel or Green’s function G, is defined by
having spherical transform

—

Guw(N) , where Aw) = ¢“ + ¢ # \(s).

_ 1
A= A(w)
Kernel #6) The kernel g, is that whose horocycle transform (see Definition
17) is
1, if a==£n,
Hgn(a) = { 0, otherwise.

1.2. Consequences of the Selberg Trace Formula

for the Six Kernels. Let us next give a list of results derived from
the trace formula applied to the kernels. First we need some definitions from
graph theory. For more graph theory basics, see Biggs [5] or Bollobds [6]. We
consider a finite k-regular graph X with its edges oriented arbitrarily. Denote
the edges e1,...,em,emt+1 = efl, e, o = e,‘,ll, where the inverse of an oriented
edge is that edge with the opposite orientation. A closed path C in X has the
form C' = ay---a,, where a; denotes an oriented edge of X. The path C has
backtracking if a1 = a;l, for some j and the path C has a tail if a5 = a;l.

DEFINITION 2. A prime (or primitive) path C in X means that C is a
closed, backtrackless, tailless path in X such that C # D™ n > 1.

DEFINITION 3. The set of all paths obtained from C by changing the starting
vertex is denoted [C]. If C is a prime path, we say [C] is a prime.

DEFINITION 4. The length of a path C = a4 - - - a5 is the number of edges in
C and is denoted v(C) = s.

There are two numbers that appear in our results; N, and 7(m).

DEFINITION 5. The closed path counting function N,, is the number of
closed paths C' of length m in X without backtracking or tails.

DEFINITION 6. The prime counting function is
7 (n) = #{[C] = primes in X with length of C equal to n}.
DEFINITION 7. The girth X = length of the shortest closed path in X.

Note that the idea of a prime [C] in a graph does not share too much with
that of a prime number. In particular, one does not have unique factorization
or even the commutative law. If [P;] are distinct primes, then [P;] # [P; '],and
[P Py P # [Py P3Ps] = [PsPyPy).

We will prove the following formulas involving the N, of Definition 5 in Section
3.

Kernel #1) Define the Chebyshev polynomials of the first and second
kind, respectively, by
sin((n + 1)0)

sin 0

(1.1) T, (cos ) = cos(nf) and U,(cosf) =
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The spherical function for Ty, is

2 A q—1 A
1.2 ha(n) = “/2{ T, + Uy, }
(12) ) = a7 TG+ Ul )

Let g=girth of the k = (¢ + 1)-regular connected finite graph X, A=the adja-
cency operator on X, and Spec(A)= the spectrum of A. Note that the spectrum
of A is finite. Then for r > 2+ g,

quil Z h)\i (T) =

Ai€Spec(A)
N r—g—2 f .
g _ .
(1.3) Ny +(g= 1) Npo + qNpg -4 98 0 BT 9 I eveh,
Ngy1g—2, otherwise.

We can use formula (1.3) to show that if X, is a sequence of (¢ + 1)-regular
graphs such that for each r, we have I ng — 0, then the spectrum of the adjacency
matrix Ax, becomes equidistributed with respect to the measure given in Theorem
4. This measure approaches the semicircle distribution as the degree approaches
infinity.

Kernel #2) The trace formula for the heat kernel says:

1
a o 2qk| X tuva /1 —u? _ 2t\/q
1.4 = 22l MWy N, g1, (Ve
D S ol e R SR DA )
“1

A€Spec(A) n>g

where I,,(z) denotes the I-Bessel function whose generating function is
(oo}

(1.5) 20+ = 37 1 (@)t

n=—oo

Kernel #3) The trace formula for kernel #3 implies that the Thara zeta func-
tion is the reciprocal of a polynomial.

DEFINITION 8. The IThara zeta function for a finite connected graph X is a
function of the complex variable u defined for |u| sufficiently small by

Cxlw =TT (1-w@) ",

(€]
where [C] runs over all primes of X.

Note that the product defining the Thara zeta function is infinite unless the
graph X is a cycle graph. For more information on the Thara zeta function, see
Stark and Terras [36], [37].

Theorem 4 in the last section of this paper implies that

(16) Np = (7’—1) {1+(_1)m}+ Z {O‘TZ +6Kz}7

XiESpec(A)

where 1 —Aju+qu® = (1—ay,u)(1— By, u). This implies, for a (¢+ 1)-regular graph
X

)

N ~q™, as m — oo, if X is non — bipartite;

(1.7) Nop ~ 2¢°™, as m — oo, if X is bipartite.
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Note that Noy,11 = 0, if X is bipartite. Here the graph X is bipartite means
that the set of vertices of X is a disjoint union A U B, where the vertices in A are
adjacent only to vertices in B and the vertices in B are adjacent only to vertices in
A. See some of the graph theory references mentioned above for the reflections of
the bipartite nature of X in the spectrum of A.

Kernel #4) The sum of the horocycle transforms is divergent in general for
this kernel.

Kernel #5) Write A\(w) = q“’ +¢'~". Then Rew > 1 implies

1 X V4 2 1 g~
rs) > "" | / 4= A~ ZN
A — A(w) A2 A= \w
AESpec(A) —2./5 n>g

Kernel #6) For any positive integer n, we have, writing \; = ¢* + ¢' %,

ns n(l-s)) _ —(¢g— 1D|X]|, if nis even
as ;%M@ Ta )_M”{o, if 7 is odd.
s€ESpec

This gives a quicker proof of the asymptotic formula (1.7) than that from kernel #3.
It is not hard to deduce the graph prime number theorem from this, assuming the
basic facts about the spectrum of A, given in the graph theory references mentioned
above.

THEOREM 1. (Graph Prime Number Theorem) Suppose X is a (q+ 1)-
reqular connected finite graph. Recall Definition 6 of m(m). Then we have the
following results.

If X is non-bipartite, 7x (m) ~ qu as m — 0o.

1
2m

If X is bipartite, 7x (m) = 0 if m is odd and 7wx (2m) ~ 4— as m — oo.

PrOOF. First note that
Ny =Y dr(d)
d|lm

Thus Mobius inversion says that if the Moébius function is

1, n=1
w(n) = (—l)k , M = pi...pg, distinct primes
0, n is divisible by the square of a prime,
then 7(m) = L 3 Ngu(Z). The prime number theorem then follows from
d|m
formula (1.7). d

2. Selberg Trace Formula for the k-regular Tree

The Selberg Trace Formula (STF) has been around for at least 50 years. Orig-
inally, Selberg [34] used it to study discrete groups I' of M6bius transformations of
the Poincaré upper half plane H. It can be used to prove

(1) properties of the Selberg Zeta function for the Riemann surface T'\H,

(2) the Weyl law for asymptotics of the spectrum of the Laplacian, A, on T\H
(for T' co-compact or arithmetic), and

(3) the Prime Number Theorem for lengths of prime geodesics in T'\H.
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Here we replace H by the k-regular tree, Ty for £ = ¢+ 1, and ' by the
fundamental group of a finite graph X. See Figure 1 for part of the 4-regular
tree. We will normally assume k > 2 as the k = 2 case is trivial and different
in many ways. However, it is a useful exercise to do this case. We will sketch
the background of the trace formula (due to Ahumada [1]). References for more
information are Brooks [7], Cartier [8], [9] , Figa-Talamanca and Nebbia [16], Hurt
[22], Nagoshi [30] and [31], Quenell [33], Sunada [38], Terras [41] and [42], Terras
and Wallace [43], Venkov and Nikitin [46].

2.1. Adjacency Operator, Geodesics, and Horocycles.

DEFINITION 9. The Hilbert space for Ty is

€Ty

LA(Ty) = {fﬂrk—mc

S f@))? < oo} , with inner product

(frg) = 3 f@)g@). If]l = (f.0)7.

€Ty

DEFINITION 10. The adjacency operator, A, on T}, is defined for f € L2(T;)
by

Af)@) = > f.

y€ETk
y adjacent to x

PRrROPOSITION 1. Given f,g € L?(T}) and A: the adjacency operator on Ty,
we have the following facts.

(1) (Kﬁg) = (f, gg),
@) A—kI=A=— (Zf,f) <0, and
®) |(4r.f)| <2va(). a=k-1.
PROOF. See Sunada [38]. O

It follows that the spectrum of Aon T}, is contained in the interval [—2\/@ 2\/6] .
In fact, the spectrum of A on Ty equals the interval[—2\/§7 2\/51] and is continuous
in the sense of spectral theory (see Terras [40]). The spectral theorem for self-
adjoint operators writes f € L?(T}) as an integral over the spectrum of A. We

will say more about this later. First, we need some basics about the geometry of
Tg.

DEFINITION 11. A geodesic {z,}, ., is a doubly infinite path in Tj.
DEFINITION 12. A chain, C = {z,},~, in T} is a semi-infinite path or ray.

So we can view a geodesic as the union of 2 chains, both starting at the same
vertex xg.

DEFINITION 13. The boundary, 2, of Ty consists of equivalence classes of
chains, where C' ~ D < C and D coincide except for a finite number of vertices.

DEFINITION 14. A chain connecting x € Tj to oo along w € Q is [z,w].

Take C' € w and let y be a point of C' with a minimum distance to z. Make
[z,w] by joining x to y and then continuing along C. See Figure 2.
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VYTYVLY,..

Cin o
FIGURE 2. A chain connecting © € T} to co along w € Q is [z, w].

DEFINITION 15. For z,y € Ty,  ~ y <> [z,w] N [y,w] = [z,w] and d (z,2) =
d (y,z). These equivalence classes are called w—horocycles.

If we fix a boundary element w of Ty with chain C € w and geodesic C' U C’
then we can label the horocycles with numbers n € Z as in Figure 3.

DEFINITION 16. Set h,, = {points labelled n} = n'* horocycle.

The horocycle b, is infinite. In fact, letting o denote some fixed point of Ty,
which we call the origin, we have the formula:

S(n,d) = #{zebn|dzo0) =d}

d—n _

" (¢—1)g = ', if2[(d-n), d>n=0,

(- 1g=" 1, if2(d—|nl), n<0, d> |n|,
= q", ifd=n>0,

1, ifd=n=0,

0, ifd<|n| or2¢(d—|nl|).

According to Figa-Talamanca and Nebbia [16], page 25, horocycles can be viewed
as "generations with respect to a common mythical ancestor w." See Figure 3.

The Selberg trace formula involves two sorts of transforms. One is the horo-
cycle transform.

DEFINITION 17. The horocycle transform of f: T, — Cis F(h) = > f(x)
TED
for any horocycle h of T.

Assuming f is finitely supported and invariant under rotation about the origin,
o0, we can write f(x) = f (d(x,0)) and then we have, for k = ¢+ 1,

F(hn) = Can(n)a
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(0)
C={-1,-2,-3,4,...} in®
2
-1 1 -1
0 0 0 0 0
1 1 1 1 1
5 2 2 2 9
Ficure 3. Horocycles are points labelled with the same integer.
_Jq, n>0,
where ¢, = { 1. n<o and
(2.1) Hf(ln) = f(In)+(@—=1)Y_ & " f(In]+27).
j=1
This transform is invertible.
(2.2) F(nl) = Hf(In)) = (¢ = 1) Y (HS) (In| + 24)
jz1

2.2. Spherical Functions and Transforms. The second sort of transform
occurring in the Selberg Trace Formula on T}, is the spherical transform associated
to spherical functions on Ty.

Note that the graph isomorphism group G of Ty, has 3 types of elements:

(1) Rotations (which fix a vertex);

(2) Inversions (which fix an edge and exchange the endpoints);

(3) Hyperbolic elements (p fixes a geodesic {xn}, 7, p (Tn) = Zn1s, Where
we define s = v(p)).

Fix o, the origin of Ty. If we let K = group of rotations of Ty fixing o, and
since G = Aut(T},), we see that (G, K) is a Gelfand pair. That is, L' (K\G/K) is a
commutative algebra under convolution on the group G. Here we can identify Ty
with G/KC. See Terras [41] for more information on Gelfand pairs.

DEFINITION 18. A function h : Ty — C is a spherical function < h has the
following 3 properties:

(1) h(x) = h(kx), for all rotations x about o,
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(2) Ah = Ah; i.e., h is an eigenfunction of the adjacency operator A on Ty,
and
(3) h(o) =1.

It is not hard to use the definitions to obtain explicit formulas for h. See
Brooks [7], Cartier [8], Figa-Talamanca and Nebbia [16], and Terras and Wallace
[43]. We shall just state these results. In particular, letting d = d(z,0) for
x € Ty and s € C, for A = ¢* + ¢' ~*, the spherical function, h,, corresponding to
an eigenvalue, A, is unique and can be written as

ho(d) = e(s)g™* +e(1 = s)g~ 79,
where ¢(s) is the Harish-Chandra c-function

s—1 s

1 ¢t =g
2.3 c(s) =
(23) ()= —5i=—1

assuming ¢2°~' # 1. An alternate form of this equation is
11 1 [ 22421 24 _ 32
_ng—i-lzd(q 2-1 22—1>’

(2.4) ho(@) = ha(d)

where z = qs_% and we assume 22 # 1. If 22 = 1, take limits. Sometimes we will
write hy(d) rather than hy(d).

It follows that
2 _
(717 (25) + 171% (23))
qg+1 2,/q qg+1 2,/q

w3

(2.5) ha(n) = ¢~

- e ()

where T,, and U,, are the Chebyshev polynomials of the first and second kind (see
formula (1.1)), and G,, is the Geronimus polynomial. See Solé [35] and Li and
Solé [26].

The recursion for hy(n) is

(2.6) ghx(n+1) = Ahx(n) — hy(n —1).

DEFINITION 19. The spherical transform of a rotation-invariant function
f:Tp—Cis
F(s) =Y F@)ha(@) = (f.ho)s, -

€Ty
We will also write f()\) = f(s), if A=¢°+q'5.

Let us consider the properties of the spherical transform. The Plancherel
theorem (or inversion formula) says for s = + +it, x € T},

logW(q)

~

o 1 . . qlog (q)
(2.7) f(=) / f(2+ t) hs( )2W(q+l)|c(%+“)|2dt.

0

Here, c(s) is as defined in formula (2.3). Note: f — f provides an isometry
between the L2 spaces. N

The Plancherel Theorem makes explicit the spectral resolution of A on Ty.
See Figa-Talamanca and Nebbia [16], page 61, for a computation of the spectral
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measure from the Kodaira, Titchmarsh, Carleman, Stieltjes, Stone, etc. formula
involving the resolvent kernel or Green’s function, which is Kernel #5. See Terras
[40], p. 111, for a brief discussion of the Kodaira-Titchmarsh formula.

DEFINITION 20. Assume f, g are rotation-invariant with finite support. Then
the convolution of f and g is defined by

(f*g) => f (d(y,2)).
y€Ty
DEFINITION 21. Define the Schwartz space S as the set of all functions
f: Tr — C such that f is rotation-invariant with finite support.

PROPOSITION 2. (Properties of Convolution). For f g, h € S, we have the
following facts.

(1) frxg=gx*f
(2) For a, B €C, (af +Bg) *h=a(f *h)+ B(g*h).
3) (fxg)xh=Ffx(gxh)
(4) Frg(N) = FN) -G,
PROOF. We leave the proofs of (1)-(3) to the reader. To prove (4),

it suffices to assume f and g come from a basis of S. Thus, it suffices to
let f = fm, and g = f,, where f, is kernel #1. First note that if z = o,

(28) (b fu)(d(z,0) = Y h(d@.y))fald(y,0))
= Y. hld@y) = (©uh) (d(x,0)),

y s.t. d(y,0)=n

where ©,, is the n'* Hecke operator. See Cartier [8], [9].

The Hecke operators form a commutative algebra generated by ©g =
Identity, ©;7 = A = adjacency operator. We can view this algebra as
S under *. The spherical functions h) are eigenfunctions of this algebra
since ©1hy = Ah) and we find

O2hy = (03 —kI)hy = (\> — k)hy, and
®n+1h)\ = (91@71 - qen—l)h)v
So for m > 1, by induction on n, we have (recalling (2.6))
(2.9) (fa* ha) = Onha = ha(n)(g + 1)g" " ha = fu(N)h
Thus if n,m > 0 we have
fox fnNha = ((fa * fm) ¥ ha) = fo * (fm * Ba)
= fn * (fm(x)h)\) = f’m(x)(fn * h)\) = fm(x)fn(x)h)\
Property (4) follows. O

LEMMA 1. (Relation between Spherical and Horocycle Transforms)
Suppose f € S from Definition 21. Then, if z = qs_% A=¢q°+q¢'%,
~ _ In| "
F) = (f.hs)g, =Y (Hf)(n)g = 2"
nez

PROOF. See Terras and Wallace [43], p. 511 for some hints. O
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COROLLARY 1. Let f and z be as in the preceding Lemma. Assume |z| = 1
and f(3) = f (%) is a Fourier series of horocycle tmnsforms which implies

(Hf) () g% = 2m/f

LEMMA 2. (Behavior of the Spherical function). If A\ = ¢° + ¢' %,
% < Res < 1, then limy_, hs(d) = 0.

PrOOF. Recall that

hald) = els)a™ 4 (1 — )
1 1 1 22124 1 2 2
T ogfgt1zd <q 21 22-1 )’
where z = qs_%. Since ’q_5d| = ¢ (Res)d apd |q_(1_s)d’ = ¢ Rel=9)d when
22 # 1, we have hy(d) — 0 as d — oo. If 22 = 1, then |hy(d)| = qi% + Zﬁd’ -0
as d — 0o. Note that we are assuming that ¢ > 1. |

LEMMA 3. Let ¢ : Ty, — C be any eigenfunction of the adjacency operator g;
e., AY = Mp. Define f,. to be kernel #1. Then

> frtenu) = { DT OV 2 G

Here hs, (x) = hs, (d(x,0)) is the spherical function corresponding to the eigenvalue
)\ = qu + qlfs,\‘

y€ET

PRrROOF. Use formulas (2.8) and (2.9). O

COROLLARY 2. (Selberg’s Lemma) If f € S, v is an eigenfunction of/I on
Ty with Ay = Mp, A = ¢°* + ¢* %>, o = origin of Ty, then

(fva)qu = (o) (f’ESA)']l’k
where (f,ﬁ)m = > flx)g(z).

z€Ty
PRrOOF. Use Lemma 3 and the fact that f is a finite linear combination of the
fn O

2.3. Pre-Trace Formula. Next we consider the pre-trace formula associated
to a finite, connected, k-regular graph X. Note that Ty is the universal covering
graph of X with 7 : T — X the covering map. One can identify X with T\ Ty,
where I' = group of deck transformations of the covering (i.e., the Galois group of
the covering in the sense of Stark and Terras [37]). Here I' can be identified as the
fundamental group of X (a group generated by paths associated to edges left out
of a spanning tree of X).

In this case p € T', p # identity implies p is a hyperbolic element of the
automorphism group of Ty. Note also that I" is a free group on r generators,
r=|El—|V|+1.

DEFINITION 22. A hyperbolic element p € I' is primitive if and only if it
generates '), = {y € I' | vp = pv}, the centralizer of p.
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The group I', is cyclic since I' is free.

DEFINITION 23. The set of {p} such that p is a primitive hyperbolic element
of T is called gpr.

We will now look at the connection between {p} € pr and prime paths [C] in
X =TI\T.

Given {p} € pr, we note that p fixes a geodesic R in Tx. Consider for example
p in Figure 4 which shifts by v(p) = 3 along the geodesic at the top of the figure.
Then the projection 7 from T4 to X maps the geodesic R fixed by p onto the prime
path [C] through vertices 1, 2, 3 and then back to 1 in K.

It is easily seen that for v € ', yR is the geodesic fixed by ypy~'. Both R and
~vR project under 7 to the same path [C] in X. Conversely, given [C] in X, we
can identify p € T' corresponding to [C] with its Frobenius automorphism, defined
in [37], which is a conjugacy class in T.

T,
1 2 3
4 5 4 5 4
2 4 1 41
3523 35 03% 251
T
X=Ks 4
5 3
1 2

F1GURE 4. Each point of Ty is labelled with its image vertex in
K5 under the projection map 7.

DEFINITION 24. We lift functions ¢ : X — C to ¢ : T, — C, via ¢(z) =
¢(m(x)) where 7 : Ty — X is the covering map and Ay = Ag.

So, if we let {¢;},_; n=|x| be a complete orthonormal set of eigenfunctions
of A on L?(X) with inner product

(f,9) =" f(x)g(=),
zeX

we can plug ¢, into Selberg’s Lemma. Compare the following lemma with Mercer’s
theorem in Courant and Hilbert [12], p. 138.
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LEMMA 4. (Mercer’s Theorem on Ty) Let {¢;},_, , be a complete or-
thonormal set of eigenfunctions of A on X. Suppose f € S as in Definition 21.
Write f(y) = f(d(y,z)). Then, defining for x,y € Ty,

= fld(z,vy)

yel

we have
[X|=n

Kplew) = Y (£hs,), Bl@n).

i=1

Here 1; is the lift of ¢; as in Definition 24. Note that Ky (v,x,7.y) = K¢(z,y) for
all 1,79 €' = Ky is a function on X x X.

ProOF. Note that K¢(z,y) = > cij;(x)1;(y) where
i,j '

Cij = Z Ky(z,y)v;(x) ](y)

z,yeX

- Z (ZKf(m,y)T/JJ(y)) ¥, ().

zeX \yeX

Then we have

S Kp(a,y)e;(y) SN fdlvy)e; ()

yEX=I\T} yEX=T\T) vel'

> Fdl@, ), (y)

y€Tk
= (f’wj)’]rk :¢](O) (f7hSA)'[[‘k_ ;

by Selberg’s Lemma, since we may choose the origin, o, of T to be the arbitrary
point x.
It is important to notice that ¥(vy) = ¢(7(yy)) = é(7(y)) = ¥(y). Therefore,

Cij = Z W (f’ hs,\j),ﬂ,k ¥i(z)

reX

0, i#£ ]
Lo, 50

since the 1) are orthonormal. O

Let ¢ : X — C and v : T — C be the lift of ¢. Let f : Tp — C be a
rotation-invariant, finitely supported function. Then

(Lyg) (x) = Y f(d(z,9)e(y)

yETk

SN fd@w) vy).

yeX=I\Ty v€l
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Thus, using Mercer’s theorem,

Tr(Lf)|re(x=r\1,) = ZKf(x,x)
zeX
|X| x|
= 2 (Fhe,), Bl = 30 FON),
rzeX 1=1 i=1

where A; € Spec(A) C R. This gives us the following theorem.

THEOREM 2. (Pre-Trace Formula). For functions f in S, we have
Tr(Lp)lzx=nvmy = Y, FA) =D fld(z,72))
Ai€Spec(A) zeX yel

The left hand side is a sum over the spectrum of the adjacency operator A on X
and f (X) is the spherical transform of f from Definition 19.

2.4. The Trace Formula. Now to get the trace formula itself, we must

rewrite the right hand side of Theorem 2 as a sum over conjugacy classes {v}
in I

DEFINITION 25. The orbital sum I,(f) = > f(d(z,7x)).
TEFW\Tk

So with this definition, the right hand side of Theorem 2 is

S s = Y Y )

rzeX vyel z€X=T\T) v€T

- X T s

2€X {7} 7e{~}

- Y Y Y s

2€M\Ty, {7} €L, \I

= > | > fl@ra)|=> L)

{7} \7€r\Tx {7}
where {7} runs over all conjugacy classes of T and L, (f) is an orbital sum.
LEMMA 5. Forvy €T,
(1) if {v} = {Identity}, then
Iy (f E: f(0) = f(0)|X].
M\T,=
Here I'y =T.
(2) if {v} is a hyperbolic element, then v = p", where {p} € pr and

I{pr}(f) = Z fld(z,p"z))
(P)\T
= v(p)H[f(rv(p)).

PROOF. (1) Clear
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pAF { piy
p3F { pYy
PZF{ —o py
Pt { Py
F=<p>\T, { y

F1GURE 5. The geodesic fixed by a hyperbolic element p and fun-
damental domains for <pj> \Tx, j=1,2,3,4.

(2) The quotient {p) \T}, is found by looking at the geodesic fixed by p, where
I', = (p). So, the number of elements in

{y € To\Tk [ d(y, p"y) = rv(p) + 2}
is equal to v(p) (¢ — 1) ¢? 1. See Figure 5. Therefore,

I () = > fd(y.py)

yEL,\Tg
= v(p)f(rv(p)) +v(p)(g—1) Z ¢ f (rv(p) + 29)
— w(p)Hf(rv (p)). :

Collecting what we have proved leads finally to the trace formula.
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THEOREM 3. (Selberg Trace Formula for k-regular, connected, finite
graphs X =T\Ty)

Let f : Ty, — C be a rotation-invariant function with finite support and pr as
in Definition 23. Then

S 00 =f@ X+ S o) S HF (v (o)
A; €ESpec(A) {ptepr r>1

where H f is the horocycle transform in Definition 17, f(\) is the spherical trans-
form in Definition 19.

In the next section, we will apply the Selberg Trace Formula to kernels that do
not have finite support. So we need a weaker hypothesis on f. The Ahumada
convergence criterion [1] says that the trace formula holds if

(2.10) > Hf(n)] ¢ < 0.
nez

See also Venkov and Nikitin [46]. Note that we have normalized our horocycle
transforms a little differently than these authors.

3. Clash of the Kernels
3.1. Kernel #1. The first kernel is

fr<x7y):{ L, d(x,y):r,

0, otherwise.
We have seen that this a natural kernel. Any rotation-invariant, finitely supported
function f : Ty — C is a finite linear combination of the f,’s.
Many authors have considered these kernels. We saw in formula (2.8) that they
give rise to the Hecke operators ©, defined by formula (2.8). The generating
function for the Hecke operators is

Z 0, u™ = (1 — uz) (1 —u®; + quz)_1 .
m>0

Brooks [7] and Quenell [33] use kernel #1 and the pre-trace formula to bound the
diameter, D, of a finite k-regular graph X with a number depending on the second
largest eigenvalue of A in absolute value.

DEFINITION 26. The diameter, D, of X is max, yex d (z,y), where d(z,y) is
the length of the shortest path joining x and y.

DEFINITION 27. The second largest eigenvalue, in absolute value, of the
adjacency matrix A of X is

= max {\ € Spec(A)| |A\| #k}.
For example, Quenell [33] shows that
cosh™ (|X| - 1)

cosh™ (%)

The spherical transform of f,.(z) = f, (d (0,7)), where o = origin of Ty, is

)
—~ 1, r=20
fT(A):{ Bk —1) " ho(r), >0 }

D < + 1.
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Using Equation (2.1), the horocycle transform is
Hf, (m) = 8:(ml) + (— 1) S @6, (jm] +24)
j=1

Thus, the Selberg trace formula says > £ (M) equals
AeSpec(A)

(3.1) £OIX[+ > ve)> o (ev(p)+(g—1) an 15, (ev (p) + 2)

{p}€pr e>1
For r > 0 we can rewrite the trace formula using the NV, from Definition 5 as

(3]
USRS =S N (B + (= 1) @60+ 29)

AESpec(A) n>g j=1

wl3

Here g=girth of X. This becomes (again for r > 0)

32)  kE-D"" Y () =N+ (@—){N2+qNa+--- )
A€Spec(A)

Let us see what happens for various small values of r. First note that

A N -k N (2k—1)A
)\() k? )\() k(k_l)v >\(3) I{I(k‘—l)z )
M= (Bk—2)N +k(k—1
kE(k-1)
Plug r = 1, 2 into Equation (3.1) to see that if n = |X|, {A1, ..., A\n} = Spec(4),
(3.3) > Ai=0,
i=1

(3.4) Z A} =kn=2|E|, where |E| is the number of edges in X.

i=1

These are well known facts. Biggs [5] p. 12 shows
(3.5) Z AL = # {closed paths C of length [ in X} .

Here backtracking and tails are allowed in the paths. Note that a prime path C
has no backtracking or tails and C' # D™, m > 1.
Suppose 7 = g = girth X. Then equation (3.1) implies

(3.6) Bk =173 hai(9) = g7 (9) = Ny

One should compare equations (3.5) and (3.6) for their counts. The first counts
all closed paths while the second only counts prime paths.
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We need to recall an elementary result from Bollobds [6], (p.68) relating girth
and the number of vertices of a graph. Suppose X is a finite graph such that girth
X > 3 and the minimum degree k > 3. Then, if n = | X|,

1+%[(kf1)gf?f1], if g is odd,
s (k= 1)

Then equations (3.4) and (3.7) give us:

(3.7) n >

[SIES)

— 1} , if g is even.

COROLLARY 3. Let X be a finite, connected, k-regular, non-bipartite graph such
that girth X > 5 and k > 3. Then if i is the 2nd largest eigenvalue of A in absolute
value from Definition 27, we have i > /q.

Compare the inequality with formula (3.17) below. We omit the proof as it
does not really use any non-trivial implications of the Selberg Trace Formula. Solé
[35] obtains a stronger result using properties of the spherical functions hy (n) (aka
Geronimus polynomials). See also Li and Solé [26].

Beginning with Wigner [48], there has been much thought given to the distri-
bution of the spectrum of a large symmetric real matrix. When the matrix is the
adjacency matrix of a graph of large girth, the main result belongs to McKay [27].
Here we give a proof due to Nagoshi [30], [31] which uses the Selberg trace formula
for kernel #1 and the Weyl equidistribution theorem. See also Chung et al [10],
Mehta [28], and Sunada [39].

Before stating McKay’s result, we need to recall Weyl’s equidistribution crite-
rion (see Weyl [47], 1916, or Iwaniec and Kowalski [23], Chapter 21).

DEFINITION 28. A sequence {z, } in an interval I on the real line is said to be

equidistributed with respect to a measure dyu iff for every open set B in interval
1

lzm—|{n<N | z, € B}| = u(B).

N—oo N

This equidistribution property is equivalent to the statement that for any con-
tinuous function with compact support f on I:

(3.8) NITZONZM" /f Ydp(zx

n<N

DEFINITION 29. The Plancherel measure dyu, on [—2\/(3, 2\/6} is given by

q+1 \/4q—)\2

T2m (g+1)? e

dpg =

The measure dju, is that of the Plancherel theorem, stated in formula (2.7), as
can be shown by the methods used later in the section on the heat kernel.

THEOREM 4. (McKay [27]) Let {Xm}m>1 be a sequence of (q+ 1)-regular
graphs such that for each r > 0 we have lim | = = 0, where N, is from Defini-

n—oo ‘X"
tion 5. Then, if Ax,, = adjacency operator of X,,, the spectrum of Ax, becomes

equidistributed with respect to the measure dpu, on [72\/6,2\/6] , from Definition
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29, as n — oo. More explicitly, this means that if [, 5] C [—2\/5, 2\/6} ,

B
lim #{\ € Spec(Ax,,) \ag)\gﬁ}_q—l—l/ Vg —\? I
m—o0 |Xm| 2m (q—|— 1)2 —\?

[e3%

Proor. It suffices to prove formula (3.8) for functions f in an orthogonal basis
B for the space L?(1, d,uq),where I = [—2\/5, 2\/6] . Such a basis comes from the
spherical functions hy(n) on the k-regular tree

Here hy(n) denotes the spherical function on the k-regular tree corresponding to
the eigenvalue A of the adjacency operator at a distance n from the origin in the
tree. Now we view hy(n) as a function of A holding n fixed. Recall formula (1.2).
The spherical function is also a Geronimus polynomial G,, as in formula (2.5). See
Solé [35] for more information.

Thus our goal is to prove for I = [-2,/q,2./q],

. 1 1, r=0

i Y mo)= [mean={ 5 720
XeSpec(Ax,,) I

The right hand side of this formula is 1, () for r =0 and 0 for r > 0.

Our formula (3.1) for r = 0 says, (using the Plancherel theorem (2.7, with some
computation which is carried out in more detail for the heat kernel),

N

1 —= +1 \4q — x?
B9 lemr Y AN-a0-5= [ e
AeSpec(Ax,,) —2./5
Here we note that r» = 0 is always less than the girth of X,, so that the right hand
side of the trace formula has only one term in this case (the term corresponding to
the conjugacy class of the identity).
If r > 0, must show that we obtain the desired limit

—

1
(3.10) e Z fr(A) =0, as n — 0.
|| AeSpec(Ax,)

Formula (3.10) follows from formula (3.2) as the right hand side is

1 1 1
ha(r) = —— N, +(¢— 1) (Ny o+ qN, 4 +---)}.
X AGSZ TSR )
pec(Ax,,)
Thus the theorem is proved. ([l

If one graphs the limiting densities in McKay’s theorem for increasing values
of ¢, one begins to see a semicircle. See McKay [27]. Other related references are
Chung et al [10], Nagoshi [31], and Sunada [39].

If we let
qm+1 V 4(1771_}\2
O (A) =

b mrir e A< 2/,
0, otherwise,
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and set z = ﬁ, then |z| <1 and
(gm +1) VAg, — N I\ 2 (g2 + qm) V1 — a2 .
20 (g +1)° =22 (g +2gm (1 -222) +1)

which approaches %\/ 1 — z2dz, as m — oo.

3.2. Kernel #2 The Ubiquitous Heat Kernel. For (continuous) time
t > 0, we define the heat kernel by u; (z) = u; (d(x,0)), o = origin of Ty, with
spherical transform,

_ ¢°+q¢' 7 —(g+1) A—k
A = wi = = .
(N =e*", w ) .
Here, w is an eigenvalue of %E —I=A.

This kernel has been considered by many authors (see Bednarchak [4], Chung
and Yau [11], Cowling, Meda, and Setti [13]). Some of the motivation is the
importance of the classical heat kernel in differential geometry. Chung and Yau
[11] use the heat kernel to get an upper bound on the number of spanning trees of
X.

Some authors consider a different heat kernel with discrete rather than contin-
uous time. See Grigor’yan [18] and Urakawa [44] and [45]. Thus, for a k-regular
graph X, they consider a kernel for the operator M, = (%A)m, where m = time.

n
The trace is > (%)m, however, we will not consider the discrete time heat kernel
i=1

here.
What is the heat equation on Ty? For us, it is
(3.11) %yt (.27) = Ay, (l‘), A= %A—L
yo () = f (z) ; rotation-invariant.

To solve Equation (3.11), take the spherical transform

(3.12) { %;ﬁ (A = Z\yt (N, X € Spec (ﬁ) = A=\,
do (V) =1,

The spherical transform changes Aor A= (K — kI ) to a multiplication oper-
ator:

Af() = M) f(9), Ms) =" +¢' .
To see this, use Proposition 1 to obtain

B = X By @@ = (Byeh) = (s0Bh)
€T ) ’

= Wy, ha)p, = wii (A), since w is real.

Now (3.12) implies %gjt AN =wgr (A), go(N) = f()\), an ODE with solution

G = fA)ewt, w = 1= qS;rzllJ — 1 € Spec (&) By the convolution

properties (see Proposition 2) and the Plancherel theorem for spherical transforms
(see formula (2.7)), we have y; = f * u; where 4 (\) = e**.

So the heat kernel is the fundamental solution of the heat equation on Ty. This
makes it the analogue of the heat kernel on R™ or the Poincaré upper half plane
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H in Terras [40]. We will leave open the question of finding an analogue of the
central limit theorem on H as described in Terras [40].

Next, we compute a formula for the heat kernel u; and its horocycle transform
Hu;.  To find Huy, use Corollary 1 to see that if s = % + v, U (s) = ev?,

_ ¢*+q' "¢ sl
w=1 qil —1,and z = ¢°~ 2, we have
[n| 1 dz
Hui(n)g=> = -— Uy (s) 27—
(n)q 5 ()2~
|z|=1
logq
; e tlogq gl
(Set 5= W Iqu) —- -__of e ati tefznvloquv
27
logq
t] 107g.rq
e " lo 27 . i
= 7gq et cos(vlogq) cos (7?/0 log Q) dv
27
logq
¢ ™
e 2t./q )
(Set w =vlogq) = Sl O <o) cos (nw) duw.
s

—T

Now we use a formula from Gradshteyn and Ryzhik [17], p. 487 to see that
the horocycle transform of the heat kernel is

(3.13) Hug (n) = ¢~ 5 eI, (M) :

q+1

where I, () denotes the I-Bessel function (see formula (1.5)). Expansion in series
of Bessel functions is a staple in the undergraduate course solving boundary value
problems of mathematical physics. For more information, see Courant and Hilbert
[12], Lebedev [25], Erdélyi et al [15], or Arfken [2].

To compute u; (d (z,0)), we need the Plancherel theorem which was formula
(2.7). Chung and Yau [11] obtain the same result by a different method. But first
we require a few formulas involving the Harish-Chandra c-function. If A = ¢°+¢*~*

)

. s—1__ —s
s = % +ib, then % = 2cos (blogq). Now, c(s) = W and so
2 1y 1 1y 1,
g+ 12 |e( L+ VR L Sl LA
q 2 q—§+ib _ q—%—ib q—é—ib _ q—%-i-ib

gL — b — g2 g
9q—1 — g-1+2ib _ g-1-2ib
q+ % —2cos (2blog q)

q 1 (2 —2cos(2blogq))’

c <; —l—ib)

qb‘;-zllfs -1, s= % +ib, and k = g + 1, we can write e'“(*)

= e tek2vacos(bloga) and the Plancherel theorem (formula (2.7)) plus the formula

It follows that
2 q_|_%_2-|-4sin2(b10gQ)

—1 2
+1
U 4sin? (blog q)

Now, from w (s) =
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for the Harish-Chandra c-function (formula (2.3)) imply

bi

log q
(1 . qlogg
u (y) = / Uy (2 + Zb) h%Jrib (y) T 2
J 21 (q+1) |e (5 +ib)|
2q(qg+1)e? [ 20T o sin? (z
= %/ek ()h%ﬂ,]m (y) . () ——da.
@ J o8 (¢ +1)" — 4g + 4¢sin* (z)
Then, by setting x = blog g, we have
_ zqkeit [ Mcos(:n) Sil’l2 (ZE)
(3.14) ug (y) = p /e * h%-{-i% (y) %2 —dgcos? () z
0
Cramm 1. When d > 0,
h%Jrib (y) = h%Jrib (d(y,0)) = h%+ib (d)
_ gt qsin((d—&—l)a?)—sin((d—l)x) iz = blogq.
qg+1 sin (x)

PROOF. Writing z = ¢ and letting & = blog g, we have from formula (2.4)
qqitd (qib(+2d) _ 1) — gibd (1 — gib(2=2d))

2 1
g (ghd+D) — gmibldrD)) _ (gib(d=1) _ g=ib(d—1))

(¢+1) q%h%Jrib (@) =

- g — gt
gsin((d+1)z) —sin((d — 1) z)
sin (z) '

O

Thus, for d > 0, our claim gives us the formula for the heat kernel except
at the origin
(3.15)

u (y) dx.

_ 2ql—%et /te%ﬁ/a cos(z) S0 (7) (gsin ((d + 1) ) —sin ((d — 1) z))

T k? — 4qcos? (x)
0

When d = 0, we have hy_;, (0) =1, and then we obtain the formula for the heat
kernel at the origin

2qke™? [ 2 sin? ()
3.16 - cos(z) __ 2~ \/
(3.16) u(0) T /6 ' k2 — 4q cos? (x) v

0

These two formulas for u; agree with those in Chung and Yau [11].
Plugging the heat kernel u; into the trace formula yields (using formulas (3.13)
and (3.16))

—~ ., _ _evlp) 2t\/q
SETNPRTSE SRTED SIS o))
i=1

{p}epr ex>1

Here n = |X|, w; = % — 1, where Spec(A) = {A\1,.., A}, and k = ¢+ 1. By
factoring out e~ from both sides, we see
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K

i e/\lit _ 2qk’n 2f\f cos(x) Sin2 ((I})
™ k2 — 4q cos? (x)
=1 0
_ev(p) 2t\/q
Z V(P)Zq Ieu(p) <q_?_/;) .

{pr}epr el

Recall that p is a primitive hyperbolic element of Ty that corresponds to a
prime path C' in the graph X. Therefore, the sum on the right-hand side can
written in the following form:

S v e () = T e ()

{p}€pr e>1 C e>1

— Z N,q 1, (2]:{1)

n>1

where N,, is from Definition 5. This implies formula (1.4) of the introduction.
We will see using kernels #3 and #6 that

N ~q™, as m — oo, if X isnon — bipartite;
Now ~ 2¢°™, as m — oo, if X is bipartite.

Thus, using formula (1.5) we see that the series converges:

o) 2t\/q - s, (202
2, w2 e”(p)<q+1> NP (q+1>

{p}€pr e>1 n=—00

= eq+1 (f+ f)

3.3. Kernel #3 Kernel used to prove Ihara-Zeta function of X is
reciprocal of a polynomial. We discussed this kernel in [41] so we will be brief.
The kernel is defined by its horocycle transform

In|—1 £0
U , n ,
HO‘“(”){O, n=0.

The Ahumada convergence criterion [1] says if |u| < %,

1 1 1
Hay, In| « — nglnl = - =
S Hoaw (m)lg" < STl g = e

Setting A = ¢° + ¢' =%, @, (\) = L log (m) One has «a, (0) = (=q)u

1—u?
u?

M , for d > 0. Then the Selberg trace formula

1—u?

and ay, (d) = ay, (d(z,0)) =
for the kernel «,, says:

" d 1 1-qu (p)—
a _ ¥ rv(p)—1
Z::d (1—)\iu+qu2) 1—u? | |+Zu(p)2u

{r} r21

which implies the theorem below.
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THEOREM 5. (Thara) Given X, a (q + 1)-regular, connected, finite graph
(x (w)=(1- u2)r71 det (I — Au+ qu*l),
where 1 — 1 = M = |E| = |V|, E and V are the edges and vertices of X,
respectively, and r is the rank of the fundamental group of X.

From this theorem, one can deduce the following corollary. See the last page
of Terras [41].

COROLLARY 4. For a graph X satisfying the hypotheses of the preceding theo-
rem, the complexity of a graph, k(X), which is the number of spanning trees of
X, is

I -1 _ 1
S =102 T=w) Cx W)

Formula (1.6) for N,,, which was given in the introduction, is also implied by

Theorem 5. To see this note that

det (I — Au+ qu*l) = H (1— Nu+ qu?)
=1

= T -axu) (1-B8yu)

i=1
where {\;}_, = Spec(A).
Then apply u% to the Thara formula and see that

d m
ualoggx(u) = mZZleu
= Zum{(r1)(1+(1>m)+Z(aKé+ﬂKi)},
m>1 =1

where N, is from Definition 5. Formula (1.6) is then clear.

One interesting fact about the Thara zeta function is that the analogue of the
Riemann hypothesis is equivalent to the graph being Ramanujan, which means
that p from Definition 27, i.e., the second largest eigenvalue of A in absolute value,
satisfies

(3.17) < 2./q.

Ramanujan graphs are of interest in computer science because they lead to efficient
communication networks. See Terras [41] for more information.

The Thara theorem holds for irregular graphs thanks to the work of Bass [3]
and Hashimoto [19]. One simply replaces qu?I with u?@Q where @Q is the diagonal
matrix whose j'" entry is ¢j, where ¢; + 1 is the degree of the j'* vertex of X.
See Stark and Terras [36] for more information. You can view the logarithmic
derivative of this result as a replacement for the Selberg trace formula for irregular
graphs. See Mizuno and Sato [29].

M. Horton [20] has shown that the girth of X is the smallest exponent ¢ with
¢; # 0 in the polynomial (' (u) = 1+ cju + cou? + ... + cou?/El. Moreover,

Ny

Cg:*?:*W(gf
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Horton [21] has also shown that for a graph X there exists a sequence of graphs
{Xu},>1 such that X is a subgraph of X,,, the X, are distinct, and lim (, (u) =

( x(u) for each u such that |u| < 1.

D. Newland [32] has studied the level spacings of zeros of ¢ (u) " and com-
pared them to that of the zeros of other zeta functions such as Riemann’s. Though
many zeta functions have level spacings in the Gaussian Unitary Ensemble (GUE),
since the adjacency matrix involved in (y (u) is a real, symmetric matrix, its level
spacings are more closely related to those of the spectrum of the adjacency matrix
of X. This will be the distribution of the Gaussian Orthogonal Ensemble (GOE)
for randomly generated, k-regular graphs. For certain arithmetically defined Cay-
ley graphs (the Euclidean graphs in Terras [41]), however, it appears that the level
spacings are those of Poisson random variables. This is similar to what happens
for the explicit examples of function fields zeta functions in Katz and Sarnak [24].

3.4. Kernel #4.

— 1, a<A<p,
fap (N) = 5[%/3] \) = { 0, otherwise.

This kernel is a natural one to think about. It appears in Mizuno and Sato [29]
for bi-regular bipartite graphs. The problem is that the Ahumada convergence
condition fails for this kernel, as we shall see.

The Plancherel theorem implies (setting w = 2,/q cos x in the kernel #4 analog
of formula (3.14)) that

B
q+1 4q — \? .
wp (@) = T [ hy(z) LT d), if d(z,0) > 0;
fa,p (2) o *()(q+1)2—A2 (z,0)
(6%

fa,s (0)

B
q+1/ Vg — \° i
(

The horocycle transform here is

u 1 1 _ _ndZ
Hfap(n)q?> _T / aﬁ] g7 (z+ 2 1))z "

We have for z = ¢*,

2\/gcos (vlogq) € [a, 5] < cos (vlogq) € {2\0;6, 23@] .

If -2,/ < a < 8 < 2,/q, and (a, () is an interval on which cos () is well defined,

vlogq € [oos”! <2$a> Jcos™! <2§a>} .
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So letting z = €™1°84, we get < = ilog q dv and

- ()

1 log q
Inl 0gq
Hfoz,ﬁ (n) q? o

o ()

log q

cos (nvlog q) dv

_ sin(nvlogq) |cos! (5% )/1084
N 2mn cos*1($)/logq

= 4\[7m (‘/WU” ! <2ja> ~ Vg = U (25@))

where U, (z) is the Chebyshev polynomial in formula (1.1). Now, U, (x) has the
generating function

(3.18) > Un(z)z" = (1-2wz+2%)"
n>0

when |z| < 1, |z < 1.

Does our horocycle transform satisfy the Ahumada condition? That is to say,
is Y. Hfop(n) g™ < c0? Note that

[n|—1 /7 n|+1
|n‘ q ’ 4 - 62UTL— ( ﬂ ) 4q — q - TL (ﬂ) .
Since

0, if n is odd,
Un (0) = { (=)™, ifn=2m,

when 8 = 0, we have a divergent series.

3.5. Kernel #5 Resolvent Kernel or Green’s Function. The resol-
vent kernel G, (d (z,0)) is defined by

for A(s) = ¢° + ¢'=* = 2/gcos(flogq), s = £ + i, A(s) € [-2,/g,2,/q], and
Aw)=¢"+¢"7, A(w) ¢ [-2/4,2,/q]. This kernel has appeared in Cartier [8],
Chung and Yau [11], with A (w) = 0, and Figa-Talamanca and Nebbia [16]. The
last authors use it to prove the Plancherel theorem and they show

—wd(z,y)

(A= (¢"+q"™) 1) =2 - 4 f(y).

yGTk

For the Selberg trace formula on the Poincaré upper half-plane, the resolvent
kernel is used by Elstrodt [14] to study Selberg’s zeta function. But he has to look
at the difference G, — G}, to satisfy a convergence condition. We will not have to
do this here.

Let n(n) = —ql‘,{:’;'ﬂw. We can show that this is the horocycle transform of
the resolvent kernel; i.e., n(n) = HG,, (n). For this, it suffices (using Lemma 1) to
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show that

(3.19) S nm) T =Gu (V)

where A = 2,/q cos (01og q).
To prove formula (3.19), note:

_ (qw _ ql—w) Z n (n) q‘;—‘qwn

Z q—w\n\—&-iﬂn—k%

neZ nez
—w+i0+1 —w—i0+3
= 141 A2 T a A2 T
1— q7w+19+§ 1— q7w719+§
1— q72w+1
14 g 2wt —2¢=w Jgcos (Alogq)
1
_ w _ l-w
B R YR Y )
Thus, f(% + i0) = é; = )\(s)—l)\(w)’ as claimed.
Does (HG),) (n) satisty the Ahumada condition? Yes, if Rew > 1.
PROOF. 3 (HGy) (n)¢" <o 3 (¢7%)" < 0o & Rew > 1. O
neE”Z n>1
Here
2v4
q+1 Vg — \° 1
Gy (0) = 5 5 o d,
2 (g+ 1) =X A= (g +¢'7v)

by Plancherel. So, we can plug this kernel legally into the trace formula and obtain
the N, formula (1.8) which was stated in the introduction.
Note that kernel #5 is closely related to kernel #3.

3.6. Kernel #6 Kernel for which Horocycle Transform is a Delta
Function. Let
1, m==n,

(Hgn) (m) = { 0, otherwise,

Inversion of the horocycle transform (see formula (2.2)) yields

gn(Iml) = 6n(Iml) = (@—1)>_ dn (Im| + 24)

320

for n > 0.

3]
= Sulml) = (= 1) S Surzy (Im]).
j=1

which implies, for n > 0

B 1, if 2|n,
In (O) - (q o 1) { 0, otherwise.

The spherical transform is, by Lemma 1, for z = qS*%

- P o ns 4 n(lfs)7 n >0,
gn (s) = g% (" + 2 )—{61] ! n—0.
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So the trace formula says if A = adjacency operator of X and n > 0,

1, n even
ns n(l—s)\ _ _ (, _ ) )
Z (q +4q ) - (q 1) |X|{ 07 n odd
A=q"+q~=€Spec(A)
+ Y v()d S (rv(p).
{r}€pr r>1

Both sides of this formula are finite. This implies the N, formula (1.9) of the
introduction. For small values of n, this yields the same results as kernel #1. But
this could be a useful kernel to convolve with others.

CoONCLUSION 1. Which kernel won the contest? Which kernel lost? We leave
the final decisions to the reader. It appears to us, however, that kernels #1, #3,
and #6 are in the lead and kernel #4 never got out of the gate.
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