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Problem (Esther Klein 1933)

Given an integer n, is there a minimal integer ES(n), such that any
set of at least ES(n) points in the plane in general position,
contains n members in convex position?
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Conjecture: ES(n) =2""2+1
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Exact values

Conjecture: ES(n) =2""2+1
Klein (1933): ES(4) =5

Makai (1935): ES(5) =9
Szekeres-Peters (2006): ES(6) = 17.

For n > 7, ES(n) is still unknown.
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Towards the conjecture ES(n) = 2"2 +1

1935, Erdds-Szekeres: (2n"__24) +1

1998, Chung-Graham: (2"-})

1998, Kleitman-Pachter: (*"}) —2n+7
1998, Téth-Valtr: (27-2) +2

2005, Téth-Valtr: (*"2) +1

2015, Vlachos: lim sup 5ol < 2.
n— o0 (n 2)

2015, Norin-Yuditsky and Mojarrad-Vlachos: lim sup @ (';)) < %.
2

n—o0

= 4"—0(") i
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The original upper bound

Theorem (Cups-Caps Theorem)

Let f(k, ) be the smallest integer N such that any N-element
point set in the plane in general position contains either a k-cup or

an f-cap. Then
k+0—4
f(k,0) = 1.
o= (7550
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Cups-caps construction

f(k,0) > f(k—1,0)+f(k,t—1)—1

f(k,l-1)-1
(G

f(k-1,)-1
(G
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Cups-caps construction
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f(k,l-1)-1
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Cups-caps construction
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"typical” convex n-gon

Union of an (n/2)-cup and an (n/2)-cap. Note that:
f(n/2,n/2) = 2n=on)

Question: Can we (somehow) combine the cups and caps from
the cup-cap theorem?
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Theorem (S. 2016)

For n > ng, where ng is a large absolute constant

3/4

ES(n) < 22"

Conjecture: ES(n) =2""2+1
Erdés offered $500 for a proof (Graham offered $1000).
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mutually avoiding sets

Theorem (Aronov—Erd(')'s—Goddard—KIeitman—KIugerman—Pach—SchuIman 1991)

Let P be an N-element planar point set in general position. Then

there are subsets A, B C P such that |A|,|B| > /N and A and B
are mutually avoiding.
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mutually avoiding sets
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mutually avoiding sets

Theorem (Aronov-Erdés-Goddard-Kleitman-Klugerman-Pach-Schulman 1991)

Let P be an N-element planar point set in general position. Then

there are subsets A, B C P such that |A|,|B| > /N and A and B
are mutually avoiding.

f(n,n/2) °

e f(n/2,n)

VN = f(n,n/2) ~ (2.6)" = N =~ (6.75)".
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mutually avoiding sets

Theorem (Aronov-Erdés-Goddard-Kleitman-Klugerman-Pach-Schulman 1991)

Let P be an N-element planar point set in general position. Then
there are subsets A, B C P such that |A|,|B| > /N and A and B
are mutually avoiding.

Theorem (Valtr 1994)

Any point set P with |P| = N and with ratio cvV'N, contains no
pair of mutually avoiding sets of size more than ¢’v/N.
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Grid-like point sets contain large cups and caps

Theorem (Valtr 1994)

Any point set P with |P| = N and with ratio cv/N, contains
Q(N/3) points in convex position.

Basic Idea: Grid like = large cups and caps
Not grid like = large mutually avoiding sets.
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Theorem (S. 2016)

For n > ng, where ng is a large absolute constant

ES(n) = 2mto(n),

3/4

Proof. |P| = 2nt2n
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Theorem (Pach-Solymosi 1998, Pér-Valtr 2002)

For |P| > 16%, there is a k-element subset X C P such that X is

either a k-cup or a k-cap, and the regions T1,..., Tx_1 from the

support of X satisfies | T; N P| > 2|4L0L.

3/4

Proof. |P| = 2nt2n
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Theorem (Pach-Solymosi 1998, Pér-Valtr 2002)

For |P| > 16%, there is a k-element subset X C P such that X is

either a k-cup or a k-cap, and the regions T1,..., Tx_1 from the

support of X satisfies | T; N P| > 2|4L0|k.

3/4

Proof. |P| = 220" ) — 2/3 | T, p| > pnt2n’/t—a0n®/?
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Theorem (Pach-Solymosi 1998, Pér-Valtr 2002)

For |P| > 16X, there is a k-element subset X C P such that X is

either a k-cup or a k-cap, and the regions T1,..., Tx_1 from the

support of X satisfies | T; N P| > 2|4LOL.

3/4

Proof. |P| = 2m20* | — p2/3 | T, 1 P| > ont2n®/—4om,
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Define partial order of P; = T; N P, where p < q iff
q € conv(p U xj_1Xj+2)
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p=q
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pPAq

Andrew Suk On the Erdés-Szekeres convex polygon problem



N = 2nt2r* ) — n2/3 Get o = n~ /A,

Dilworth’'s Theorem: Each P; contains either
@ Antichain size (24%)0‘ = 2"3/4"’2"1/2_40"5/12

@ Chain size (%)l_a = gn+n*/t—40n?/3 —2nl/2
2
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Case 1: 4 = ”12/3 of the P;-s are nonadjacent antichains.

© Antichain size (24%)0‘ = on¥/t4an 2402 5 gy 0 p2/3)
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1/3 . . .
Case 1: 4 = "2/ of the Pj-s are nonadjacent antichains.

O Antichain size (24%)0‘ = on*/*42n1/2—-40n%/12 - f(n,2n%/3)

Union of all small caps is a cap (done).
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Many large mutually avoiding sets

Case 2: Vk = nt/3 of the P;-s are consecutive chains.

. . l-a 3/4_a40n2/3 _opl/2
© Chain of size (24%) — 2n+tn*/"—40n~"—2n
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Many large mutually avoiding sets

Case 2: Vk = n'/3 of the P;-s are consecutive chains.

. . 1— 3/4 2/3 1/2
© Chain of size (24%) & — gntn*/*—40n*/3—2n"/
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Many large mutually avoiding sets

Case 2: vk = n'/3 of the P;-s are consecutive chains.

. . 11—« 3/4_ 2/3_np1/2
© Chain of size (24%) — ontn*/*—40n?/3—2nt/

Xi+1

Xi_l, , Xi+2
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Many large mutually avoiding sets

Case 2: Vk = n'/3 of the P;-s are consecutive chains.

. . l1-a 3/4_a0n2/3 _opl/2
@ Chain of size (24%) = 2ntm/"—40n"==2n

Andrew Suk On the Erdés-Szekeres convex polygon problem



Many large mutually avoiding sets

Vk = nt/3 of the P;-s are consecutive chains.

: . 1-
@ Chain of size (24%) @ = gn+n*/t—d0n®P-2n'2 5 gy 0p2/3)
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Many large mutually avoiding sets

H . 3/4_ 2/3_npnl/2
Case 2: vk = nl/3 chains of size 2n+n*/*—40n*/%~2n"/

2/3 _ 4
. 2/3  .02/3  2/3y _ [(n+n n+2n?/3
f(in“>,n—in">+n )—( i2/3 o +1<2

f(3n3n -2 )

ferBn -4 Y

f(n23,n)
f(n,n - r#3)
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Higher dimensions

ES,(n) =smallest integer such that any set of ES4(n) points in RY
in general position contains n members in convex position.

Theorem (Kdrolyi 2001)

ESd(n) < ESd_]_(n = ].) + 1.

ES4(n) < ES(n—d +2) 4+ d —2 < 2"+,

Fiiredi: ES3(n) = 2°V™.

d—1)

ESq(n) = 2¢m"
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Higher dimensions

Fiiredi: ES3(n) = 2°V™.
(777) ESq(n) = 254/

Theorem (Kdrolyi-Valtr 2003)

ESq4(n) > 2“7V,

ES4(n) < 2nto(n),

Andrew Suk On the Erdés-Szekeres convex polygon problem



Mutually avoiding sets in R?

Theorem (Aronov-Erdés-Goddard-Kleitman-Klugerman-Pach-Schulman 1991)

Let P be an N-element point set in general position in RY. Then

1
there are subsets A, B C P such that |A|,|B| > N#-d+1 and A and
B are mutually avoiding.
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Mutually avoiding sets in R?

Theorem (Aronov—Erd(’)’s—Goddard—KIeitman—KIugerman—Pach—SchuIman 1991)

Let P be an N-element point set in general position in R?, d > 3.

1
Then there are subsets A, B C P such that |A|,|B| > N#-d+1 and
A and B are mutually avoiding.

Theorem (Valtr 1994)

There is an N-element point set P in RY in general position that

does not contain a pair of mutually avoiding sets of size more than
1—1

cN-"d.
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Back in the plane

Theorem (Aronov—Erd(')'s—Goddard—KIeitman—KIugerman—Pach—SchuIman 1991)

Every complete n-vertex geometric graph contains \/n pairwise
crossing edges.

1—e¢

Every complete n-vertex geometric graph contains n
crossing edges.

pairwise
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Ramsey approach

Fiiredi: ES3(n) = ocv/n
(77?) ESy(n) = oegm/ (@1

V = {N points in R9 in general position}
E = {(d + 2)-tuples NOT in convex position}.

Theorem (Motzkin 1963)
Any set of d + 3 vertices (points) in H induces 0,2,4 hyperedges.

re(k + 1, t; n) = smallest integer N such that every N-vertex
k-uniform hypergraph H contains either k + 1 vertices with t
edges, or an independent set of size n.

ESq(n) < ra42(d + 3,5; n).
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re(k + 1, t; n) = smallest integer N such that every N-vertex
k-uniform hypergraph H contains either k + 1 vertices with t
edges, or an independent set of size n.

Conjecture (Erdés-Hajnal 1964)

25!1

re(k +1,5; n) = twra(cn) = 22

re(k +1,t;n) = twre_1(cn)
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Ramsey approach

Not a good approach: ES4(n) < rgi2(d + 3,5; n).

Theorem (Mubayi-S. 2016)

For k > t+2

re(k + 1, t; n) = twr,_y (nk—t+iHe)

ri(n) = smallest integer N such that every N-vertex k-uniform
hypergraph H with the property that every k + 1 vertices induces
0,2,4 edges, contains an independent set of size n.

ESy(n) < rjio(n) < rapo(d +3,5;n).

Not much is known about r}(n).
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Thank youl!

Andrew Suk On the Erd6

-Szekeres convex polygon problem



