Infinite-valued Gödel Logics

Matthias Baaz Technische Universität Wien A-1040 Vienna, Austria

baaz@logic.at

Richard Zach University of California, Berkeley Berkeley, CA 94720–3840

zach@math.berkeley.edu

Takeuti and Titani [4] investigated the first-order version of infinite valued Gödel logic with the real interval [0; 1] as its set of truth values. This logic was shown to be axiomatizable, but no cut-free system is know. We present such a cut-free axiomatization based on Avron’s [1] hypersequent calculus for infinitevalued propositional Gödel logic. The proof of completeness of the system uses only the fact that the set of truth values contains a densely ordered subset (we call such sets staturated). It is thus shown that all Gödel logics based on such sets of truth values are the same. We show furthermore that any other infinite-valued first-order Gödel logic is not axiomatizable. (This was shown for a special case in [2].) In contrast to the propositional case, the order structure and not just the cardinality of the set of truth values determines the set of valid first-order formulas. The situation is analogous to the propositional case insofar as all Gödel logics based on saturated sets of truth values determine the same consequence relation, which is compact. All other infinite-valued Gödel logics are not compact [3].

References

[1] A. Avron. Natural 3-valued logics—characterization and proof theory.

J. Symbolic Logic, 56(1), 276–294, 1991.

[2] M. Baaz, A. Leitsch, and R. Zach. Incompleteness of an infinite-valued firstorder Gödel logic and of some temporal logics of programs. In E. Börger (ed.), Computer Science Logic. Selected Papers from CSL’95, 1–15, Berlin, 1996. Springer.

[3] M. Baaz and R. Zach. Compact propositional Gödel logics. In 28th International Symposium on Multiple-valued Logic. May 1998, Fukuoka, Japan. Proceedings, 108–113, Los Alamitos, 1998. IEEE Press.

[4] G. Takeuti and T. Titani. Intuitionistic fuzzy logic and intuitionistic fuzzy set theory. J. Symbolic Logic, 49, 851–866, 1984.