ON BOUNDING SIMPLE SETS INSIDE M-DEGREES

KEJIA HO AND FRANK STEPHAN

Abstract. We study nontrivial upper bounds with respect to m-reducibility for simple sets both as natural classes and as individual sets. The results along the former line are: (1) No m-incomplete computably enumerable set is an upper bound for all simple sets. (2) No effectively simple set is an upper bound for all strongly effectively simple sets; in addition, for every effectively simple set A there is a strongly effectively simple and c-complete (hypersimple) set B such that B �m A. (3) If C is a Σ3 class of computably enumerable sets containing only simple sets and cofinite sets, then the ideal Igenerated by C has an exact pair of simple sets and every set in C is 1-reducible to any one half of this exact pair; in particular, the ideal generated by the (strongly) effectively simple sets and cofinite sets has an exact pair of simple sets B and C, and every (strongly) effectively simple set is 1-reducible to B and to C. The results along the latter line are: (1) Below some noncomputable computably enumerable set there exists no simple set; in addition, this noncomputable computably enumerable set could be chosen to be p-complete. (2) Below every c-complete computably enumerable set there exists a simple set.

References

[1] K. Ambos-Spies, A. Nies and R. A. Shore, The theory of the recursively enumerable weak truth-table degrees is undecidable, J. Symbolic Logic 57 (1992), 864–874.

[2] P. Odifreddi, Strong reducibilities, Bull. Amer. Math. Soc. 4 (1981), 37–86. [3] P. Odifreddi, Classical Recursion Theory, North-Holland, Amsterdam, New York, Oxford, Tokyo, 1989.

[4] E. L. Post, Recursively enumerable sets of positive integers and their decision problems, Bull.

Amer. Math. Soc. 50 (1944), 284–316.

[5] R. I. Soare, Recursively Enumerable Sets and Degrees, Perspectives in Mathematical Logic, Omega Series, Springer-Verlag, Berlin, Heidelberg, New York, Lodon, Paris, Tokyo, 1987.

[6] R. I. Soare, Computability and recursion, Bull. Symbolic Logic 2 (1996), 284–321.

Department of Mathematics, University of Illinois, Urbana, IL 61801, USA E-mail address: k-ho1@math.uiuc.edu

Mathematisches Institut, Universität Heidelberg, 69120 Heidelberg, Germany E-mail address: fstephan@math.uni-heidelberg.de