Lecture 4: Selberg's local rigidity

Monday, January 16, 2017 10:56 AM

Our moin el body is o prove  Sebent's loca | riididy
Theoren (Selbers) A cocompoct lettice of SL, (R) has sl
n'ﬁ.‘A.'Jca for Ny 3.

Let T be o conpoct lathice of SLAR) ad T SL(R)
be o deformatim of the natunl e»J:eJJu'na p:T—5SL(R.

A I 4
Qe 4 Ickc'[vr‘:rave_ SﬂteGLhCR) , such that ﬁt(“l)=3%‘\l if .
Here is the outline o} Tmo'?:
Sirﬁ 1. ‘lrr(eto)):'l:r(‘Y) VY YeT' , +then F’l‘ is o

'L‘n‘qul Je-fomorl-ion- { s enowal—. ":of?rbve ‘h’a\ce r*iaiclél.)

Sepa Lot T =gveT |all of cyemahes o o ¥ .
are real and \(\i\+I(>\d\ R 4

iy frCct('\m=‘lT(“() Y Ye Im, then ﬁc is & triviol

dedormation. (H s enouﬂh 1o Prove tmce riojdiy for R- R%vdo\r
eiemen‘l:s D) v
ES. i ft@} is a C.OCOMYQC'II It ice and  ker (ﬁt )=Zi§ ) then

b amy e T Qmerm ond

oy [Me (B0 / by 1% () ¢ independert of F
CMakes nse “P’ (A)e\dl chambers in o s:'na‘e Ploct D)
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Lecture 4: Trace rigidity implies rigidity

Wednesday, January 18, 2017 11:20 AM

S_‘b;\:_ 4, HZ Q:CI‘) is o CocmrrTac": la‘&lbe O\nc, ker(ﬁ):i , 'H\en
'eﬂr o«mé 'Ye—_ﬁm, Q\(ﬁt('\)ﬂ is mo‘aTenJ-en‘[r a_,Q + .

(Makes use of o nec‘ﬁl\borl‘nﬁ chambers in TTrfss %eomejcrn-)
[n (far{n‘Cu‘ar} ‘l:f(f_k(‘\{ﬂ=+r‘6'¥) For mné YeI‘m.

3‘\:3& 5 R P"} s o old?onm'h"onaf a COComfaC{ lthice T in SL_(R),
-Hnen et('_[‘) IS & CocowToc‘L' lﬁH’l‘Ce anJ ‘Qer(e_l_) =1.

%_‘jrtiti. Rorel’s o‘ensn{—(a theovem makes 'H'n's 'U\e eo\su‘eg-\: s-‘;e?
‘Le_mm. n the obove Sd?h'na, it (s e:wmak o ?rave

() —_-—tr(elc“lﬂ-

oot Let A, be the Rospn of T in M, (R

Pe. ¥ Ap =M@, then T o lnenr Funchional L. M, RY=R
such it /RCAI.3=0. S ¥ VYT, dey=o .

By Borels deny thewem, T' & Zariski-dense i SL (R).

Hence ,E(sl_ncnzn —o. VXeM (B, IAR s+

deb X+ NT) Yo - TThas T Ny, eR, O, (X+XT)eSLEW)
= The R-span =¥ SL.(R) is M,(R) , which controdict £#0 11
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Lecture 4: Trace rigidity implies rigidity

Thursday, January 19, 2017 6:40 PM

(ln closs ove. used step 5. 4o sy g (T s ldtice do deduce
Ahat the Respon (T 15 M, (R). Here is om ansy wohybo
gt His For small £
Lt ¥, ., YaeT be an Robasis of MR, ond let
[¥1, be the veckr of N, wrriten in the standard
bsis E | tsuf<nd o M (R) . Then

det [“‘:]3J#o.so by b o ot
{[‘Y}]R d 9t
e 36[' det [ [P*CT“)]IS 1’[” - Hence A
Iﬁ_(‘;lhz\]»g

ch)zﬂ“m d
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Lecture 4: Trace rigidity implies rigidity

Monday, January 16,2017 _ 11:15 AM

CS'mA\\ '\I)
C\atm@ or 49, ¢ M C(R\ ‘g V"‘GT '{""(%i.()-tc\“)“ﬂﬂeﬁ

ther =%
Proop. ¥ veT Jrr(Q -9, )6CN )= =‘r+"((°; =9,) ’A‘&cm\ =o

oo;\ere/\ )\‘S the R-—S\mn 4&(\"\:7 Y 1svijen,

GRS %vb Pr=e =G = = g9, °

Clam@ If = ¥NeTY Jcr{v)_vcaom . then
.M (R§—PN R, T(Zr Np) = Z QYD
Q =1 +
s wc“—c{e-PmeJ whew. 3 G'R ‘Y.{er .

q&% ch G-)—Z Q) @W

=\ ¥ Yel', ‘tr( er-n \f;n N )= ’L‘r(ZrmYm‘Y\
— ¥NeT, & -&mf” V)= QP Y)
— YT, T o of vi= 2 r Hrcped V)
— ¥vel, tr( f“a C’j@\ ﬁ((z Q(«?’ peb)

fI EA
e usmg the meous clmm L, QR a& 2Y met(nf:’)=zr(l:z)€ ((\((:"\)

oohc}\ lmr‘tts 'er[' ‘Y(;{_ is coeli—éf:'elhe& 0]
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Lecture 4: Trace rigidity implies rigidity

Monday, January 16, 2017 11:31 AM

C\o\\'ﬂ@ Eg-beGLhCR\ , _lé\:(‘)() = %.E‘X 5_? -Y-or 0\1\6 %GMnCR\ .
PR. The a0 _% 5 defined , ce have Pt b s Belinear.

0

V’X.\,fxzeHnC‘R\ A r(z cR and ‘an, meI’ such that

@ @

T (xx >—T((Z o) (2 ))
.l. l

O @ o ®
_T( ) o VAR )
( 2 W 2
l 'Z.
(?. @) a @

= . Q_(*\]Y\

|,:‘,_
o Q) ) >
—(Z g i) (2T g
= —r CX D —[EL_(XQ_),

G
cohich l‘mrlfes —IE : Mn ®) — M n (TQ) 5 an R- qjaebm
[r\omomorzrhlsm Hence 33{6 Gl (@\ (fx) arxﬁ -gar‘ O\hg
X € MnCR\ . (C«)ha 2). o
Hence V¥eT', Q(‘\&)—- ) = &c“o’m "

Remark (sokn-todher) ¥ A is o k-cedfral su'nv?le a[aekru, then any k- O\u{amoffl‘lisio
1. A3 A is imer, re. I acTUR) (wis) , Vxe A, Roa=axg?t.
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Lecture 4: R-regular elements

Monday, January 16, 2017 11:52 AM

S-IBT 2 relies on our LéHI’,Y' \Ancle,r‘sjcaml{n% o? (R- (écau \ar‘ e\emen\:s sP

g‘—nCR) . Locl.‘er we w\n ‘H'eir Conner\'fon oo\'Hq ‘ﬂa'l‘s n ‘Hﬂe S\jmm. s\’fo\ce.

Definbon  Let G<GL (O be Zanski-clsed definel over R. e .Swa
ge GR) s R-rglr n G o dg/e GL,R) s-+.
3/ C@r Ca) 3’-1 < c\l‘aaom‘ mabrtes »

whee C (8) =3xeG \ 39<=9(32 is the oewl:?ah'zerqf_ 9 in GIR)
G
Lemma.geSLhCR\ is R- rEﬁu[qr in .SLn(‘_IR\ £ and On‘a P

el‘%en\fa\lues 019, q are dishinet real numbers.
Pt =) = JeGL, Ry, S/CSL“CR)( 7 3"1 - c\c«a .
= %/a %"i < c[(o\a. rnq{-r\‘ces in MbCR) = all @lﬁen\mlues

cz? gqre mql numbers . So % 5 simlae t5 @ mabnx u[Z +the
NI,

;?Of'h\ (X(Im._ } . The cerhalizer o;?_ [ . l

. mIn (X"‘_i“"‘

DN
Chishy) ®
In Hn GR) 15 ‘M ( M“ CR;X Y CSL“GR) Cﬁ) S a COna'v\so\‘l;e,

] L® . |
%CIG[‘Q G—LhCR)J I GL’:L' c[:l} CJ’\\CL ) COMmm‘Eor{nVe

B4 wi wia N4 nl=...=nh—_-i._|_);ts l‘mrl.'es ec‘(jenvaluesof_ g are
Jé%h -
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Lecture 4: R-regular elements

Monday, January 16, 2017 12:12 PM

g—_—) Since a“ -H\e 0‘3@%'0\6 0‘-‘)— % are A\'S‘L‘MCL 5 "H\e— a_orc\qn ‘fvﬂn
S o olt' nq,[ mrl:nx r‘ J - Since a“ the e(‘envn[vres

T g N 3
a%. 3 e r’eql, Ejle (;[_n(qm such Hhat

/ /- X ]

%831=[ \_-(X\llm\c[ qi#()‘»(\'-
> CSL,\GR) (g7 = dig mmoes i SLE)
= g'gj_ncm(ﬁ\ 3"1 == J\‘mz- matnces - m
Remark . Certralicer o¥ o a\a‘o\aonml rm‘L'nx Can be \Ahc‘er‘s"l‘ﬂcl

(ASl'nJ the ﬁeouooo\'ng equa‘him:
Ky K -|i (>\ ():i i

P (x} ch ]F ."‘YfJ —[ | (x"'“J |
—r}e -Pc”oooina ?WTQ({B fr?_ ‘R— mjular e\emen‘rs Is CmCl'o\\ in ‘H'\e. ?mo’P
O!F -H\e. 2!_\2'- S{‘e?
.R_'o-ﬁosi":fon. et A=?’F\'(>\] \ (X;e'ﬂgg o\no\, Yor c>4, let
Ao:~= %.F',xn’! \ (Xl- /();_ri }_CE —\—ken/ ‘Eor‘ an\a nbhd OG O'g I in
SJ_nQR) ) om.a nUw‘ OA o‘£ I in A, omcl o‘ng c> i, ‘Hwere IS a njolmcl

U of T in S (R) sch fhat, Voeh,
UalUs = 1909 14eQ; .48
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Lecture 4: Stability of R-regularity

Tuesday, January 17, 2017 3:59 PM

Cor‘o“aﬂ-a : Hzg is (R—re%m\ar coith f\:os}EK/e e\genvalues, ond n>L, then

H\e,re s a nUno[ Uq_ "ID' T in G sucl'\ ‘H‘o:{‘ -Eor o«n\é e Z+
Omo‘ O\na ’XGU %i UG\- ‘Hr\e_ e,tﬂev\\m\‘was ()a'C‘X\ 0!9 X Sq‘\:'nsﬁa

© mic9<)>’>cm> el Lt P

@ ?{}\ (8\ < ‘)\ (@) <”] N (‘3\ s here r\\ﬁaﬁ> ---7(\,\0@70

are excacmvo\lues *‘f?- g -

Proo?. Since g is R—reqular, 3 3/6 GL (R) such that
%
8’(3 %/’i= X 'j am‘ ()\,\-;{: (X,A Prm[ 133 ownr O\SS(AM'VBOYI

N; Yo . ffter Conjuﬁ;:-hhoa bn a ?wwka‘h'on mabrix ,  needed
we an and coill asume N> N7 PN

Hence og.\-o%. we can and cill assume 36 Ac Lo some.
cyt. S, dor wy ieZ', g A,

Noco Jet (9 %4“*3(“,; ,om\ = <L, < J—E “Then o
'r\ <y <«\

0‘"‘3 o\eAc ond de N s we have

QJ = 0‘(0\3 (Ql,---,an) Jw‘a (‘Jl 1) Cln) = 6[10\3 (O‘Cj' 70 a,p(,d

Uiy =g bk z e LSRCORCES

So od @ﬂ(\ré 1S <R_ reﬁudar. Moreover g\:_ G, <CA.;O‘.L‘ < M 0
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Lecture 4: Stability of R-regularity

Tuesday, January 17, 2017 10:35 AM

Let O, be any nbhd of T in SL (R), and let T be the nbhd of
T ohch Fopsrtin gives us For thegatmetes O, O ,and « as
above . Then, for ang €2} Tpg' Uy S {xg 45 | Qg 4O
So by the above. discussion
) 3"4 s R (‘Qﬂulaor‘ coith ?os.‘%‘ve Qicﬁen-vo\\ues.
Oy % S\a-cfp‘ <N ) < NG -
A o or any e SL (R e got
® ¢ 31'4 ﬂ/-i s ‘R_rﬁeﬁu\lar eoith qfosi%‘ve e,(%enqla‘m
@ % ‘Xa (3)1 <(Xd (j’ca"c[ ca’-i) <9 ‘Xd(ﬁ?
Hence —for any e T g U we have
O % s R_m%u[ar coith ?os\'Jm'Ve e,(‘jen_valmes.

1 o .oV . o
@ ﬁ (Xi\(ﬁ) < (XAC‘XB < ‘Y\ (\aC'iP : n
Remark . The imforkance o} the above comllarg s on the Pact that o sfnﬁle. h bhd

Ug o I om aork for all of positive oS of q ot the same time. H is much

easier to shocs that the Se{‘o£ @—rvaulom ele\nen'l's rr¥ SLn(?\ is aren, Lv\‘t

‘H\o\‘[: an‘ves ns o nbkl o\)ln'c]\ ooor\ts Onb -Por- A Slhgle I‘(—:ZT.
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