Lecture 1: Objectives

Thursday, January 12, 2017 10:26 PM

“The main goal of this course is + 30 over Mostow’s
<1>(oo=9 P %‘h‘bnﬂ ‘Rg@rbj For Cocom?acl' lattices in higher
f_ailg_ : Fbre—?uu‘é Eskin- Farb’s ?mme oF Quasi- Isomehric

Ridby of. such |ithices coill be discussed .

ﬁlong the cony e will leam about symnetric spaces
Tiks l)ounclané, ond a bit about ather 475\:25 oF Fl'al‘cll"‘l?é.

| ill be maily using Mostou’s book . You can Find more
relevait references in the course wekr\)o\ae.

The Rirst resubt on m is due to Se“;er%:

" Theorem C%e\beﬁ} A COCOmYO\C'\T lattice in SL(R), n273,

is local|9 n‘afd.

Let ’s dePine o tecs terms:

Debinition . Let G be o topohogical gravg. £ subgrovep T
A G is caled o lattice $

@71 & discete, ©) there is o r‘egu[qr',‘Pl}ﬂ"I?E, G invar.
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Lecture 1: Examples of lattices

Thursday, January 12, 2017 10:28 PM

measure  on G—/I, .
E@Z is o ldte n R .
® SL(Z) is a lattee in SL, (R) (Minkowski’s  reduction
theory) (due - Huroottz)
@ Let M be a compact, orientable hm;crbo[l‘c, n— manifol do
Then ifs universal covening space. i H, ond
T, (M) = the guw R Deck transPormations
3 Tsom (H' )o, os a discrete suhﬂmu?.
od Mo H/ g
Tsom (H') octs trnsitiely on Hl for ony x,e H
there is on isomebry o H'—> H such -tk
0, (LCN = L) For omy qormetnzed gendesic L
hich s &b %, b F=o .
Tor ony qoirt 2, leb M be the milfle goint of

the %ﬂoc‘esfc Segmﬁn{‘ ’)(J)(-Wen (0;100&3 (X)=%
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Lecture 1: Examples of lattices

Thursday, January 12, 2017 10:32 PM

cmo\ 0;/1 00’9(0 1S oriw%oﬂ:ion Yresefv ing-

Ohe can shows that , the setr blé@C'hOY\ betcyeen
H od G ohere G Toom G ond G=1geGlyned
5 in fack a homeoreorphism - Nocs  coe- buve
Gy, & omact §=p LM S Tom (H) 5«

Ma WY/ } coconpact- loftice.

,(M)

@ 8i (z[z1) < SL(R) x SLR)
a+izb |+ (6+zb, o-{z b)

it is on (ireducible) lattice . CHt is a con \lcm} o

Borel - Horish-Chandrm’s  theorem )
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Lecture 1: Zariski topology (classical approach)

Thursday, January 12, 2017 10:46 PM

To formalate  Borel- Harrsh-Chardea’s theorem , e bn‘cﬂ% mca“

Zoris k{-'foPo lo% .

Zariski- ":n?ofo‘j% on Mn (C) : Close::\ se"s Gfe. Common
2elos o:? o -ﬁo\mu'lsd d£ ‘?o[\ar\amk\[s In er Vm'aUes-

Ex. SLn((D is & closed S(ALse‘\?' die Mncq:\ )

B GLO©cy M (O, X [X
5 & cosed subsch o M,_(C).
'Qe}_- I V is the set of comman zervs ofF o -‘Zami\a of

Aetoo'i]

polynamials in T;’s  coith wefficients in o (char. ) Rield
k, oe sog Vs defined over k.

. Notice that o Zoviski- closed su‘oarouT G o+ GL(O
chich is defined aver k gres us o fumly” o grous.
For ony unital cmmidtative k—algebrn A e get
the gy G GA) R common Zerws op thase Polynomials

n APk O G®R) dePis o funclor from
CMnE\'o\\ COmvr\,'or‘:\’ve) k-—o\‘ae)sms —p fz'!rmxrs-
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Lecture 1: Borel-Harish-Chandra

Thursday, January 12, 2017 10:55 PM

Rorel— Harish-Chandro Suwose, G C C\-Ln((l:) IS
a ZO\Y'fShl.—C[OSQC‘ subamU\T, On'\o\ Hom (G\-, QX)—_— i
Sm??osv, G is Common ZeYws UIV. o Pam\'lg 4 ?ol‘amm\‘o\ls
coith cwefbicients in Q .

Then  G(Z2)=GaGL(Z) s « loitce. tn

Ex. D:=QHz1 e Q=]
Cj(arER) = JZb
. 3‘2=b‘ oy number nat in N@Em/QC@[ED).
= D is o division olgebm.
[ There is a 8enem[ cony of Consltmc{,-l'ncj (cge[n‘c) alaeLms:
L/ is o cUch'c extenstion of cle,awee n;
Gl (L )=<0">
D=lLeolLxe ---@fonvi, Vel , xR x—oh)

ano[ QCn-_—.OLe Kx) —men (D s Q K—Cerr[:m, SI‘mF’e
ox[selam, o\m‘ {D‘-\’-Mn(K\ <= oc NL,KCL)-(\ ]
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Lecture 1: A Q-form of SL(2)

Thursday, January 12, 2017 11:18 PM

D can be |'e\€n‘l'l.%'€<; with {E -\)—i—] { x,YeQZ)[ﬁlg
co"\em Y Is 'H\e. Galors congwy:‘:ea c:g R - Le:l:

'vaz/‘j. l‘éz_em)
{24,
Sy (= 1§ ok Tl TR ;
) Q‘_G%Z) ’x“-ﬁﬁ(z_ =X\Z—2.X:

-5 (§e-2yH)=1

H is eosy o see Hhat SL, , (©)= SL(D - o by Borel -
Harish- Chandvn |, Sho (Z) is o lathice n S‘tm) R).
Sice {ZCR, ce can see thet S, (R)—SL(R).
Nettce thet 8L, (@) SD and o or any ue S, (@),

u-1e€D & inverhible. Hence no element of Sby p (@

‘W\S 'Q%@“Vﬁ‘“ﬁ =1. ]n MCMIO\Y‘ SLi,‘D ( @) l‘lo\S ho

un |‘?o'\7en‘l7 e|emen":.
Thewem . (Borel- Harish-Chand) G- S GL (C) common zervs
o{ To[nnomials with coetbicients in Q; tom (G, CH)=4

(B := GNGL (D has o um'v?dtcwl' demf,n'l:' “Then

GGR\/G—(Z) 1S CowTo&'\:'-
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Lecture 1: Borel-Harish-Chandra: number fields case

Friday, January 13, 2017 11:05 AM

Borel- Harish-Chondr’s theorem implies The -?o“oco\'nﬂ version :

let GSGL (C) be Zariski- ched subgroup defined over

o number Field R . Suppose Hom (G, CY=1 . TThen

GO):=GnGLO) s a lidtice h TT G (k)

e,k

where V,(k) is the seb of oll archimedean qlaces of &, and

NeG(O) s set to  (0z(V), 6N, TR, - TCD)

where o k5 R ar the real embec;o\inas od T, k—C

are the Complex embeddings  such that 007 ond TxTy

ond T T For vy

Ex. Let o\,cx‘,xz,x33=xz\+x22_«!i xi, and GTSO(‘P* ie.

G=1ae SL3C<D \ qr(%?\= 94.(V") For any Ve Q:sg.

So G- is Zartski=closed subgroup defined over @Iz 1.
Notice that over R, the c‘umlmh'c bom I has Sicano\‘l'urt_

(2,4) , omd so G(R) o SO(l,i\:‘{ge-SLSGM\10(3v3=1§qr\§

oolxewe. oh(_xvy,_,xsx = X‘l—.-xf_' _X: . ﬂnc\ One Coan See 'H\a“i‘ Gr(q:)
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Lecture 1: Example of Borel-Harish-Chandra

Friday, January 13, 2017 11:26 AM

s o oluo'l’\'en‘k oF SL.Z(O:} <‘\:o see this notice thot
dp,_,z_C(l:\ ==i><e HlC(]:)i %(X\g IS a ‘anee J{mensiono.! S(che
ord  SL (O M 20 (O, g.x= grgt, -deb g0 dets

Notice _det ([: f]\= +B+be s a quac\rvr['l’c Lorm ot sign.
(2,4) ) Sa, LU Barel- Harish-Chandrar,

G(ZLz]) ey Gk x Gk

where 0. QINZ1— R o+iTh | a+izh,
owd o QWz] R a+rfEZb s o-Fb.

e have alrmc[g said G(_“koJ) o~ SO02,1). Now

ge G (k@g =9 Preserves 0 (op (X, % Xg) = ><+X22+ E5

3

which has Sl'ana":ure (3,0). Hence Gc{[aojuSOCS).
2

Thas  G(ZEEZ]) S» SOEA) xS0(3) is o lottice.

Since  0R) is Corrrrmc[‘, the r?maec‘\:fdh u¥ G(Z]:\[Ej)
'\?) SO(Z,].) 8l\€S us o [O\'H'IC€,~ Since. on Comro\c‘l' %QMT‘

does NOT have um‘:»o%ﬁrrk element , G(A) € G (@ ) does
not hove unipotent elemerd: Hence by Bore |- Harish-Chondra,

G(ZLZ1) is o cocomoct lattice ¥ S02.1) .
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Lecture 1: Local rigidity and algebraic entries

Thursday, January 12, 2017 11:23 PM

n aha exteat the conerse of these theorems hold 2
One. might think that, & should be possible to perturb
the 3ever+0r5 ot o lattice and get lathices  cotth
branscendental trmces . This brings us bo the rext def.
Debindior . e sy o Fiely qerersbed subqroup T of

G is locally ﬁg@ i G- e, cortains o nbhd 01P_
P, € Hom(1', @), cohere
@ %.€°:TC_>G- ,(8.(3‘,\('\&\:—%‘\/8_1

® Hon (T, =139 | P-4 =13

A{)-mr om«a reR
cohere T QJ<‘X\,...)9(n ‘ > -

Remackh . Hom (T,G) cCon be viewed as an algebraic

SMLJVO\HC\T‘a O¥ Cr} --.XG— ]
Lemma. |t G< GL COQ) be o Zariski-closed

Sulo%row‘) cle%'neé over 5 Let T be a -Ps'ni{:elg ﬁenem{‘eA
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Lecture 1: Local rigidity and algebraic entries

Friday, January 13, 2017 8:27 AM

SuLarbulp of GR). Swr‘:ose TCC‘-CR\ is \ooa“o% r‘(‘ﬂ\‘cl. “Then
A9eG such 9Tt SGL@) .
Lemma . Lt VC € be He set of Common Zeros of a ?amiln o

og_ To‘anoml‘a‘s coth coefl. in —6 “Then v@) Is dense in

in Qr‘chr‘me ean 'fo?oloa%.

‘E"EO’_'E.‘ Let I be the Y‘O\c‘(cal 0‘? Hhe \Jeal o'¥ @[‘E,,‘I;\]
cJ\icl\ is 5enem'te:l 53 '3: As DL=JV7—, there ore (‘an‘mo_
l‘oleo\ls %\a‘ '_,.,;Tm S(ACL ‘H-m’{' U(,=i-‘;\(\ ...(\/TM . —‘For‘ anj
@(l,._. ,qn\e_\/— , _I: — o gives us o Z}——o\‘aebm "WO‘MOMOI‘YYL.

P

@I_ri-"’j:] _ip C ; and oL kcr(Ej) , and ‘%er(-??) is a r‘)ﬁme
ideal 0‘? 6[-'_-1/’-':‘] Hence ,#W SIme 1, O L\o\ve f?‘i - ker‘(-ej), chich

Means o is & Common Ze(us aﬂ? e‘emcrrl's O‘P s-fl.Z_D ) Z_)E':. Hence m-[-o-a.

e can and will assume A::ﬁ[ﬂ,...,ﬂ] for S on imleam| domain .

'ij the Noether normalization lemma, there ave E ,.--,gc\eﬁ which are

alﬁelomicmlla \‘nJe?enc\en'l,‘ ana‘ A isa -Pinflclg 8emm+€o| E[gi‘...,gd]-rmo\u\e.
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Lecture 1: Local rigidity and algebraic entries

Friday, January 13, 2017 9:23 AM

By the primtive chneat theorem = o in the Field o fractions F
of A such that = @Y, g [0l . Snce T is a finte extension
# @G, G,) , we ©n and coill assume ae A . So ac}e@;@-@
such Thet A[%T]___@r_g‘, "'Eﬂ[%’:—][@]' Moreover there is o
polyoomial (T F) e@IF,. -3, [£] such thot

QG-I . ATE]
T — o

Suppose 2 eV and 9.( ‘3‘(:4‘),..,35(:’)37&0; then there
ore Y4/ €@ such Hhat g/ is arLi’b’J\rila close 4o Y, - So
we Can assume g (y’,.,4{V# o, ond BT ﬁx} (s
arbibrarily chse to F(T; §7). Hence one o the roots oo
(T YY) = arbrkmn‘\a close 46 o . Notice Hhat
any rost o ¥(T;ﬁ’)=o is in @ . Hence s 8& e
cohich s ark(—frm'a chse Yo & ond REeV . Now using
im'?‘\'c(‘[' Pinction thearem | you Can shoes V° \%_a‘e(t?\ UG )=}

IS ACY\S& n ﬁrchrmec‘ean _}:0?0‘08‘3 (‘?\ . =
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Lecture 1: Local rigidity and algebraic entries

Friday, January 13, 2017 10:45 AM

?row? ot L_erma rE%aro\(ng al SeLm(C en-l—r(es-.
Leb X=3(g, 30 MLO g6, r g g )=T ¥reRy
where T F, / Ry - S0 X s a Vam'&a defined over

@ od Hm(T,G)—>X is « lo(a'ecl,-\bn
b > (PO PO)

coi’wr’?- '\zils ave ‘H\Q fmo\j( a{? 8enem{‘o‘($ 0=? :Fm umcle{‘
the |'$0morr‘>}ulsm -'Fm / <(R>£\—'T : 'EB\O the Pevious lemma
X(@\ IS c'ense in X corth res +o the P‘rtk(mec‘ean
+OT°|03?I . Bg) Ythe lcal rfgklr’%g mssumfjn‘on, Sp, cortains an
Archimedean nbhd O:f. X . Hence 33@(-} such that

8.@ e X (@), cshich irw])ln'es 3?3_12(}1_“(@-) .

Remark \n the above lemma , Since T is -?3 ,

there is o number %'e{c] k such Hhat aPa‘ig C-_‘rj_n(k).
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