Homework 7.

. Suppose A is an integrally closed domain and F' is a field of fractions of
A. Let E/F be a finite separable extension, and B the integral closure of
A in E. Prove that there exist a basis ey,...,e, of E over F' such that
B C " | Ae;. In particular, deduce that if A is Noetherian, so is B.

(Hint. (1) Let’s recall that Tr/r : E'— F.Tr/r(€) = 3, cpmbedp(p.5) °(€)
is a well-defined map, and k : £ x E — F,k(z,y) := Tg/r(zy) is a non-
degenerate bilinear form. Notice that for every b € B and 0 € Embedy(FE, E),

o(b) is integral over A. Hence, Tg/p(b) is integral over A. Deduce that
Tg/r(B) C A.

(2) Show that for every e € E, there exists ¢ € I such that ce is integral
over A. Deduce that £ = S™!B where S := F*.

(3) Use the previous step and deduce that there exist a basis by, ..., b, of
E over I such that by,...,b, € B.

(4) Use the non-degeneracy of k and show that there exists a dual basis;
that means there exists a basis eq, ..., e, of E over F such that k(e;, b;) = 1
and k(e;,b;) = 01if i # j.

(5) Argue why for all = € e, we have x = """ | k(x, b;)e;.

i=1
(6) To show that B is Noetherian, notice that a finitely generated A-module
is Noetherian if A is Noetherian. Moreover, a submodule of a Noetherian

module is Noetherian. )

. Suppose G is a totally ordered abelian group, and F' is a field. A valuation
of Flisv: F — GU{oo} with the following properties:

(a) v(a) =00 & a=0.

(b) Vg € G,g < 00,9 + 00 1= 00,00 + 00 := 0.
()
(d) Vz,y € Fu(z +y) > min{o(z),v(y)}-

Y,y € Fyo(zy) = v(z) +v(y).

Let O, :={x € F | v(x) > 0} and m, := {x € F' | v(z) > 0}. Prove that
0, is a valuation ring and Max(0,) = {m,}.



3. Let A be a valuation ring of a field F. Let G := F* JA*. Wesay xA* > yA*
if zy~! € A. Prove that G is a totally ordered group and
xA* ifx e FX

v:F— GU{co}, wv(z):=
00 otherwise.

is a valuation of F, and 0, = A.

4. Suppose f: A — B is a ring homomorphism, and f* : Spec(B) — Spec(A)
is the corresponding contraction map. Prove that the closure of the image
of f*is V(ker f). In particular, if f is injective, then the image of f* is

dense.

(Hint. Suppose f*(Spec(B)) =V (a). Deduce that

aC () F@=r"'C () a=f"NiB)= kerf).

qeSpec(B) qeSpec(B)

When the image of f* is dense, we say f is dominant.

5. Suppose B is an integral domain, A C B is a subring, and B is a finitely
generated A-algebra. Let f*: Spec(B) — Spec(A) be the contraction map.

Prove that the image of f* contains a dense open subset of Spec(A).

(Hint. Let by := 1. Then, there exists ay € A such that for every alge-
braically closed field Q, hp () =Ny Aq, (€2) is surjective.

For p € Spec(A), let k(p) be an algebraic closure of the residue field

k(p) = Ap/pAp

Recall, that D,, := Spec(A) \ V({ap)) and localization gives us a bijection
between D,, and Spec(A,,). For p € D,,, k(p) ~ k(pA,,), and so we get
Op € ha,, (k(p)). Hence, there exists a lift /9\,3 € hy(k(p)) of 6,. Deduce that
q := ker @ is in Spec(B) and f*(q) = p. Hence, D,, is a subset of the image.
Notice that 0 € D,, and {0} is dense in Spec(A).)

6. Suppose k is a field and A is a finitely generated k-algebra. Prove that for
every ideal a of A,

Va= N m.

meMax(A)NV (a)



(Hint. (1) Argue why it is enough to prove the claim when A is the ring

of polynomials k[xy,...,z,] and a = p is a prime ideal.
(2) Let k be an algebraic closure of k. Argue why k[x1, ..., x,] is an integral
extension of k[zy,...,z,]. Deduce that

f*:Spec(k[xy, ..., x,]) = Spec(k[zy, ..., x,]) is surjective, and

f*Max(k[zy,...,x,])) = Max(k[xy, ..., z,)),
and so without loss of generality, you can assume that k is algebraically
closed.

(3) Use a version of Nullstellensatz to show that if A ¢ p, then there exists
a point p € k™ such that p € V(k) and h(p) # 0.

(4) Deduce that for every h ¢ p, there exists m € Max(k[xy,...,x,]) NV (p)
such that h ¢ m.)

(Remark. A ring with this property is called a Hilbert ring or a Jacobson
ring.)
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