1 Homework 2.

1. Let ®,(z) be the n-th cyclotomic polynomial. Suppose p is an odd prime
which does not divide n. Let ®,,, € F,[z] be ®,(x) (mod p). Let F, be an
algebraic closure of F, and £/ C Fp is a splitting field of ®,, ,(z) over F,,.

(a) Suppose ( € E is a zero of ¥, ,(x). Prove that ¢ is not a zero of
®,,(x) for any djn and d # n. Deduce that the multiplicative order

o(C) of € is n.

(Hint. 2" — 1 does not have multiple zeros in F,,.)

(b) Prove that ®,,,(z) = [T i<;<p ged(imy=1 (T — ¢") where ¢ € F is a zero of
®,, ,(x). Deduce that £ = F,[(] and

0 : Gal(F,[C]/F,) = (Z/nZ)",0(c) = a, (mod n)

is an injective group homomorphism where o(¢) = (% .

(¢) Suppose 0 is as in the previous problem. Prove that
0(Gal(E/F)) = (p).

(Hint. Use the fact that Gal(E/F) = (o,), where o,(a) = a” is the
Frobenius map.)

(d) Prove that if @, ,(x) has a zero in F,, then n|p — 1.

(e) Use the previous problem to show there are infinitely many primes of
the form {nk 4+ 1}3°,.

(Hint. Suppose py, ..., p, are primes of the form nk 4 1. Consider
f(x) = ®u(2n [ [ pi)a);
i=1

for some value of a € Z, f(a) has a prime factor ¢. Argue why ¢t n

and ¢ # p;. Use the previous problem to deduce that n|¢ — 1.)
(f) Prove that ®,,,(z) is irreducible in F,[z] if and only if (p) = (Z/nZ)*.

2. Suppose E/F is an algebraic extension. Let

Esep.r :={a € E| my p(x) is separable}.



(a) Prove that Eyp r is a field and Eyep p/F' is a separable extension.
(Hint. For a, € Egep r, suppose L is a splitting field of m,, g (2)mgs p(x)
over F'. Argue that L/F is Galois; and so it is separable. Deduce that
a+B,aB* € Eepr.)

(b) Prove that if char(F) = p > 0, then for every a € E, there exists | € Z
such that o? € FEeep,r and mq ., »(T) = o — P

(Hint. Argue that for o € E, there is a separable irreducible polyno-
mial g, (z) € Flz] such that mg g(z) = go(2”"). Deduce that

k
a? € Esep,F;

and so order of a(Egp )™ is a power of p and ma g, . (7)|(x — )"

! ! !
Use these results to deduce that ma g, () = (v — )P =2 —a?.)
(we say E/FEg,, r is a purely inseparable extension.)

(c) Suppose E/F is a normal extension. Prove that Egp, p/F is a Galois

extension.

(d) Suppose F' C E C K is a tower of algebraic field extensions. Prove
that K/F is separable if and only if K/F and E/F are separable.
(Hint.(=) mq g(z)|mar(x). (<) Argue that E C Ky p. Deduce
that for every a € K, mqrk,,, »(z)|ma,e(x). On the other hand,
Me, K, @ (T) = (T — a)?' for some | € Z. Deduce that [ = 0 and

(S Ksep,F-)

3. Suppose I is a field and p (F) = {¢ € F' | (" = 1} has n elements.
Suppose E/F is a finite Galois extension and a € E.

(a) Prove that there exists a Galois extension E’/F with the following
properties:
i. For every 7 € Gal(E/F), E’ contains a splitting field E[{/7(a)]
of 2" — 7(a) over E.
ii. The field £’ is generated by E and the elements {/7(a) as 7 ranges
in Gal(E/F).

(Hint. Suppose E is a splitting field of the separable polynomial
f(z) € Flz|. Let 0, :== Gal(E/F) - a be the orbit of the Galois group.



Recall that
Mg r(z) = H (x —d).

a’'€l,
Let E' be a splitting field of f(z)m, p(z") over F.
(b) Suppose E’ is as above; prove that Gal(E’/FE) is solvable.
(Hint. Suppose Gal(E/F) := {7,..., 7 }; and let Ey := E and E}, :=
E[/m(a), -, ¥/m(a)]. Argue why Ej.1/FE) is a cyclic extension.

Consider the chain of subgroups
1 C Gal(E'/E,,-1) C Gal(E'/E,,—2) C --- C Gal(E'/E).

Argue why Gal(E'/Ey)/Gal(E'/Eyy1) ~ Gal(Ex.1/E); and deduce
that Gal(E'/E) is solvable. )

4. Suppose F' is a field of characteristic zero,

F=FKChCFKRC --CF,

is a chain of fields such that F;,; = F;[ %/a;] for some a; € F;*. Prove that
there exists a field extension F'/F,, such that F'/F is a Galois extension
and Gal(F’/F) is solvable.

(Hint. Let E, be a splitting field of 2™ — 1 over Fy where m = [[;_, m;.
Using the previous problem, show that there exists a field extension ;. /E;
such that my/a; € Eiv1, Eitq/Fp is a Galois extension, and Gal(E;11/E;) is

solvable. Consider the chain of subgroups
1 C Gal(E,/E,1) C--- CGal(E,/Ey) C Gal(E,/Fy).

Argue why Gal(E, /Ey)/Gal(E, /Ey1) ~ Gal(Eyy1/Ey) and it is solvable.
Argue why Gal(E, /Fy)/Gal(E,/Ey) ~ Gal(Ey/Fp) is abelian. Deduce that
Gal(E,,/Fy) is solvable. Argue why E,, contains a copy of F,,.)

5. Suppose f(z) € Q[z] is irreducible, deg f = p is prime, f has p — 2 real and
2 non-real zeros in C. Let £ C C be a splitting field of f(z) over Q. Prove
that Gal(E/Q) ~ S,,.

(Hint. Since F/Q is a normal extension, restriction of complex conjugation
gives us an element of Aut(£/Q). Let o € E be a zero of f(x); then



p=[Qla] : Q|I[E : Q]). Argue why [E : Q] = |Aut(E/Q)|. Let X C E be
the set of zeros of f(z). Argue why restriction to X gives us an embedding
of Aut(E/Q) into the symmetric group Sx of X which is isomorphic to S,.

Get a subgroup of S, that contains a transposition and a cycle of length p.)
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