Lecture 27: Proof of Krull's PIT

Monday, June 4, 2018 11:16 AM

Qe cxere in the middle w]‘l 'Proof rrp Kevll’s PTT.

Keall’s PT T . &Wose A is Noetherian, a¢ A, ond g s A minimal

*Fn'me ldea‘ o{?_ <o - “Then H?Q?)S_ 1.
cff_. We have made o ?eoo mc[mc[-ions, o\ncl Sl\owec[ H\o\‘lf in o\c]c[u'ﬁ'cm

e @en Gt\c‘ co;“ A ssume ‘H\a\‘t A s o Iacal lh‘l;eam‘ olaw\m'n ooi'Hr\
h*\d\ximi ki'io\l &? . Prhc( assume:l ‘lz- ‘H\e Cm(‘l‘mréj 'H'\oc\' 0;«‘?1<_;}F
(S an t'rr[:emec&ﬁ\—\:e Prime. . Qe would ke {7; Sl'\oq‘. f\‘l'(;fd_\-:a

H(é:‘:i\ =0 <=> dim AFP:L:O s A ', s Brtinn «= I n, 1{5‘? s1> /\Ti

L-d' :_WLA\P(\ A Sice Hf A}_F is mm(\mo\\ A? A'?:L is

ey .
‘T-?i ‘ﬁ_frr\inma. Hence ‘r-FJ_ IS ‘«1@1 _r?\’]ma«g) dond g?i;_tgf)gm.

(Rec«]\ 'H\odf V(<0\>\—_- %4’-\9% ; and S0 J.-M A/<a\) =0a, co\r\\‘c‘.\r'\ \'mY\\Qg

M (mrd
A/<a> is Brhinon. Hence Hn , f?l )_,..<°\> =»1:1 )+ <o\> .

(ned )
So $or ony ocner\oim . 3 'xnﬂe««f:' ) and U A St OXER, HT

(m "y

= Y ac 5??\ =r ‘U;‘e‘i{g:]ﬁ X es—\» -.-i-r C\-h
Vi) = 143 = ¢ *\a& t M) o,
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Lecture 27: Converse of Krull's height theorem

Wednesday, June 6, 2018 8:16 AM

(n+d)

As 0\e$?=6‘660, L)t] Nakoﬁo\mjs lemmon FFCM £ > on d so

cm/\T m ) . cohich mv);\les FF AH’ Y and <laim
follocos - m

_WI€0YCM . SU\TTose A Is Noe‘H\cn'om, S?GST-:‘ }-\ , omc\ \'\‘\Z(@Tj:—cx

“Then = W=<a,,-a,> st. o 'S o bvnivaal 'Fr\'me in V().
C_F-E_. Le'lt )Foc_;;bc; Y ;Jm=-.)-\o LQ A C}lm'n 019 ?n'me iJeo\|s.
“Then WcQ“\:i as H’(ﬁ):l\f&@:&. C\)ameve o, .., 04 st
@ kit (<0\‘, ...,ak>) —k

@ )?k s & mim'mnl "rﬂ'me, In V({G\‘,...,ﬂ\k>3 .

Aind e prove ths b‘j induction on d.

Pose. GIF l-nA\Ac:‘,‘lbYl . Qince. \'rl:rtaj_:i , &?:L ¢ U f-rl

Cos othercoise Hflg Nf\/ —for Some / corth H'sf_°) Lef O«ief\U %F
\\o-o

Sénce oy 1 nak i o\m.-m'm| ’Pﬂ'me I'(Jeml/ L\+(<0\1>\ >4, cnd bn

Krulls PIT coe dedrce ‘\)C(<0\1>)= 1. and S0 ¥, is a minimal

prime. i Vikagy) .
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Lecture 27: Converse of Krull's height theorem

Wednesday, June 6, 2018 8:31 AM

‘nclt/\cjﬂ'On S‘fe\); SWYFOSQ O\i,... ,a&_i Sorl'\'s% the meh'\‘l'oneA

condrtions . Suppese #/. %’ are minimal prime. in V(<o -0, )
By Krull's heght theorem ok Gp/y<d-d and by the induchion
kaTo-H\esfs h(<oy, /0y _>)=<d-d oohich mes min k() =d-4 ;
ond 5o bt p'=dd For awy . Since ht 2 =d, oe deduce
that iy & .Qa (?‘_/ . Let A, € ft‘\:\}im{ :

Juppose ' i o minima| Prme o <o ,.,a;> . Hence
<ay,a0y SCH ; ad T0, /S As o er\H/,
A/ Sice hhg/add, bty > d. And by kalls HT
b d 7 ard these iimhy Bt 1f=d

As 1 e V(<a-0y5) ond H;TJ=47 coe deduce that

-h s A hﬁl'nl;ma\ Tn'hne. In _V‘(-(O\“-..}O\o“}) . |
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Lecture 27: Dimension and number of generators

Wednesday, June 6, 2018 10:12 AM

“Theorem S\Aﬂ)ﬁe A is Noctherion , Gnd Mox A= %343 . Then

dim A = min c‘(Ct‘\
C‘( :M—rtn}vmvg
Colr»ere J(Cr) s H\c mimmam  number O]Q %mm‘brs v@ o|< )

B i g IS ‘I’(‘P—vra'mo\ra, then \ﬁ‘-.—_'ﬁ’lf 5 and _V(Ol‘)—_-%ﬁ;-% )
frd 50 Lﬂ Krull’s HT, htetth) < d (o) - Hence

Cll'mA: ht (ttr) < min A(Cﬁ
- o-grivey
B =d, then La the previons theovem To, ..o st

M Is o moiimal Prime in V(<o —,agy) . Hence
Vi<a, .,a4) =35 , chich img lies <o, —ayy =t and so
4 -=<a A3y s m-TnmrS_ Hence
dim A=k tr=d > d@) > mn  d@y,
and  claim Follocos. T

CoY‘o“aﬂ.&. SUTTOSQ A s Nox’:Henbm Omcl Mo\x A=%’-mf~§ .—TR-en

o‘fm A< c‘l’me 1“’/1112. '

A2 = ol(‘ﬂ’ﬂ') ord claim Rllows.

. Ba  Nakayamas |emme din
T By Nakaye ANyor .
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Lecture 27: A few remarks

Wednesday, June 6, 2018 10:31 AM

¢ A local Noetherion n‘nz A with a mmxfmm‘ ideal M is colled ri‘ﬂ“‘(ﬂ

i¥ dim A= &rm% 111—/111; .

. _‘]%r’ ‘?i,»--;:?r € IQE’X‘,---, 9(7\11 the hﬂa O‘? ’To\d- rtS'[?Ylb".'tJ “70

'=X(‘?_1,...,-{lr\ is \SorrorTl'\ic o A::k[x,/---;?(,\l/m.
Svcrrose +e K@+ ; ond leb’s comsider all the mitwmel
Purchions that ave detined «F P ond resinct them o X.

Assunmn‘nﬁ that A is an l'n+€3m| o‘mnmh, this nhﬂ Com be ml:wm“a

l'c[eh*!;)"P\'eJ with Hﬁ'k 5 ﬁr\cj tis o ool Noethenan rl'nra. “The
P

{%nbca\‘\,' Flam £ X ob P Can be idenhPied coth the duol o

e

c[fm A= c‘l'm%r %:T/ﬁ; is the Same GS Scal’na that X c‘oes nit
hve a swﬁulm;% at P

‘m-(,,/,\, 9 cohere %T = -m:r A‘Iﬁ'f" ond the Y‘eauxlan'{é aSSuwT’l"bn
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