Lecture 26: Krull's height theorem

Sunday, June 3, 2018 7:15 PM

ThmCkenll’s height- theorem) Suppose A s Nw&cn'an,m=<q\,...,WA,
 is minmal in V(). Then ht(H)<n.

PR We qroceed by induchin on . TThe bose of induchion
Bollocos From Keul’s Principal 1deal Theorem.

Suppose s (XY i3 o mainimal clement: and coe have
b shao it @sn. Nevee that kt ()= bt (s Ag) and
A 15 0 raivimal - elemeit "?A"fe ASS(U@, S e.log.

e an and call assame A is a local ning ond P Mo A
Therefoe. V(M) = U3 s @5 babh minimal ond the ol
rosamal (deal . ?

Swr?oje 7P/g }:ls IS & f‘)n'me l"cleo\l O\Y\c[ ‘Hr\{re IS ho qﬂn'mc u‘clfa(

betryeen &\3/ and }1: B;j Gy , 31 ,0\;¢rf>'. W.L.0G. we con
and il assume an¢ f?/. Sice there is 1o f\m'me beteeen

‘?/ fnd ® _V(<o\“>_\_<,?/)=\<\o AN o <0\“>+’?/=5f

m -
|
Hence ,aear oma (, 3m|-€2+, Q, =Q, r‘.+L>'~ ?or‘ Some ﬂ‘GA
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Lecture 26: Krull's height theorem

Friday, June 1, 2018 8:28 AM

b ey -

Clm. V(<o b,,.,b _>)=1% g -

My .
W. <0\ L) Ln-i> 3 Q‘ #O{‘ ls\sn'i => O\\' S J(O\H,L‘ llll bﬂ->

—_— Nt Py

=>»1°=J'<o\\,.-.,o\,\> < J'<a,,,L,.,...,L,,,‘> s - B

Clavm . K‘)/ is o winimal elemest o{l V(L Li""’ L’n-i>\'

BoLeb A= A/<L’1)"'fl’n-j.7 = S“{/<l°:\.l""l’n—4> , and

—i¥:= $/< L‘it"')Ln-d? ,(Ba 'Hr\o_ '\>Y‘e,\1|‘ous C\N'm, 8 IS & M\'m'rno\l

element A V(<Ka,y) . Hence l)d Krull’s PIT, H(E‘?)Si.(*)
Since $/G SYQCCX) and $/; ’S‘E , 66 \'m'\>|\'es Haot —5—3‘;/ s
1S A h’\fh)inn‘ rlmn'me.', o\ml clowm 'Pn"aoas. a

%a the above C|0\|'m Omc( the |'ho|mc+\bn L\\(;)*Po'H\t.Sls . l\‘f(ﬂo/)sn-—i.
Qince ths is true ?r/f Omy such $\=‘/ , kjt&‘o\ <(n-Ddl=n;

MhJ C[on'hn ‘PO “0603 B

Cor‘o“o\nj. SMP'Pose \Q IS O :eie\c\._ﬂ\eh cji\m k]‘_m|,---,'xn:\=n.

?‘_?_‘_— l—€|.' E be on a’aebm\‘c closure ¢7¥ k. “Then I[‘X‘,---)’X“j s
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Lecture 26: Dimension of ring of polynomials

Friday, June 1, 2018 8:46 AM

\’w\tﬁml over k['x‘,.-,cx,;l. Hence dim k[‘x\,--qx,\k cll‘mhk[o(\, > S

Qe have c}\inTQ[‘xl,...,'ijz Sup 3 k(1) \ﬂ?e}‘v\x (k [ XD §

= smfg\n‘t (<rx'_1>‘, ) \ & 1) G_Eng
Emefli ’s Nul':‘l‘c"{nso&’z
5 . < n ()
Keall’s ‘nele' theorem 4

On the other had o G <A E Ky%XD> F - G <Ky, K> IS

o chan u¥ ‘ex\gﬂ n aJ? ?n'mé \'olfals. Hence Jn'vm—k]}\,--v'xy\]?_“ m

C[\ , @:) imYla the Claim. =

cRe,vma\rla. " The o\iawe (mep m\«rl les wore :

N ttre Max (kOx,%:0) , b)) =n.

M Since E[x\,...,xn] /b[xv---m] N l'n+%m‘ ,

JF*:s\xc Ta[*xp--;x;)_, Spec RIxy- %3 1S on osto Finte @Fcn
CloStJ) MD\'{) QNJ :ﬁ—* fncl\)\(ﬁs G b‘ﬁ Le:\rween Mo\x\'ma\ \'AQO\\S. Swﬂwst
e Mox Y[x‘,.-.,th] s - -?*(ﬂ)=1’ﬂr Then ht Qﬂ):”c(%) O\hA \:»6

Hilbext’s Nullstellensete and Kall’s HT as above mae:\- K@ ) =n.u
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Lecture 26: Proof of Krull's PIT

Monday, June 4, 2018 8:03 AM

PP m?, Krull s PIT . Su\yvose, HP IS o ml‘m‘mml elemeﬁk 0?- V(<a>).

Qbnce  ht (}T\=H'C F?Aﬁ?) ond %A“’f 5 o twmime) element OQ T((q))/

@ log. e o od ol assame A s ol ning ond Max A=33.
Sice & is minmal V(<o) and 15 s Yhe only roximal ideal
Vo) = 1697 5 ond so spee(AL ) =348 eohich implies
dim Ao, =0; thus Ao is a local Artinian ring

Suppese fo the costrawy that htep >2 5 and S0 T W GH, GHp
st - € Spec A - Gofns'{'o 'Av/"}’o’ we shll have a local
Noetherian ring f dim > 25 and Vikeywt, ) =4

So clog: we ond coill assame A s on rrr&(cjml dowain,
e would like to sy ht(py=0 , which 15 equinlent Jo Showing

din by —o . This hogpens precisely aben ) A= 47 Ay For
e n. These ore @A - Frimeny ; ord 5o cve o cark cxth Hhe
cortrachins sﬁm:ﬁ A‘E(\ A

e cill corhnue next Hime .
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