Lecture 23: Local Artinian rings

Wednesday, May 23, 2018 12:13 AM

In 'Hw, r?rew'ous ‘e&ure cue(\)roved 'H'\ad' Oma Prrl‘lhl'om n'n% (NN umquv,

"?méwc‘l' 0:? local Girtimian n'nas. Here s on bial Arhnian n‘nas.

—Pr'a?osi—lw‘on o A ool @rbiniom r‘l'na , Max A=3 #+3. Then TFAE

) fny deal of A is principal (2) #t is princigal (3 dim Nm@#,) <4
B Clardy () = () =@

@= . clmem(m/mz\=a , then 4+ 1"

Since A s Arhnion, A is Noetherion: and So Ht is -\2.% Hence, LD
No\kouaam s lewma ond JAY = 41, we hove H=o 5 this irvplies
A s o hield.

P <lim

(ﬁ.): 1, then 3 ‘xeﬂ?\'ﬂ‘l«l s '<’x>+1172=1—|1..
LY W

Henc,e o\(jm'n 193 Nmko\do«mo\’s lemma\ <Xy = tt.
Surﬂmse o+ Ulgl'= A . Qnce A is Artinon, IA) =o . and so tHeo .

k Rt k-+)
_-e,E\keZ* Mo M oond ?Ul. Suﬁ;ose acll\ 4+ .

l

Then HUQA s Q:-H'Xk ch 3@A\1H»-. Hence ‘XkeDC,m\c‘

So 'mk=<ka> QULC‘H’PR; this imY\\‘es DL=<ka> . =
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Lecture 23: Dimension 1 Noetherian domains

Wednesday, May 23, 2018 8:49 AM

Next cee study Noetherion rings of dim- 1. For o minimal grine
PeSpec A, Al is g Noeth- omd of dim. 1 wmoreover & is
om mieaml domain . And lqnocol'ha stracture of Mg Tells us o ldt
oboit A . So coe assume n addition Fhat A 15 an m'l'eam]
domain . Let & be the itegral closure o A i its fied o)
Factions - Since Ay A s on lk‘l‘tam‘ axdension, we deduce
Hot A . Nocthenan; dim A =dim A =1}

A fn-teaml dowain ;A »'theamlg closed.
S e shdl docus on unc[erS":anC[l'nﬂ:
whegrl domin, ikegrly cloved, Noctherton , lim < 4.

Such a ring (S called or Dedekind domain; and cue hove seen
tat the tbegnl closwe O, o Z in a Pinfe extension k of
@ is o Dedekind domain.

In onfer to deal corth one prime. at o fine, coe loealized A

At e Mox A= Spee AN -
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Lecture 23: Local Noetherian domain of dim 1

Friday, May 25,2018  7:55 AM

Snce A is in+e€f-o\”8 closed | V 4reMax A, Ay 1S ihf%m\\a
closed.

L{,mma . D: l'n'l'eaml c‘mo\(n, Ioca\‘ , Noe:l'lseﬂom , O\r\A Olfm 'D=i- Wen

(8) Spec D=7%o0, 7, v11£ is a closed Poirt- ond o s dense, .
Sr-u‘o\\ Toiwl' aeneric.

Do z0<D = O is m_Tr«‘mrg and 3k62+, wkgl?(.
?

(?.) ‘m';Q‘m—z;) O«nc‘ m'ﬂ‘lr‘:o

PP (o) s clear. @ Since M=+o , VRIS SPQQ"D\%:%:%—ﬂTE

(D s Noctherian.)

@ HL '111—4-_—'111:‘*. , 'H\QY\ m‘esa—@)m-e . Since D is Noeth .
)
I o , 9
Mo is ;{)_8 © and S0 53 N&'\kﬂaoﬂv\o\ s lewman and Gy M=o .

Since D s an l}\"['@ml olmmh , =0 C\JL\KJ\ 5 A Com‘\'knol\c;l'm
H, a '4113#: o, then )2«(/1 Taw‘l' @A) “H’l—k < 76\ ‘111"‘ 5 'H\\'S
=\ =1

\‘mfh'es ’H/]'le: /H’Pb‘” CL)L(‘C,I'\ Is & OW‘\’ Mc:lv'c’h'on. |
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Lecture 23: Discrete Valuation Rings

Friday, May 25, 2018 12:45 AM

‘hn_. D: NocH\er\’mn, iﬁ\’tgml cioma\'n, ‘oco\\, c‘n'\m (D=i-, Mo 'D=3Z111»g
F tiedd o Proctions of D TFAE-
(D is \’ﬁl'eﬂmng clised @) 41 s '?ﬁ'nC(’Po\\

(2) o\nnk M, 2=1 ochee Dy .

¢m

@) o;hlIi’D = (1:111# for Some ke Z'

) 3 D, V o;eU(i"D, D(=<Tck> for Some keZ+

6) H‘U':F——)-ZU%&)S ) UV(A)=o0 &= Q=0
V() = V@) +T,)

WQ|+CA2) 2 min %‘U—(O\D;‘U'(O\z)g
and D= %O\G-F ‘ @) ZOE .

Lo N

Co\ w\\uo\‘fio'n\

[Rerork . Becouse of (6), these n‘has are colled diserele valuedion

rl'nﬂs.:(

E (=) S\APFose o# aett. “Then 3k , <0 Q*\H»k. Swﬂmse

k s the swollest such ihjceaer. Qv <o\>;b 114/“, (c\>;_'11'\,k.
k-1 k

Le,{T Le‘mr N\ Do bmg@q; \t‘lt d;:%e:‘:.

Then <t <D- 1 «x4=D, ~+hen “H’l—:’Dofi‘, c\r\c\we.
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Lecture 23: DVR

Friday, May 25, 2018 1:50 AM

coe ave dore .
ottt £2D, Bhen «th S o it s o D-subma
A4 D and Max D=gH1} .

Sice Ht s « 4’~ﬂ. A-med, 3 oe A st

oy O o gk O, € Aon A= o .

As D s \'W’tt(o)mll clsed, weD which is o contradichon .
()= () clear.
Ca)é(‘%)oqbvtg‘b.'mn “’U o D 45 for ome k.
“Then (—5:=(D/mk is o zew dimensimal , local Noethenan ring,
corth o‘\'qu_D— Tfa=d  whae =t/ k. S0 D is
o local Brbimon  caith c\.;.,B% it eza=d, cohich irples
D%?\(=fm"/mk for some Vv; and cloim fallocs -

(4 =(5) Let T e t\t’. Then L’Z) o\ssumf‘\'l'on 3k,<7c>=111-k.

S\‘nce, e Tﬂ'\/m’L, k=i . AN] So m}{z <7’Ck> .
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Lecture 23: DVR

Friday, May 25, 2018 2:13 AM

M) = (6) (Bxa the discussion r?r\br{:o the f\>roo=p A M=),

ol hox\le, D) ?(7‘()2(}'(})2--- ) Sa -‘Prrr O\na AGD)

o !
= rdye 20 st Aoy

et V(X)) = U(o)-VTh) ; one can ruther t‘osi‘% check
Hat Vv 5 « Qu‘scre{:e) Valnorhon A T

EV=H) D s a Valuacdion rl'n%; and so f is l'n‘l’faf‘o\”g chsed .
=
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