Lecture 18: The 2nd version of Hilbert's Nullstellensatz

Wednesday, May 9, 2018 11:15 AM

In the Previons lecture coe 'Frovecl
" Theorom (fP version o Hilbert’s Nullstellen sat2)

ke #ied; B:fg koalg ond il By s a
:?l'nﬁjff, QX‘I,‘EY\&\UH-

Here is owr 29 version:

Theorem (3 version of. Hilberk’s Nullsteliensstz )

Suppose. ks an algebrucally chsed eld - Let Ao KM xy
where DU kI ,.,5¢, 1. Then Mox A=t /o | peX(m}

Ool‘nere X(UL» = %VTG kn l v "?(X)GUC, ‘P(?)=03 )
(Common zervs O:P e,lemm{'s o¥ m)
and Moo= <xmpy o -ox 107 < kIox, %] , Chere

PECRoTD )
(S0 there is a bijechon betuoeen
Moo (kDxpmdfr ) and - X (00) )
Before coe ook 1o the procf of the 2 version o Hilbert’s Nullstellnsoh

let’s discuss basic (‘,m‘)erh-es o;E Ot —» X (W) Om({ Hs (\Dam"el
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Lecture 18: 2nd version of Hilbert's Nullstellensatz

Wednesday, May 9, 2018 8:12 AM

oith I = V() < Spec CRDx,,-%,1)-
CM=<#,.,30 = X =X(,..2) .
Mch = X xmm V()< V)

X = XETC)  ( whre Hat Bop =o imples dep=
V() :\/(\]_U_L) as k has 1o m'l?a'l:'c»\'l" e,\ehmewl'-)

. X(mT) = 393 V(W\J = AU
XCZWY) = (OY K@Y VZm))y= Qv
el jel
X(Ta-nl) D Q‘X(mi\ V(a oty = U V@),
A subset of k' is colled keclosed 1§ i s K(K) for some L.

i 4 .‘LM‘ version v? Hilberbts Null stellen sectz -

. VTe X)), let grak[‘xl,.-.,«xhj_,k be the evalwodion )narf

0(‘[’ - Hence \Qer %JT oD av\c] < kﬂ‘ %/-1 B fe Ecr(é\i‘,/

f
oon'—l':ha —M"[ijlw exr\m\sn'on o{- 'P o‘:l? P e cleolw:e

‘?CX) = '?("P—r P 9,':?-("\ (xX;=a) + l’“'al‘f”' order berms ¢ Atk .
N~ ?

o

= kc*(‘%:’ﬁ’kf . Hence @ IIC_HT? €y le]:'x\,.--,%“’l/m:k.
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Lecture 18: 3rd version of Hilbert's Nullstellensatz

Wednesday, May 9, 2018 8:28 AM

= ']'Hr'f/m eMx A (© shoo also V(m?)=3'1ﬂr}-)
Swrrose H e M A - Let B:= A/'h’l'

Nohce that = < Max kDo, st ‘h‘l'=%/m ; Gnd So
B ~ k[w‘;---;x,.'_\/% IS a ‘?3 k—a'gcbf& Omcl (0N ‘pl'-e,‘c‘.
Hence 1:3 the 4 versim of Hilberl’s Nullstelensatz theorem,
B/, IS o Pinde extension. Sice k is o\lgcbmt:alho closed ,
w&o‘(o‘\i\ce +l‘\m+ %:k_ﬁm%\“& = T',..yTne k S-'l«"-
9‘(*'%’?;1-’?}', colm'cl\ \'hvf\lés WTQ%- And so %:mT as
’111;‘, s Mo\XfmoJ' »n

—Em (Zr(i version °‘P Hrlbert’s Nullste lbensxtz)

&mn:ose R s abe‘:mfc«\l&(j Closed feld and ™ ; k[‘x“...,x“].j_hen
X =+ &.

™. 3 - € Max k[‘xl,--~,‘)(h] s#. ot C . Bﬂ the ,‘Lm' VErs ion

o:fl Hilbert /s Nu"s‘!‘ellev\sﬂ‘z = + s+ ‘l‘l’l»='1'l’l:‘> = C 'm’T

= TeX(UL\- L]
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Lecture 18: 4th version of Hilbert's Nullstellensatz

Wednesday, May 9, 2018 8:45 AM

" Theorem (‘4&\ version of Hilbert ’s N\A\\s{‘ellensd'%\

Smwose R s Q‘Sebm'to‘l“()j closed , Uﬁi k['x‘,.--,‘x“l . They

J = T(xcmy)
where T(Y) = 3+ 0e kT~

’?\ =o% For  some
Y

Yk

(Pi"fGe\m:_ = :FMGUL For seene mez+

= Jlim\ =0 = 19( =0 = $IT(XMM).

K@) K@)
. S(A\)’?OSQ fe I(X((I))\\ﬂ}[- = 34(\ =@ where

=31, 4471

@

-
l No‘hte "H\W’l' S_]g k[’XV---)'X“] & k‘:‘XI ,___’th ’9('“'\1/<1-—-‘XM1'¥ > ’

4
od Sy kD g & REXp e/ g g o
(here XX, ] & the extensim of OC To an deal of kIx,-.%,,1)

ﬁno( S0 <i-‘)(nﬂ-€>-|- UC[‘)(M‘] \ o\r‘)—n_)?e_r_ \A&\l cy:?
le]'_'x‘,,..)'x“_ﬂj. _I_hereff—m bd the Bm‘ Vexrsion o{ Hl'"})erPS

Nullstellensitz , X(<d=%nef7+ X DXny))F & Say (o1, 15 in
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Lecture 18: 4th version of Hilbert's Nullstellensatz

Friday, May 11,2018  8:48 AM

X (A= T4+ VI 1) . Then

O teX( © 4i=¢ I

Since ?eX(Dl) amd e IOk, ‘£CT3=° cohich th'l'mc"c‘s @

® - To show this coe T rove the 'go\\oca\'na lerama:
Lc,mmm ) Swr?ose. D S On m‘kaml olamm’n 0«\'\0( C‘Ge(D\,goz -—mcn
1 o
DI fo,1 o (DE’)CI/<°\;X_1> .
E . Lé'l: gi/.l,: (D['x:l —-prD[j/ol;l ’ ré.li(\‘(g(’)()) = ‘g(i/o\a)
“Then %1/4 (s a m\?] hom. ard d,x-1 € kcrré"ilcl,,’ ord %1/4

5 oo, Se T anortto r‘fhg hem .

€4, DX /< — DIy, 1.

X =4

On the other }\mo(, let %= xr<d,x-1) € (DDCI/<°\ x—d

And so a; .x = 1. Hence ba the universal ?ﬂ/?fr‘{'za o;?. locon[rzahiom

3 +:DIY.] _’(Dm/@ , b (—jlf = x>

x-1>

Bnd clearlg & ondl €4, Ore inverse o exch ather. ®
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