Lecture 16: Valuation rings

Wednesday, May 2, 2018 8:43 AM

e treat \/almm‘HOYl n‘ncas as au\c(l:}md +00IS.

(De:‘P- SM\)\xue A s an l'h‘\Ttara\l clomou'n o\m{ :]: I's \"’75 %C\J a{? ‘gmc{"mns

e So«a A is o Valuo\‘hcm Y‘I'mg F? v ae'\-—, el'Hver oneA or oTie-A.

|_emmar. 3\«‘)1905\-; A is o valuetion ru'n% with Rield V‘Q—‘PW\C{—'&T\SF

(@ A is & |ocal n‘ng.
G B ACACTF s a Sanhﬁ, then A’ is on valuabion ring .
© A s fn“:eam”g closed .
PP (a.Lel M= ANA . VaeA, beth, bgaA" imples abgX
= obc .
. E‘,Laem\zog — lo,/bag,lsf or ba/bleA
# by eA = b +b, = é&(w)em.
in At n A
£ Esz/LléA = bib, < 5, (Ll/;,‘+1)e .

(b) s clear. (0 Suﬂ:ose 2 F s ih‘lffgml wver A ond -P¢A

-4 n n-
_men ‘F EA— omc) -£ +G“_|£ l\..-.+0(c:=0 ﬁvr Some O\"GA. P\'Y\J So
-P= —@n-l+a“'2 #-i+ ---+0\°-P.(“-i\)eA-, Ookl‘cl\ Is o cqwlrrv\cltc:lnon =
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The ﬁollocm'mz) is the \Qeg dechnical resub:
—meo*rcm. Le+ Q Bc_ an alaelarmmi\g c'ose_o‘ ‘?'Ielcl) Ao on m‘{'eaml

O‘Omm‘n, c\:; :Pso—»Q a n‘nﬁ L\Omomarr\:%‘sm. |t

A/g:[.' Swborin
Z":a(A lq>A angm%

<\>| =
where F is a Field . (e soy (A, <\>)<(A2,<\g f Ac A, ond

42' _%.T}‘\en 2 l'\ﬂ.s G mo\)(l'mﬂ‘ e\emen+. A"J i (‘B,G) s
A
a maximal element o:? pas then B 5 a valnahion ﬂi’g whose
#‘th 4 *rw:l‘lbns \"ST:omo[ ker‘ © s |+5 U\mb,me mo\m’uml lo[em,
E ‘Ba Zorn’s lemma\/ I+ Is ehO\AjJ'o -Lv sheed Omld Cl\o\fn

P n s bourd. otice 'H\o\‘l' A= \
(A cl:\)gl_el hes uppe . Nobic \ke)—_é
IS a smbn'ng) o-rL F ‘H\'\‘l’ Covtorns f\o. ﬂnol
P ALQ  Py= <b‘ @ # aeh; s a well- defined n’n?
hom . nd s0 A, 2. is a e bound P - =%

find 50 (Aydp) € 25 s an uppe HOR AR

—mene%wt lo(\j Zorn's l-Chsma\ 2. ko\s Q m\xl'ml e\emew{'.
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Sh 1. B is a ‘ocm| n'ng amc] ker © s f"['s hf\o\xfrna\ l‘o\ml.

B A step 1. Notice that %/k{re c3Q 5 and so kero

s a prime ded . Smee BT, Bc, BhereL'F'

A
Since  6(B\ker 8) 0, I 6:B__

= (13,&)4('3%,@3. By \mm'mnH'y ol (B, 8) we
hove. ’B:Bk_«e anJ claim follows.

3‘53 2. Vxel, ether #pa£BRa or MhTe "1 BL)
CO"\QY‘Q = kf(‘ﬁ .

M a—,@ S-L'eii , SM‘ﬂ)osc ‘L‘o Hhe Cm—rk(bmcl] "H’V\'\.' 16111[41(\%!{;]

and b mn be the swallest 'POSib'vc fn‘l’egers s+t

n ;v =) / -m
% i: QO+O\10(+ ---+Q“0( Onc’ i: Q°+Glo(+ ...+O\“ X

for  Some Q‘.’ag.em.Ahc‘ Suppese. N2 m.

Snce 1-a_ € i+111-§‘15x/ 30\"‘-e’ﬁ1’ st .

Y7, 1

1

—M

-4 4 m m—-
1= of 4Ot = A ettt o

n n-1 &) n-4 .
= o € Mt atpol = de tHt st cdhich isa
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contamdichon .

§'Ee3f_. VaeF, either «eB® or ler.

PE. Usn'r\a S‘reT.z, Q.I.o.a. suppose M1 =B, So I o
mowcimal ideal At of BL] thet cortmins B, Hence

A e S‘Fec ® }:; B = . [hecefore
)

tr

‘B/m_c;_, Bl:d:\/m/ is & field extension = X 1s o\[a.

of 2 <, wver Bl
P *

9]

Rince Q15 olgabrmeally closed , 36 s o9 holds .
Lt ©BEA 5 Q, @’(@) = B(g). TThen

(B 6) < (BIL6) ; and 50 B=BL],ond cB. ®
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