Lecture 11: Integral morphisms are closed

Tuesday, April 24, 2018 10:58 PM

At the end of ‘l’ke,(\)re\lfous lecture coe ?mved:

“Theorem . S«xﬂmse }. Ac_,B is |h‘\$68m| . Then ¥- Spec (B —» S'\wecCM

N On‘l‘o

o
P For pe S“fec A, let S“\D:: A\F‘D.-—‘T\en Aﬁrc_tyS‘:% is

—

l‘n‘l:eam,. And so '{; (Max i‘fﬂ < Max k,‘a=§S:1\a§ . Hence
3 CfeS?eQ B st ctl(\ Serzszi ond S;icr N i;;’\: 5‘—;{? .
—n\em'?om C[‘m’\gﬁ? Cmc\ = . “Thus -\)—*(dﬂze‘; . =
Coro\\aﬂ : Swwosc 'g-.Aa_,% N l'\rrlfeam‘- “Then E‘-(Mo« B)= Mox A -

P e hove alreoxcja rfmexl thest 'P*(me B) = Mox A, and

@*)‘jzﬂoxx 7‘\') < Max B. So cloim ‘?'ouooqs ‘?‘\'am sur-d'ect\'vﬁ‘:a o—{l f.-

:oro\\ara : SN‘JPOSQ AL:!-"\S IS \n{'eaml “Then 'P'* S’\)cc B —pS?ecA s

A CIOSQC‘ h‘\o(f
Bt Chin. (V) = VE); Wk 4 hgey by Thea £
Is I'n'l’eam\ O\hA Se 1-* is Oﬂl:o . S_F:c, 'B/% —> -v;(-b)
; l 2 41

On‘uxe. OjULer Lo\né ) o L\o\va SVGC‘ Aég _’_V-(.kc) - m
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Lecture 11: Going-Up theorem and fibers

Tuesday, April 24, 2018 11:40 PM

TTheovem (G—o\'hg_ U? Hrearem) &KWOSQ, X‘: Ao B is (W\Te&m\ N

;-\oo g;-\o\q; ';“? is o chain in SfrecA, ond %ﬁ; c;q( is &
chain is S'Ye B such that ¥ ((V \,=$<\x “Then = q(mﬂ Q\(h

n SFec'B such H.4 27 (dfi\__;;f,‘..

A

. (e proceed by induchon o m. The case m=-1 5 & comseq -
o} sucjechivily of ¥ T pavethe induchon shep, i enoud

b pove the ase o m—o0: Fqr=rp ond VG-

Then by the previous arollory F (Vg =V, and S0

3 o eV(Y) st 19*(0\1\)=$|o‘ 5 and Cloin follocos.

Next ce. shoco dimension of - any frber @)—i(s\s) is zer:

Theorem . Suppose +: Acs® s iﬁk%ml, ond -Evr-qtlc; & & S B,
Fep=Feg=sp- Ten q=cf,

P, Sice Acy® s .wkeﬂm\, 7‘\/ %l s .«&eam So w.log.
e can o caill assume =g =o ; in particilor A and B are

oohich l'mf\7\t'es ;P*(Or‘\=f~‘3l. o
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Lecture 11: Integral extension and dimension

Tuesday, April 24, 2018 11:25 PM

Theorem . Sugpose Act, B s .‘njce(c)ml. “Then dim A=dim B .
PEeSuppose G, G G ¢ 5 achain in Sec B, Since Fibers
ove dimension zero, TG - G F (@) . Theehore dim B dim A
Suppose t, G- G 15 & Chain i Spee A Then b& Going-Up
theorem 3 § GG ™ Spec B. fnd so dim kg«lm%;
and cloim Follocs.  m

Next e caill show under exdra assumption an integral morphism i

Or\>er\ oS c\)eﬂ (O\S ClOSCCl\ . We neﬁr.t some qu\xfln‘o\ra YésuH's-

Pek - Su‘lx?osc ‘B/A 5 & n'n% extension , and aA. Then be®

is called \'ﬁ‘[‘ejm‘ aver @ & 3 & e DU st

l)n-\-a tbn-‘.l. ce a°=0 .
Lemma . Swwose ‘B/A is & \m‘na ef‘:ens\bn, and oA Le-C be
the l‘rrl'egml closue of A ih B. Then beB is l’nfegml over U # and
Ohla P Leﬁ cohere U'C.e is the extension ol OU in C.

E- = Since b is fh'beam‘ over UL, beC and L>n+0«“_‘loh;\.»+0\°=o
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Lecture 11: Integral over an ideal

Tuesday, April 24, 2018 11:42 PM

Lor some ®yy-my O EUL. Hence

)

bnz—-a \o ______mllo_O\°QD-Le}

Omo‘ So EG r\/? .

n
g:) gu-FFoSe. Ee ULQ'. So 1:=0;‘c\_r..._\.o\MCm -\)-w Some

o el ond c; eC.. Let M.=AlLc

(1Sl - Since <:’s ore

\'n'lrf;c(:)m‘ over A, M is & -P—a A module . 1___7

O\iC,'N < M

P

[E

2 «Qg,e EnJA(H)
Zaol,.,a, X, (@‘i o(s_‘(B‘)S—Lr --.+qf,\ M=o .
As 1eM, Q:)+ (B‘ 3Ol =0 ond a’elL.
Thertbore b s l’h‘fegm[ oner L. w=
Corellory - # b and L are |'rv|7~eaml over UT, then

bek' and bb/ are l'n‘fearal over T .
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