Lecture 09: Integral extensions

Wednesday, April 18, 2018 4:56 PM

(;D_ci.. SU\T'FOSe A s o Sml)fl;rg 0:? ‘E;, Omcl L?G‘B Qe Sa\a l—_; s
lh’l‘caml over A l‘P 3&0,...,0\“€A S‘-l“ LDn+0\“_'Lh—'+ ...+Q°=o.

(b s o zew o{l o monie ?olndnom"a\l in /\E‘XJ-)

« Qe So\a B/A s on mi-eaml extension £ AcR ond V beR

b IS t}r':eaml over A .

Ex. D:UFD ; 'fa%dclo-?. Froctions o:?. D,

S —

ek is |}\-l-eaml over D &= «eD &)

(ﬁ- We So\a on l'n‘l'ﬁgml domain D s |hif8m”3 ClOS&‘ i+ the

ahw&)?mw holds .

?f‘o*rosi‘{‘\'on : Sv«ﬂ;ose %/A is & rn‘rﬁ extension: TFAE -

® beB i mkam\ over K.

® Afhl is a %'n.wg generited A _module.

© F o sebring C of B thet antoins ALbl as o subring and

C is o Pinikely 8e,ne{>\+2o\ A~ module.

@ = o Pathtul Al wodule M that is o Pintely generrted A
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PP, (o) =(b) Swﬂnsﬁ L is o zero o-.P. the monic Ta\(jnmia\
PEO = 'xn...oxn_‘ 'xn-‘+ e A€ A

n-d.
Clojm . AL = A+Ab+ -+ AL -
P2 of Chim. ¥ e ALL], I #e0 cADA , x=+(b) . Since po

S monic , pue Qn o‘n’vn‘o{e -PC'X) Jon P ;5 ond S0 30‘c<7<),rt‘7ﬂ

in ADD A (D Foo = poo 90+ rEm, Q)clcﬂr‘<o[e8 P
Hence  wm $ (b= Py qcbprth=rcky € AvAbe -+ AL
)= s clar ; et CoALLA.
(@@ 5 ckars kb MoC (mohice aur rivgs are vkl
() = () Bince M is an ATL1_wod, be E:AAM. Sine M is o
Pinbely qenerssted  A-module

S o, oo eh sk (Baa B sa) M=o
[ We «vaeel this resubt earlier and deduced Naka\jam’s lemma

o this ) Sice M isa Paithtul P\T_L]._moc'u't,

En n—\
+an_‘L) <+ .....|_O\° =daq . j |
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Corollary . Suppose By s a ring exbension. Let
C.= ibeB\ b is n‘n’ccaml over AY.

Then C 15 a Subn‘ng o B.

P£. Suppose b, b eC. Then

ATh1= I, AV oed ﬁ[lo“.l=2f\ﬂ

0—0
& J2
/‘m% elemext of A[L‘,Ll is o the Form %o 3t=o aa'az L‘ Ll
=z—_(z;a SONNI (r o/ bI),
hi=° _ ire T° 4t
m ALb,1
Ny M, a ‘ No Y') |" "2_
(T W =L (o, b))k
lg=0 §=o di'2 ‘9:_: =0 Iy 2
n A[L‘l

And s0 A[l:l,Lz]- Z Z Ab 'Liz Is o -]ovim'kelg 8enemJCec1
479 %

A-moclu|e,' omd 20 L5 the fFrew‘ous ?rarosi"n‘an A[L',L2’_\ CcC. Hence.
b b

| 72/

Ll_kzeQ,--HemJ?we Cisa sulnn‘ng- »

(.De,-‘?.. C is anlled the o\_ljebmn‘c closure o:f. A n 1?_{

o e Sag A s ilaebmtt‘.o\“zj closed m B 1 C=A

—————

math200c-18-s Page 3



Lecture 09: Integral closure
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lewmmon . SuPPose. ‘B/A ond C /E are u’n%mam\ extensions . “Then
C /A IS Gn |‘rrte3m| ex{-ensicm.
P2, Lot ceC. Thea T b,k 6B st Ul hib=o.

Since L’f are l'n'keaml over A’, Jor mypd ALb1= _ZQAL

e ATk d= 2 AL

o<30 S n— ‘. |
el = Z P Ab. b c
f=o0 o<1°, 'Jh—( <m
IS o %‘ni{e\a ae)\m'\xA A—W‘oéu«\t- Am\ So C IS fn'l?eaml over A.

Corollomﬁ . Let ®) A be o n'ng extension. Then the I'rr\’egm\ closure

A“Cl So

AL

o—.¥, A mn B s l'hﬁ%m”é closed in B.
P2 Let C be the l‘hftgm\ closure «f A m B, ond € be e
W am\ closure oz\).C i B . Then C/A and C//C are |'n‘(:e(am|

eX{-enS\'cms. Pmal 3¢ ‘oa | 2 roma C//A Is On l‘n{enm‘ ex{-ensbn,

oél\\'QL l'mr\ies C/C_C ; ond claim %l[ooos. ]
Comllarg. SuPPose 1&/@ is o Pinie extension. Let Ok be

the (n-l;eaml closure o¥ Z n % . TTRen (?k is in{‘e%m”a closed.
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- Ba the previous Corollmg, @h is u‘n‘l:famﬂa closet in k, and the

—

hield of Prchns o} O, s o subfidd of k(i facd ce il
see thek it s k). And 50 O, is integally clsed in s had o
dachions ;| and claim folloas. =

In the next leckure we will shaa:

H ke p B integel

@ £ Spee (B —+ F= R is onto .

® dn @V op =  Vipeged).

© din A=din B (e deduce this using Going Uy
theorem.)
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