Lecture 08: Krull dimension one and primary
decomposition

Tuesday, April 17, 2018 10:53 PM

In the Trew'ous lec-l:uve ooe«?mvec( -H\e ;1“6\ un|21uev\ess 'l:keomm CO}\I'Q,L fm];h‘es:
¥ o is clewm‘sosnlole. , for ana minimal element W o Ass (D) :?_-Fodnm
:;? Yeo(ucml ")n'mar(\j ole,Cquasu'{-\bns cr;? JU are ‘H‘\e Same. .

(We will see an awlt'c«-bim 01? Hus For Keull dimension 1 lirfl:famf domaing .
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2&.‘ dim A = sﬁgnezz" \ H‘gﬁ.e S\>ee A, L C_;xﬂc_; G T -

Ex k:deld o5 dimk=o.

Ex. Suﬂose. A is an \Vri?eamlclormafn._men dim A=1 # and

on \8 FP o ¢ Mox 65(\\ Och S\:ec_ (A—\ = %OX U Max CPQ ; in '?a Y_h-cu\af'
dim A =1 # A s a PID and net o hidd .

T .=) B oe M &) , then dim A=o )'“i?Lu‘{: S O\ Continnd -

SU\ﬂx;se to the Crzm+¥()\v‘8 = i-\a ngec A\ (%Vo‘g U Mex (-A\\ . Then

3 e Max &) st WGt = o qdgtt= dim A> 2.

His 1S a CMPva‘c;l-u'cm . @=\ Dince. © ¢ Na\x@ﬂ, -ﬁ-,r WGWXG&Q
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Lecture 08: Dimension one integral domains

Monday, April 16, 2018 12:25 AM

e have seen that, i£ A is aPID, then Spec M)=30% U Max (N) .
Ahcl clovim —?ouoocs .

?m?os\’hcrn : Suﬂmsc D s om n'ﬂfegml domain O\Y\A A\‘m'D:i .
%w‘z?ose HaD is AeCmnPosaHe T Then I has o Unique

f‘aClw:ec; «Pn‘mqra o\ecmw‘sosi'l:l'o'n‘.

e i M=o, then L is prime; ond 50 by the is+unf0\v\cntss
theorem e are done .

B Wto, then Ass(W)< Mox(@A); ond o ary elemert of
Ass(T) s minimal in AssB0) . Hence by the g untqueness
theorem claim follbws.

Coro”w%. &»\PFose, D is an |'n'f€,8m| domain and dim D=1 .

SWVPOSQ oy:l7L=<1,= D is Jecom?oso\Ue. “Then there are Mn\'o\me
(Fru.mo\réj ib(eals (\,q:‘l‘o 'Fennwl'orl'\bn) Oh ,...,an s+.

0 = ]:[‘Ch. , and mﬁ?: qeﬂ; i+ |'#3’.
PR Lot D'(='_(g| 0|(|_ be o Yeolucecl 'Fn'moma decom‘bos\"l‘fcm .
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“Then We Max (&) For ony i, and '\ﬁr_i‘/’ qs'a 3 *- Hence

NET ) | are cwrnm.'ﬁxereﬁm 3. ond q<2. ate Coprime.
fnd 50 é‘cff:,f,l\ £

Sww,ge Ul i[‘ oh’ such that cr‘.’ s ﬁ‘):-?niv\mrg ond
ah./geﬂ( i# g Then ogin and q(af ore. wprime,, and

S¢ Ul= Q‘ C‘(‘./ 5 o ranarg dece'm\bosl%lb'n.—g 36‘[‘ the Mnnqueness
it s enov\ﬁl\ o shoeo this clccom?osﬁl‘l'on is reduced . 1 C[‘./;_D?‘ICF_’

I 4=l 9

PR I / / L
then \'10‘, l::[);\__'q.’a ) and so 7?‘. l (143_ For Some 7
IF!

+his imr]:\l'es 5-\33/ < ﬁh_/ oohn'c,\r\ CW[’mJIC"S 9\93/ eMox (A). =

Nexct ce coill shoss Hhet o reduced ?n'rmg O‘QCOM?GSI"}.‘('OY\
exists & A is Noetheron. milar 4o the cose o ooorking caith

e\emeﬂks, e coill o"c:&h{ l'rrecluu'ue, l'o|eals Omct cxork GQH:L\ 'Hnem.

r.D_gf_. DLgA s colled imre U\cfue i UL=“JO(\C }’io_iA,Cé-A

)'mf\ﬂ etther =k or O=C .
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Next «?m?os\'{'qm %Ne_s us 'H\e, comech bd‘ooeﬁn ] rrve.c\ U\c()o\e O\Y\A
c\m‘mma \'c}em\s .
'meca(-hm. An irreclucik\e. ideal is (‘)ﬁ'mo\\"% ® & s Noetherian.

B Suppese. g A s ieducible. ‘Re?lac(n% A oith Ay, we can
assume O s rmeducible , and e hove 4o Showo oy zero —div.
s nilpotert . So Sgpse Ky =o and Y=o . Nocw comsider
(0:0)C ©:x°) < - . Sice A s Noetherion, T neZ' s
(0:%")=(o:%x").

Clam . <oy n<y>=o0

2. Suppose Zze<K'> O “Then Z =’xho\=(ao\/ . Then
Xz = xYo'=0; ond S0 XMoo= xz=o0 cshich rplies
aeCo )= (o) ; therebere z=x"oo=0 - D

Since 0 is meduable and Y=£o, Ea the above claim A=o

anc[ So X IS HI'I'FO'{'EY\'{«_ omc‘ QJO\'m'P'b“OGDS- ]
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-.T)'\EOYCM- |n o Noe'H\er‘lhn r‘l‘na, Oma ?m‘)er |<J€mj "ms (2N ?n‘mo\rg clecom?cs(.

Tf_f; ‘Ba the previous rPrv’rosi'l'l‘on, i is €nougl\ fo shoeo ana Preper
I'Awea\( Can be GorT‘H‘en OS @an in‘t’ef «SeC'l'l(m oX ‘Y’fni\:ﬁ\s& mm& ireduai ble

\’Am\s . Let

L= %m_qk ‘ I annit be cyrlten os an m‘[’chec:l' 3 :
ci?' f-m\{‘e\\a mom\a \\’Tt’.d\kC\uL \c‘m\s

I? Z.'qf:¢, then i hos cxmoxximal eJemen‘l' os A is Noethernion -

So«g May Is a mm(l‘mq‘ element 0{2 . ’U\en X s NoT frred .
€))

And so 310,<:§As,-k b2 ond C’;,_)UL On\c‘ Ol = an

As T is woximal in T, LZ) Mond @ o, ¢¢ 2. Theehre

= |-rTe,c‘u\dUe, iJeals cF,.-.)crr ond T ,...,cr, 5.-|,—.

to= ond Therebre  X=bnc= n
ﬂ c‘{ C= (_\wc‘x NnC= c\l Cox

be oon‘Hen AS an on o:f_ —hm‘l:e,g mang l'r‘recJudUe. fclemEJ

coiu'cl\ S a COn‘l,‘mcll‘c‘l'l'on. |

Cﬂr&. A & Noctherion, then 3\>¢¢Gﬂ }wssOvsla %m“:elxi mom%
mintena e‘emeﬂ*s {ﬂ s > rfar-l'\'c;u\ar S’Pec@a= %Jﬂ;---)"\“ng .
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‘_I’_{-_ Since. A s Novﬂenhn, o Is Aecmffosaua. So

%_ml-niww\l elements crf. &reacmg - C%Mim'mo\l elemerts 0-?- Ass(o)}
- Pp-ARE-

Sw‘:?ose %ﬁa‘,.-.,ﬂrn%=-V(U() va\o\ f“aeS\xc @A) - Then
SR B B L L SR P

%}‘F‘) "‘)‘T’,\} = S"QQCAB . L
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