Homework 3

Wednesday, April 18, 2018 12:08 AM

1. Suppose ony spe Spec(A) s Hinibely genented. Prove that A i

Noetheron .

(Hirk. Let 23:=§maA | oeis net Hidely generbed § - Sugpese
Z ¢ p. Prove that 2 hos o moimal elemertt 0. By ossumphion 71
is not grme. And so 3 xyg m st xye 0.

« Shoeo that 3 0,10, e DT st. DL+ <X7 = <@ @y » X ) -

. Shoea that Tl= <0y oy 4 (TUx) X

« Show bhat (LX) is Hinidely genendted

- Deduce that UL is finbely cenernled ond gek a contmdichin)

Suppose, For omy Atte Mox (), Ay is Noctherion ond for any

x e A\ted, l‘;_mMo\x(,«a, w|<fx>§[<oo. Prove that A s
Noetherion,

Chtirk = Suggose o<t A Then  [§ teMx (W] [ I <on, andl
For any [, 3 o $.q. dead UM ST ST D), =K, .

TTake ae A3} , and for any MAW ond H|<0) ,
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Homework 3

Wednesday, April 18, 2018 12:33 AM

let act)e ONHE . Consider

W= T G <o+ 2 <o)y SO -
i ey ot
#t (<S>
Showo Bhat Ty, < Wy, Por ony e Mo @R )

3. Shoco that <’X,~3) s O ?n'mara |J-u\l o-.?_ the n’nea ¢
?o'ahaml'als k[‘x,\dj where k is o fred , bt <¢><,\3>L KN
not |'rr€cluc(ue ‘

4. Height of éeSpec(A) is o\e‘P\'ntA o be

& SpeGh)
Later in the aurse e oill prove Kml\ S *?nhcx\m\ ideal

'H\QOYU'\: Swwx:ge A s Noe'uwer\b\r\ , omcl [-? (NN mfm'mal r\:ﬂ'me,
i V(<o) where 0 gA . Then H?(ep <4 .

h +his (Prouem 800\ can use Krull’s rPn’“ot?o\‘ lcl%( “Theovem .

SwFFose A is o Noethenon fnﬁaml domain . Prove thot A
is o UFD i# ond On‘a # every prime ided of he\%H,' 1is

‘FTW\ Cl.f‘)a\\ .
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Homework 3

Saturday, April 21, 2018 3:18 AM

5. Tor oy A — rrodule M, et TM] be Vo\auejxa the class o:?- oll
A — rodules l'somor‘fl«\'c +o M. Let

Pic (A) := %'[M] \ M is a -pim'-le\é enemibed g
r?rot\ec‘;\ve A- we sit.

Vipe Spee ), Mo A
@ Shows that, ® TM1 ond [M1e Pe®), then Mo, MIePe®.
D Show that, ® [Mle Pie A, then TM*1ePic(A) oohere
M= Hmﬁ(\*’\,k\ .
© Prove that H*sﬁ\’\ ~ N
@ Sho td Te® is o gt chere M TN :=[M oM,] .
(This s called the Proard qronp o 41 .
6. C&eond —Kirllor dimension . In Phis problem, you cwill explore
basc properties of  GKdin (. This cmbinatorial dimension tells us
about the gouth i o on algebrm,, and ks equally coell or
Non— Commuerhive s So here e ossume thi A s o wnital

rl'r\a oohich & not hccesm'\é_j Commurbechive -

math200c-18-s Page 3



Homework 3

Sugpose A is o Finitely aenecheA k—olgebro. where & ts o held.
Let V be o Linite dimensionl subspace of A thit ambtans 4 ond
qerernding seb of A Then o VS V.V SVVVS

Let nnV::m=3qu\....-th\ eV ;5 nebice that
. g | - nLJ::esch:lfmwv log ( dim, TL, V) |

n—pco \‘% n

@ ‘Suﬂwse W s omo'H\er ‘%\‘m'-‘:e c\\'me,ns\tmo\\ Sm}:s‘x\ce,

A that ontaiss 4 owd aemermes A . Pove that dvzclw-

This volie is called the Grelfond- Kivillov dimension o A and it is

denated bg GKdim A.

® Prove the %:llooal‘ng basic ?mFerh'es of GKdim A :

k-1 Suppee A CB ore hoo 'Plhhl:ela gererabed k- algebros -
Paove that GKdim A < GKdim B.

(b-2) Suppose DLq A, B=Afy ,cdhere A is m-?.’m%elg %ehem‘lrao\
k-alﬂetm. Pove thit Gkdm B8 < Gkdim A .

(-3) GKdim ALx1=GKdim A +1;5 ond so GKdim kTxp-%1=n

(Arxd and RDx ;- ofe rings of olyramicls.)
© Sm"zfose ACD ar '?t'nl;ki(&j genem+ecl \Q—alaelom\s ond B is o
'f'l'm"{'elg 8enem+€c( A-hnocl . Prove that GKdim A= C\-Ko\th
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