Lemma 1. Suppose N, LN Ny ELN N3 are A-module homomorphisms. Then the

following statements hold:

1. If hp(Ny) P, hoar(No) Parlfe), har(N3) is an exact sequence for every
A-module M, then Ny £> N, f—2> N3 is an exact sequence.

M WMD) WM (f2)  ar .
2. If RM(Ny) «——= h™(Ny) «—— h™(N3) is an ezxact sequence for every
A-module M, then Ny £> Ny f—2> N3 18 an exact sequence.

Proof. In each part, we must prove that ker fo = Imf;.

(1) Applying the assumption for M = Ny, we deduce that
0= (hn,(f2) © hvy (/1)) (Any) = fao froln, = fao fu,

which implies that Imf; C ker fs.
Next, we apply the assumption for M = ker f5. Note that
(hier £, (f2)) (i) = fa0i =0,

where 7: ker fo — N is the inclusion map. Hence,

1€ ker((hkeer (f2>) = Im((hkerf2 (fl))a

which means for some ¢g: ker fo — Ny such that

i = (hker £, (f1))(9) = fr0 9.

Hence, ker fo C Imf;. This completes the proof of the first part.
(2) Applying the assumption for M = N3, we deduce that

0= (h™(f1) o ™ (f2))(1n,) = Iy 0 foo fi = fa0 fi.

Therefore, Im f; C ker fs.
Next, we apply the assumption for M := N, /Imf;. Note that

(R (f))(m) =mo fr =0,
where m: Ny — Ny /Imf; is the natural quotient map. Thus,
m € ker(hM(f1)) = Im(h™ (f2)),
which means for some ¢g: N3 — Ny/Imf; such that
m = (h"(f2))(9) = g o fo.

Therefore ker fo C ker m = Im f;. This completes the proof. O



