
1 Homework 9.

1. Suppose Mi’s and N are A-modules, M3 is flat, and

0 → M1
f1−→ M2

f2−→ M3 → 0

is a SES. Prove that

0 → M1 ⊗A N
f1⊗idN−−−−→ M2 ⊗A N

f2⊗idN−−−−→ M3 ⊗A N → 0

is a SES.

(Hint. Argue that there exists a SES

0 → K → F → N → 0

such that F is a free A-module. Discuss why the following is a commutating

diagram where all the rows and columns are exact.

0 0 0

M1 ⊗A N M2 ⊗A N M3 ⊗A N 0

0 M1 ⊗A F M2 ⊗A F M3 ⊗A F 0

M3 ⊗A K M3 ⊗A K M3 ⊗A K 0

0

Suppose x ∈ M1 ⊗A N is in the kernel of f1 ⊗ idN . Then use the following

diagram:

x 0

y, y′ z 0

w u ?= 0

Start with red, deduce existence of green, get the violet part, continue with

blue. Argue why y = y′; and deduce that x = 0. )
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2. Suppose 0 → M1 → M2 → M3 → 0 is a SES of A-modules and M3 is flat.

Prove that M1 is flat if and only if M2 is flat.

(Hint. Use the previous problem and the Short Five Lemma.)

3. Suppose E/F is a field extension, α ∈ E, and [F [α] : F ] is odd. Prove that

F [α2] = F [α].

4. Suppose a1, . . . , an are positive rational numbers. Prove that 3
√
2 is not in

Q[
√
a1, . . . ,

√
an].

5. Suppose E ⊆ C is a splitting field of xp− 2 over Q where p is an odd prime

number.

(a) Prove that E = Q[ p
√
2, ζp] where ζp := e2πi/p.

(b) Prove that [E : Q] = p(p− 1).

.(Hint. Notice that [E : Q] is a multiple of [Q[ζp] : Q] and [Q[ p
√
2] : Q].

Argue that [Q[ζp] : Q] = p− 1 and [Q[ p
√
2] : Q] = p.)

6. Suppose E is a splitting field of f(x) ∈ F [x] over F .

(a) Prove that if gcd(f, f ′) ̸= 1, then E⊗F F [x]/⟨f⟩ has a non-zero nilpo-

tent element.

(b) Prove that if gcd(f, f ′) = 1, then

E ⊗F (F [x]/⟨f⟩) ≃ E ⊕ · · · ⊕ E.︸ ︷︷ ︸
deg f -times

7. Suppose p is an odd prime, and a ∈ F×
p . Prove that x

p−x+a is irreducible

in Fp[x].

(Hint. Let E be a splitting field of xp−x+a over Fp. Let α ∈ E be a zero

of xp − x+ a. Prove that α+ i is a zero of xp − x+ a for every i ∈ Fp, and

deduce that

xp − x+ a =
∏
i∈Fp

(x− α− i).

Notice that mα,Fp(x) divides x
p−x+ a, and consider the coefficient of xd−1

in mα,Fp(x) and show that degmα,Fp = p.)
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