
1 Homework 5.

Reading on localization of rings and modules. We have seen how work-

ing with the field of fractions of an integral domain can help us study integral

domains and their modules. Here, we extend that to other unital commutative

rings. Suppose A is a unital commutative ring, S ⊆ A is multiplicatively closed,

and M is an A-module. We define fractions with numerators in either A or M

and denominators in S by defining the following relations on A × S or M × S,

respectively. For (a1, s1), (a2, s2) ∈ A× S, we say

(a1, s1) ∼ (a2, s2) ⇔ ∃s ∈ S, s(s2a1 − s1a2) = 0,

and similarly for (m1, s1), (m2, s2) ∈ M × S, we say

(m1, s1) ∼ (m2, s2) ⇔ ∃s ∈ S, s(s2m1 − s1m2) = 0.

Check that ∼ is an equivalence relation. For all a ∈ A, m ∈M, and s ∈ S, we let

a

s
:= [(a, s)]∼ and

m

s
:= [(m, s)]∼.

We let

S−1A :=

{
a

s
| a ∈ A, s ∈ S

}
and S−1M :=

{
m

s
| m ∈ M, s ∈ S

}
.

For all a, a1, a2 ∈ A, m,m1,m2 ∈ M , and s, s′, s1, s2 ∈ S, we let

a1
s1

+
a2
s2

:=
s2a1 + s1a2

s1s2
, and

a1
s1

a2
s2

:=
a1a2
s1s2

,

m1

s1
+

m2

s2
:=

s2m1 + s1m2

s1s2
, and

a

s
· m
s′

:=
a ·m
ss′

.

Check that these are well-defined operations, S−1A is a ring, and S−1M is an

S−1A-module. The ring S−1A is called the localization of A by S, and S−1M is

called the localization of M by S.

Suppose ϕ : M → M ′ is an A-module homomorphism. Let

S−1ϕ

(
m

s

)
:=

ϕ(m)

s
.

Check that S−1ϕ is a well-defined S−1A-module homomorphism.
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If N is a submodule of M , then S−1N is a submodule of S−1M . Check that

S−1M

S−1N
→ S−1

(
M

N

)
,

m

s
+ S−1N 7→ m+N

s

is a well-defined S−1A-module isomorphism.

Notice that by the above statements for every ideal a of A, S−1a is an ideal

of S−1A. Notice that if a ∩ S = ∅, then

S := {s+ a | s ∈ S}

is a multiplictively closed subset of A/a. Check that

S−1A

S−1a
→ S

−1
(
A

a

)
,

x

s
+ S−1a 7→ a+ a

s+ a

is a well-defined ring isomorphism.

Recall that if p is a prime ideal, then Sp := A \ p is a multiplicatively closed

subset. The localization of A by Sp is also denoted by Ap and it is also called

localization of A at p. Similarly, we write Mp := S−1
p M and call it the localization

of M at p. If ϕ : M → M ′ is an A-module homomorphism, then S−1
p ϕ is denoted

by ϕp. So ϕp : Mp → M ′
p is an Ap-module homomorphism.

1. Suppose M is an A-module. Prove that the following statements are equiv-

alent.

(a) M = 0.

(b) For all p ∈ Spec(A), Mp = 0.

(c) For all m ∈ Max(A), Mm = 0.

(Hint. For x ∈ M , consider ann(x) := {a ∈ A | ax = 0}. Notice that

ann(x) is an ideal of A. If x ̸= 0, then there exists a maximal ideal m such

that ann(x) ⊆ m. Get a contradiction using the assumption that x
1
∈ Mm

is 0.)

2. Suppose ϕ : M → M ′ is an A-module homomorphism. Prove that ϕ is

injective if and only if ϕm is injective for all m ∈ Max(A). (Hint. Show

that ker(ϕm) = (kerϕ)m and use the previous problem.)

2



3. Suppose ϕ : M → M ′ is an A-module homomorphism. Prove that ϕ is sur-

jective if and only if ϕm is surjective for all m ∈ Max(A). (Hint. Consider

the co-kernel M ′/Im(ϕ) of ϕ. Notice that (M ′/Im(ϕ))m ≃ M ′
m/Im(ϕ)m.)

4. Suppose ã is a proper ideal of S−1A. Let

a := {x ∈ A | x
1
∈ ã}.

Prove that a is an ideal of A, a ∩ S = ∅, and ã = S−1a.

5. Let OS := {p ∈ Spec(A) | p ∩ S = ∅}. Let

Θ : OS → Spec(S−1A), Θ(p) := S−1p,

and

Ψ : Spec(S−1A) → OS, Ψ(p̃) :=

{
a ∈ A | a

1
∈ p̃

}
.

Prove that Φ and Ψ are well-defined and inverse of each other. (Hint.

You have to show that S−1p is a prime ideal of S−1A if p is a prime ideal

of A. Notice that A/p is an integral domain, and so S
−1
(A/p) can be

viewed as a subring of the field of fractions of A/p. On the other hand,

S−1A/S−1p ≃ S
−1
(A/p). Next you have to show that if x

1
∈ S−1p for some

prime ideal p, then x ∈ p.)

(Remark. This problem implies that p 7→ S−1p is a bijection between

prime ideals of A that do not intersect S and prime ideals of S−1A.)

6. Suppose A is a unital commutative ring and m is an ideal of A.

(a) Prove that Max(A) = {m} if and only if A× = A \ m. (Recall that

A× is the group of units of A. A ring with only one maximal ideal is

called a local ring.)

(b) Prove that for all p ∈ Spec(A), Ap is a local ring.

7. Suppose A is a unital commutative ring. Suppose f1, . . . , fn ∈ A \ Nil(A)
and ⟨f1, . . . , fn⟩ = A. Let Sfi := {1, fi, f 2

i , . . .}.

(a) Suppose b is an ideal of A and for all i there exists a positive integer

mi such that fmi
i ∈ b. Prove that b = A. (Hint. Consider the radical

of b.)
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(b) Suppose M is an A-module and N is a submodule of M . Suppose

S−1
fi

N = S−1
fi

M for all i. Prove that N = M . (Hint. Suppose x ∈ M .

Let b := {a ∈ A | ax ∈ N}. Prove that b is an ideal of A and use the

previous part to show b = A.)

(c) Suppose S−1
fi

M is a finitely generated A-module for alli. Prove that

M is a finitely generated A-module. (Hint. For every i, use the

assumption that S−1
fi

M is finitely generated to find mi1, . . . ,miki ∈ M

such that S−1
fi

M is generated by
mij

1
’s. Let N be the submodule of M

which is generated by mij’s. Use the previous part.)

(d) Suppose S−1
fi

A is a Noetherian ring for all i. Prove that A is Noethe-

rian.
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