Homework 6.

. Suppose D is a local Noetherian integral domain.

(a) Prove that every submodule of a finitely generated projective D-module

is projective if and only if D is a PID.
(b) Find a local Noetherian integral domain which is not a PID.

(c) Show that a submodule of a finitely generated projective module is

not necessarily projective.

(Hint. Use two results from last week (1) submodule of a finitely gener-
ated free D-module is free if and only if D is a PID, (2) finitely generated

projective modules of a local Noetherian ring are free.)

. Suppose A is a unital commutative ring and Spec A is the set of all the
prime ideals of A. For an A-module M and p € SpecA, let M, be the
localization of M at p. Let

supp M := {p € Spec A | M, # 0}.
(a) Prove that for a finitely generated A-module M,
supp M = {p € Spec A | Ann(M) C p},

where Ann(M) is the annihilator of M.

(b) For a positive integer d, let
Ug(M) := {p € Spec A | M, can be generated by d elements}.

Prove that if M is finitely generated and py € Uy(M), then there exists
ap € A\ po such that

{q € SpecA|ay e q} CUy(M).

(Hint. Suppose N,, = M,, where N = (x1,...,24) € M. Consider
supp(M/N).)
(c) Deduce that there exists an ideal a4(M) of A such that

Ua(M) = Spec(A) \ V(aq(M)).



(Remark. This means Uy(M) is Zariski-open)
. We say an A-module M is finitely presented if there is a standard SES of

the form

0—>K—>A"L>M—>0, Wheref(cl,...,cn):Zcixi and K =ker f

i=1

(1)
such that K is a finitely generated A-module. Prove that if M is a finitely
presented projective A-module, then for every p € Spec(A), M, is a free

Ay-module and rank 4, (M) < n.

(Remark. Finitely presented projective modules are locally free.)

. Let M be a finitely presented A-module given by the standard SES (1).

Suppose M, is a free A,-module for every p € Spec(A). Let Uy(-) be as in
Problem 2. Let

Ug(M) := {p € Spec(A) | d(M,) = d}.

Prove that
Ug(M) = Ug(M) NUp—a(K).

Deduce that .
Spec(A) = |_|Us(M)
d=0

is a partition of Spec(A) into Zariski-open sets.

(Remark. This result shows that for a f.p. module M, p — d(M,) is
locally constant in the Zariski-topology as Ug(M) is Zariski-open.)

. Suppose M is a finitely presented A-module. Note that this means there

exists an exact sequence of the form
A" 5 A" - M — 0.

Suppose S is a multiplicatively closed subset of A. Prove that

S™'Hom (M, N) ~ Homg-1,4(S™'M,S™'N), where ? — ST



(Hint Justify yourself that M — S™'M and f € Homa(M,N) — S™1f €
Homg-1,4(S71M, S7'N) is an exact functor from the category of A-modules

to the category of S~!A-modules. Hence
STA™ — ST A" — STIM — 0

is an exact sequence. Since the contravariant representable functors are

left-exact, we obtain the following exact sequences:

0 — AN(M) — RN (A™) — BN (A™)
0— h¥N(STIM) — hSTN(STIAY) = BTN (S 7T A,

Note that hY(A*) ~ N* and deduce that the following are exact

0— ShN(M) = STtA™ — S7tA™,
0— A% N(STIM) = STTAY — 5T A™

This implies that S~ AN (M) ~ bS5 'N(S—1M). )

. Suppose M is a f.p. locally free A-module. Prove that M is projective.

(Hint. Suppose f: N — N’ is a surjective A-module. You must show that
has(f) is surjective. Recall that this is equivalent to showing surjectivity of
(har(f))p for all p € Spec(A). Use the previous problem and the following
ho (f
har(N)y 8 s (N,

diagram l l and deduce that (ha(f)), is surjective
!/
Py (o) o P (V)

precisely when Ay, (f,) is surjective. Since M, is free, deduce that hyy, (f,)

is surjective.)

(Remark. Based on problems 3 and 6, you see that a f.p. module is

projective if and only if it is locally free.)
. (Yoneda’s lemma) Suppose C' is a locally small category, a € Obj(C),
hq : € — Set

is a representable functor, and F': C' — Set is a functor. Let Nat(h,, F') be

the class of all natural transformations from h, to F.



(a) Prove that the following is a bijection:
0, : Nat(ha, F) > F(a), 001) = na(1,).
(b) For f € Hom¢(a,a’), let f iR, = hy be
fold 5 b):=a Ly,
Prove that fis a natural transformation.
(c) Prove that 6, is a natural bijection; that means, if f € Homg(a,a'),
then the following is a commuting diagram

Nat(ha, F) —2— F(a)

) |

Nat(he, F) —% F(d)
where for every b € Obj(C),
W(f)n) =nof.

8. (You do not have to write anything for this problem; only justify and un-

derstand all the statements. This is a useful result to have in your toolbox.)

For two functors F} and F;, we say F; ~ F5 if there exists a natural iso-
morphism 7 : Fy — F,. Suppose {M,;}icr is a family of A-modules and N

is an A-module.

(a) Suppose {F;}icr is a family of functors from A-mod to itself. Define
the functor [[,., F.

(b) Prove that
]?I:hAL.CZ hEBieIAL'

iel
(c) Justify why we have
i, N@am = H hneam; = H(hMi o hy)
i€l iel

:i(li[}lkﬁ) o hy =~ h{BiEIAh °hy

el
AN A(D,e; Mi)-

(d) Prove that @, (N ®4 M;) = N ®4 (B,c; M;) as A-modules.
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