Lecture 01: Recall some results from 200a

Wednesday, January 9, 2019 6:26 PM

_\_oooo\m(s ‘H\e, encl rf? mor['kﬂoo n e mcn‘l’ionco( ‘H\& certon h‘ng
'Pm?erhés con be ?o\ssed on to the r\'nca ot Qo\&anomlhls y '?or instonce
we vaeol Hilbert’s bosis thesrem:

Hilbert’s bowsis Hheovem . A is Noetheron < AT is Noetherion.

Qe \'Pol'rf‘,'ecl Ou\‘l,' ‘qu\'l' btfng A (PI.'D s Y\o'\? SMCL\ (VN ?Yb?cr‘,"j, %9
Poct e shoced ATx] s o PID = A is & '?l'eHo
_BJaa cde il prove :

Theorem . D is a VFD <~ Dx1 s a UFD.

We cill prove this in several steps. Let’s vecall thet, # D s
a UTD, $or an imeducible element v, e cn define the
p—volution ; ond we have
azbu Yor sme acTes a D= bD

= Vired-p, @ = ®
e con dePine the %-C-o" A o0 ;and we ex?)or‘ec} ks

?m?erh'es. For ’Poltanoml'a\\ ‘P(fx) =040 Kot -+ Otn%néD [x,
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Lecture O1: Gauss lemma; it's important consequence

Wednesday, January 9, 2019 6:44 PM

e dedined its content c(fy.= 3@\ (o,,-.,0.), and ?mvec\

Gowss’s lemmo. . ¢ (P %): cch CCCA\ .

We sad CA"FOIHr\oml'O\\ is ?r\'mu"l'l've P ts cowbent s T1Q .

US\'na G\'o.ussis IQJhmoA e ?mvecl .

Theorem . SWH;QSQ D 5o UFD ond F is I+S ‘?IQH ciP —?m&\c‘ms.

Suppese R0eDM , koo = F . R, 00 For some
Ycae Tha. Then Fa.eT si.

® oo =1 @ fl-(fx): ;% eDIX) o 1sism;
i ?or%fculo\r ) = 2.0 %,@d- ----Eh(‘x\ . 0D,
ond dey b= dey T

Coro\\ahg. Swwose D s a UFD omJ T is o 'P'a'e\o‘ e/?. ‘Pmc“’whs

Suppose WDcooe”D naJ, o\eca $>1, and ¥ is reducible in Fa.
Then Y0 s redwerble i Fq .

For the rest of Hhis kecbure D s iegenl donsin and Fis s
Teeld o Lorctions.
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Lecture 01: Irreducibility and constant polynomials

Wednesday, January 9, 2019 6:57 PM

L emma _Swwos:, deD . Then cl (5 \'\’\'Y,clwc\'g\c in D (‘lD‘ anA Onla if
d is iveductble in DA .

Jl'-., |'weeluc{ue Ih (D&# fe‘Dx o ae'D;

O[= 'f’g x x
+9¢D = Fe Dl or ge DI -
&) 0\=Q-LK-!7 aeDing" o beDd
d e i DI = acD or be D . =

Lemmon - H? (D]:’ij 1S O U—F(D, ‘H)en D s a UFD.

Pf. -F_XI'S"['tnce- —FW o] e DN CDX U%OE) , e "m\fe, ‘H\a'l'

de DIXIN (DB 0%63) ; ond 50 Hhere are imed. P i DI
st d=p.p_ COrnTam;\oé Jeames oA beth sides we,ae%
S T_ a‘ea? ; ond S0 Joﬂ p=o cohich means peDN3s
Jéd the previous lemm we deduce that 7.5 are ired . i D
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Lecture 01: Being prime and constant polynomials

Friday, January 11, 2019 9:14 AM

Unigueness . Suwose ?‘.'—"?"":oll'mﬂ—t , ond ?"s and oH,'s are

red .10 D. “Then by the previus lemna, /s and otjfs are (1T in
Dx]. Dince DIX) s o UFD, Ps and CL‘;J are the same
u\)‘tb veorclerl'r\g Omc‘ mw‘h;flnma LJE) €|€m€h'L§ ":? (D['?(-jx:er Omc]
claim ‘?o”ooos B

(Remo\rk. In |€C{‘U|Y‘e, we acwe oan o\H'emo\‘{'l‘ve O\r%umen‘l':

Recull. Suppase n an |'n+e3m[ domerin D any elemert <}
DN(T'0368) an be coritlon as a pred. of irred. Then D
is o UFD % ond o”'é o auny irved. s Prime .

Nedt ae qrovel the follocsing lemmon cohich gres s umiqueness.
Lemme . Sugpase e D Then s grime n D F and

on‘a \‘:P ’? Is ".Yn.hnc n DDCj
(&)‘_E T is Tn'me. In (D® ?'DQSY«CD\

i D : " oo
< @[FD\ [%x] o~ /F D 'S an ‘t‘%ml d
> TDkpad € SyecCDDO) <= % 5 pnme in DX} =&
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Lecture 01: Irreducibility in D[x] and F[x]

Friday, January 11, 2019 9:41 AM

r\ic,r?osf—tiaan - Suppose Disa UMD ond F s s Field o Proxctions -

Suppre fo0e DDA 15 primitive and c[eg 2> 4. Ten

Yoo 15 ireed. in DB # and anly @ Feo s ived. in T
P e ® not, Hen aa,ie\?m st 4%3,4433 hyt
ond 19(9():3@0 hoa. Brd 0 T ce T st o qe0€DIx)
md ¢ hoo €DIX], which implies £ & net ired. 0 DIN.

®
& fon = 900 hoo  for some 3,k€'DD(\ = edher «acmeﬁwf
’X o~ LCOOG-FDQX

oo i n Fre
= c\"l‘\r\u‘ ?Qoerb\;?% or IF\CPOED\gf’E@'
Bince + s Tn'mu%i’\/c,, La ) am\ @ o= Jcc(uc.e Hhat

ef‘H\er %QDX o ker ; o‘“cl So “2 Is I.Yrﬁclwcdpl& in D[xl . &

P o-# the Main Fhesvrem (rD :UFD = Dma : UFD.)

Existence.. Suppese fooe DIxI\ ('Dxu§o§3. 3 ciea 1 =0, then
Fe D\ (D'uia}) - Sine D s « UTD, ‘F-:—h, -, for some P.7s

that are (rved . i D. Hence 'p;’s are ivred . in DIx] . Next coe
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Lecture 01: D UFD implies D[x] UFD

Friday, January 11, 2019 4:07 PM

OSSume o\c% 1‘21 . Let deD be st. ‘?C?O:ci ?00 coL\ere,
Poxy s Prrmu"h'vc. Sinee D 15 & UFD, 3 0D and O‘{’S that
are. trred . nTD st o\: u\at\. .1@ b T obe the 1'11'c\<§01IZ
;eméﬂbns AD e TIX] 5 aPID, & 5 « UFD. Jo Ef\ui’s
it are ived - in T ond —'Fm—:f?‘m- P O, B(‘j a Theorem

m
tht coe ?WYQA m dooa, JcieF st Llei=1 ond ¢ P01,

— PO EXQ) (%) B
= Foo= (c\-hm\ (o) - - (chYm(x)) = PO s primive
TDpg wDbe Db O
in D) Db w DIx)
1— \'s ?ﬂ;rvx'.‘l?\'\lt.

T is irred . i Frxd =>§‘.(m= C; ?‘.c«x\ \s Wrecl- m FIacl
@

® om:& @ O\V\c\ "H\Q fPY‘eV\'e;us 'PwFosﬁ‘ﬂ'cm |m-r\a 'HI\O'& -'F;CK‘»

Is Imo‘. in DIx1 . 7)5\,‘0( so

f‘(x\: uo‘r‘. (h,—i?m , ueD , oh.’s and ?3.’5 are

irred - Tn DA .

U_m"a\uema . Since. coe. hove o\‘reo«l\a ?meA the exn‘s“:ence, to 36‘\: the
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Lecture 01: D UFD implies D[x] UFD

Friday, January 11, 2019 4:32 PM

um"c\w,ss \‘\7 IS e,naug\n 4o show ‘Hr\a+ O«na l'rh’.ci-'PerDDCl 1S ‘\>r\'me,.

W é&arr—_—o p) 'H\En ‘PGD
peD {7 D= p ome WD

P ireed . in CDEX] D VD
= p frme n DI .

M 0\23?21, then TC0 = C.FO for some. ceD ond a
Tr\-mi‘l'l'\/e fPa'(\_j. "F- Dince ’P is iYYtJ. On\cl clea? Z_‘l , C s &
w\\"\t I‘\n (D[’XJ ) m\cg So C€'Dx .—-\T\v\s '\)(70 is Y*(Tmi‘l'l'\re.

P :?‘(imi ive J,quz:L i‘:\r P frr‘eA- n FI’)(]'Sﬁ P Trima
P Z\YTEJI. in D] Ty UFD n T

Ce need 1o shews ¢ 13 pame in DB S Suppose
poo | $o g (n Db G= oo | Rengeo (in FIx)
+,9¢ D) } 4 prime T j]
either & | £ (in FBQ) o plg (n FIO). OLOG let's
ossame. | 4§ tn Fixd; Phok means T = por 900 o

Some oycooc\:[od . % TaecDrisk st «-%oaym‘ﬁm
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Lecture 01: Divisibility in F[x] vs divisibility in D[X]

Friday, January 11, 2019 4:48 PM

cohere %LC'X\ e D] . Bé Gawss’s lemma, & c()= QCTW Q((‘\f)
= c(‘ﬁ) )

= rﬁ:a.a’.?wx) '?W Some Q’GD\EOK and ’c'wo Is ?\’l'w{'f\t-

= & too0 = PO - o\.o\/-F\'(?O = Feo = PO (o\’ﬁ,(xﬂ
N—
n DA

= T(‘K) \‘P(‘X) In rD]:’X],' OmJ C,lmim 'Po“ocas.
Hoco can e Sm3 ? o %I\/ﬁﬂ To\anoml%l Is ir‘reclvxci lole or hd'l: 2

In aeneml this is net an easxa —Iz\sla .
B_zrrosrhbn ) Suwose D is a UrD Omcl s l"ts ‘f‘nelcl oF -Prz\c‘hcms

Suﬂ)ose ‘\2(?0 cDI] is o f\)c[anm\'oul o:? clearee n>1. Swf-fose
UCQD 0m<§ "2(‘70 Comndl: j:e Obf'i'Htﬂ oS A f‘){otlw:‘{' OP "Z&)G

polypomials of clearee <n in @D& [x1. Then e s ineducille
i Foa 5 moveover i o s pamitive, then fom is
ireducile in DIxl.

P4 Suppase to the controny that 1P(f>o=30>o hoo  For some
S,Le T «ith Jfﬁrce >4 'B8 o result that coe have
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Lecture 01: Irreducibility criteria

Friday, January 11, 2019 5:02 PM

«\amvec\ earlver Ece-{:x s . ?Acx):cfacmefb[xj anJ

2= ¢t FoeDEg . 2 T =g - haoo and ck6§ <n,
ctea I<n. Hf,nce -? Can Le cori'l'fen aS o ?mc]u\cli o:P
'L‘ooo ’Fo'a. a:? Jea <N MOc]mlo n , co\'\\cjr\ RN Covf'l'mcl.
_ri'\e, ,;horco\/e.r\\ \Do\rlt' e Ir\oo/e onlfeo\c)a ?YUVQA

@ Shoes 'H\a'l? "Xz—r'X%-\—.dz-k‘X-\'i‘ 15 \h@luciUe n @D(,\a‘].

/\:7—
.So_hi_ﬁ.“’ -?.Cxl‘:pe @E—‘D’P : No‘l'fce ‘{'Lo\‘{' D s a UFD,

D
and %CA (1,')(,7{3-|-'x+1\=1 5 P\Y\cl So -\?(cx,ny \S?Y\Mf'}.'\\le.

*
#(‘X.*d) = ‘jz-\- () 9 + (Gx+1)

Theredore ‘03 the Previous 'Pra]:osf-l'lov\ it s enomal\ +o 'P'hc'

4D st —e comnat be coritten oo OL")YOA\AC\,‘GP o ?o‘a. o:?-

AQSYEQ- < claﬁa-? =2 We{ulo UL Coms{e!er 'H\e. Q.\Ialw&ldv\ MO\T

O\'\T o, @D(]—)@ 5 kerhe[ 0:? 'H\\S W\a\": 0= <X -
q —r 4@

Modulo 0C, %o vm«ﬂxé +o taz—y-i hich has vo zerw in @
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Lecture 01: Irreducibility criteria

Friday, January 11, 2019 5:18 PM

O\r\A S0 'P'C‘X,\a) hnocluxlo oC Comno‘} lDe (A)Y%EY\ S m"‘)WJV\CL'
o£ 0 TO'E] a;f c;ea <2 ; claim ‘?0“0005- =

Ga\na ‘meuxdl the above mzaumen‘\: R ae:‘c the. -Follocmna %cncva\hujao“;

. Fooy = _Zo\ma < QIxY)
, Scc\ (@, -HaN=1

QA (O #0 ord 'e(d,n\ (5 l‘rrecl- N @D&_J For Some  ole@)

ll/
+ s in‘eAuciUe In @[9(,‘3]- %

S———
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