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Algebraic closure of a finite field.

Suppose I, is an algebraic closure of F,. Let 0 : F, — [F,,

be the Frobenius map; that means o(«x) := P.

1. Prove that o € Aut(Fp /IFp).

2. Prove that {« € Fp| o™(x) = o} = Fyn. (We will identify
IF,» with this set of fixed points of o™.)

3. Prove that Aut(IF;n/IFy) = (rE . (0)) where T, Aut(Fp /) —
Aut(IFpn /IFp) is the the restriction homomorphism. (Hint.



Show that IF;n is a splitting field of a separable polyno-
mial; and deduce that | Aut(IF,» /IF,)| = n.)

4. Prove that Aut(Fp /IFp) ~ 7 where

7 = {{an +nZ}, € l_l Z/nZ| m|n implies m|a, — am}.
n=2

5. Prove that Z is torsion free. (Hint. Suppose k{a, +

nZ}, = 0. This implies that n|ka, for any n € Z".

Deduce that n|any for any n. Since n|ank — an, deduce

that n|a,; and so a, + nZ = 0 for any n.)

6. Suppose IF, /E is a finite field extension. Prove that E =
F,. (Hint. Prove that IF, is a splitting fi_eld of a S(E)arable
polynomial over E. Deduce that | Aut(IF,/E)| = [IF, : E].)

Splitting fields.
1. Suppose F is a field of and x™ — 1 has n distinct zeros in

F. Suppose a € F*.

(a) Prove that F[{/a] is a splitting field of a separable

polynomial.



(b) Prove that {« € Fla™ = 1} is a cyclic group of order
n. (Hint. Use problem 4, HW 4, math200a.)

(c) Prove that Aut(F[{/a]/F) canbe embedded into Z/nZ.
(Hint. Show that o(4/a)/{/a is a zero of x™ — 1.)

2. Suppose F is a field of characteristic zero and E is a split-
ting field of x™ — 1 over F. Prove that Aut(E/F) can be
embedded into (Z/nZ)*. (Hint. Suppose {« € E|a™ =
1} = (C) (using 1(b)). Show that E = F[(] and prove that
for any o € Aut(E/F) there is iy € (Z/nZ)* such that
o(0) = ¢'v.)

3. Suppose F is a field of characteristic zero,

FZIFogFlgFQQ"'QFn
is a chain of fields such that F, is a splitting field of x™ — 1

over I and, for any i > 2, F; = Fi_;| W/ai] for some a; €

F*, and mi/m. Prove that F, is a splitting field of a
separable polynomial over F and Aut(F,/F) is a solvable
group. (Hint. Prove that Aut(F;/Fi-;) is abelian, and

consider
1 € Aut(F,/Fao1) € Aut(F/Fro) C -+ € Aut(Fn/Fp).)
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4. Suppose p is prime and E C C s a splitting field of xP — 2
over Q. Prove that Aut(E/Q) =~ Z/pZyx (Z/pZ)* where
¢ : (Z/pZ)* — Aut(Z/pZ), (b(a))(b) := ab. (Hint.
In the previous HW assignment you have showed that
E = Q[Cp,f@] and [E : Q] = p(p — 1). Argue why
| Aut(E/Q)| = p(p — 1). For o € Aut(E/Q) investigate
what the possibilities of (0((p), o(/2)) are.)

5. Suppose f(x) € Q[x] is irreducible, deg f = p is prime, f
has p — 2 real and 2 non-real zeros in C. Let E C C be a
splitting field of f(x) over Q. Prove that Aut(E/Q) = S,.
(Hint. Since E/Q is a normal extension, restriction of
complex conjugation gives us an element of Aut(E/Q).
Let « € E be a zero of f(x); then p = [Q[«] : Q]|[E : Q)).
Argue why [E : Q] = | Aut(E/Q)|. Let X C E be the set
of zeros of f(x). Argue why restriction to X gives us an
embedding of Aut(E/Q) into the symmetric group Sx of
X which is isomorphic to S,. Get a subgroup of S, that

contains a transposition and a cycle of length p. Use



problem 7(b), HW 4, math200a.)

6. Suppose Fis a field, f(x) € F[x] is irreducible, and E is a
splitting field of f(x) over F. Suppose there is « € E such
that f() = f(x + 1). Prove that

(a) Characteristic of F is a prime number p.

(b) Show that Aut(E/F) has a subgroup of order p.



