
Math200b, homework 4

Golsefidy

February 2019

Direct sum vs direct product.

1. Suppose {Mi}i∈I is a family of A-modules and N is an
A-module. Prove that

(a) HomA(⊕i∈IMi,N) '
∏
i∈IHomA(Mi,N),

(b) HomA(N,
∏
i∈IMi) '

∏
i∈IHomA(N,Mi)

as abelian groups.

2. (a) Let φ ∈ Hom(∏∞i�1�,�); let ej ∈
∏∞
i�1� be

ej(i) :� 0 if i , j and ei(i) � 1.
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Suppose φ(ej) � nj , 0 for any j. Choose a sequence
of positive integers 1 �: k1 < k2 < · · · such that

kj+1 - kj!nj. (1)

Consider

Σ :� {(ai)∞i�1 | ai ∈ {0,ki!}}. (2)

(a-1) Arguewhy there are twodistinct elements (ai)∞i�1

and (a′
i
)∞
i�1 of Σ such that

φ((ai)∞i�1) � φ((a′i)∞i�1). (3)

(a-2) Suppose i0 is the first index where ai0 , a′
i0
.

Show that

φ((ai0 − a′i0)ei0) < ki0+1�, (Hint: use (1))

and

φ((ai0−a′i0)ei0) ∈ ki0+1�; (Hint: use (2) and (3))

and get a contradiction.
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(b) Use part (a) to deduce

Hom(∏∞i�1�,�) →
∞⊕
i�1

�,

φ 7→(φ(ei))∞i�1

is an isomorphism. (Hint: suppose ⊕∞
i�1� ⊆ kerφ;

then showpn |φ(pa1,p2a2,p3a3, . . .) for anyn andde-
duce thatφ(pa1,p2a2,p3a3, . . .) � 0; observe that any
element (b1,b2, . . .) can bewritten as a sum of two el-
ements of the form (2a1, 22a2, . . .) and (3a1, 32a2, . . .).)

(c) Use part (b) to show
∏∞
i�1� is not a free abelian

group.

(d) Use part (b) to show

Hom(∏∞i�1�/⊕∞
i�1�,�) � 0.

Towards Artin-Wedderburn’s theorem.

SupposeM is a simple A-module and let D :� EndA(M).

1. Prove that EndA(Mn) ' Mn(D) as rings.
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2. Suppose Mi’s are simple A-modules, and Mi ; Mj as
A-modules.

(a) For φ ∈ EndA(⊕mi�1M
ni
i
), prove that

φ(Mni
i
) ⊆Mni

i
.

(b) Prove that

EndA(⊕mi�1M
ni
i
) ' Mn1(D1) ⊕ · · · ⊕Mnm(Dm)

as rings where Di :� EndA(Mi).

3. SupposeA 'Mn1
1 ⊕ · · · ⊕M

nm
m asA-modules, whereMi’s

are simple A-modules andMi ;Mj. Prove that

A ' Mn1(D
op
1 ) ⊕ · · · ⊕Mnm(D

op
m)

where Di � EndA(Mi) are division rings.

Remark. Usingproblem5of thefirst homework set ofmath200a,
you can show that the group ring �G of a finite groupG is iso-
morphic toMn1

1 ⊕ · · · ⊕M
nm
m as a �G-module. And so by the

above problem after showing Di � �, you get

�G ' Mn1(�) ⊕ · · · ⊕Mnm(�);
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this gives us a lot of information on irreducible representations
of G. (It is the starting point of representation theory of finite
groups.)

Nilpotent matrices.

1. Suppose k is a field and N1 and N2 are two nilpotent
matrices in Mn(k). Prove that N1 and N2 are similar if
and only if dimk ker(Nj1) � dimk ker(Nj2) for any j ∈ [1..n].

2. Suppose A is a reduced unital commutative ring; that
means Nil(A) � 0 (A has no non-zero nilpotent element).
Suppose N ∈ Mn(A) is a nilpotent matrix. Prove that
Nn � 0.

(Hint: the same statement for fields ⇒ for integral do-
mains⇒ for A/p where p ∈ Spec(A) ⇒ the general case.)

Diagonalizable matrices.

Suppose k is a field,A ∈ Mn(k), and the characteristic poly-
nomial fA(x) �

∏m
i�1(x − λi)ki where λi ∈ k and λi , λj if i , j.
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1. Suppose A is diagonalizable over k; that means for some
g ∈ GLn(k), gAg−1 is a diagonal matrix. Prove that
mA(x) �

∏m
i�1(x − λi) where mA(x) is the minimal poly-

nomial of A.

2. Prove that A is diagonalizable over k if and only if the
minimal polynomialmA(x) of A has distinct zeros.

3. Suppose A1, . . . ,Al ∈ Mn(k) are diagonalizable and pair-
wise commuting; that means AiAj � AjAi for any i, j.
Prove that Ai’s are simultaneously diagonalizable; that
means there is g ∈ GLn(k) such that gAig−1 is diagonal-
izable for any i.

(Hint: Suppose λi’s are distinct eigenvalues of A1. Show

kn � ⊕mi�1 ker(A − λiI), Aj(ker(A − λiI)) ⊆ ker(A − λiI);

and prove the claim by induction on l.)

4. Suppose {Ai}i∈I is a family of pairwise commuting diag-
onalizable elements of Mn(k) where k is a field. Prove
that Ai’s are simultaneously diagonalizable.

(Hint: Consider the k-span of {Ai}i∈I.)
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Noetherian and a finite cover of Spec(A).
SupposeA is a unital commutative ring. For f ∈ A, letOf :�

{p ∈ Spec(A)| f < p} and Af :� S−1
f
A where Sf :� {1, f, f2, . . .}.

1. Show that for fi ∈ A and n ∈ �+, we have Ofn
i
� Ofi and

m⋃
i�1

Ofi � Spec(A) ⇔ 〈f1, . . . , fm〉 � A.

2. Suppose
⋃m
i�1Ofi � Spec(A). SupposeM is anA-module,

and N ⊆ M is a submodule. Suppose S−1
fi
N � S−1

fi
M for

any i. Prove that N �M.

(Hint: For x ∈M, consider {a ∈ A| ax ∈ N}.)

3. Suppose
⋃m
i�1Ofi � Spec(A). SupposeM is anA-module,

and S−1
fi
M is a finitely generated Afi-module for any i.

Prove thatM is a finitely generated A-module.

(Hint: Use the previous problem.)

4. Suppose
⋃m
i�1Ofi � Spec(A), and Afi’s are Noetherian.

Prove that A is Noetherian.

(Hint: Use the previous problem for a EA)

7



(Remark. Based on the previous homework assignment,
you can see that Of → Spec(Af),p 7→ S−1

f
p is a bĳection.

So we are more or less saying that having a Noetherian
(affine) finite cover of Spec(A) implies that A is Noethe-
rian.)

Projective module.

1. Suppose P and P′ are projective A-modules, and

0→ K→ P
f−→M→ 0

and
0→ K′→ P′

f′−→M→ 0

are short exact sequences of A-modules. Prove that

P ⊕ K′ ' P′ ⊕ K.

Hint: Let L :� {(x, x′) ∈ P ⊕ P′| f(x) � f′(x′)}. Show that
L is a submodule of P ⊕ P′. Notice that the following
diagram is commuting and each row and column is an
exact sequence; and then use the assumption that P and
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P′ are projective to deduce L ' P ⊕ K′ and L ' P′ ⊕ K:

0 0

kerπ′ K′

0 kerπ L P′ 0

0 K P M 0

0 0

∼

o π

π′

f′

f

2. Suppose (A,m) is a local unital commutative ring; that
means Max(A) � {m}.

(a) (Nakayama’s lemma) SupposeM is a finitely gener-
ated A-module. SupposeM � mMwhere

mM � {
n∑
i�1

aixi | ai ∈ m, xi ∈M}.

Prove thatM � 0.
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(Hint: Let y1, . . . ,yd be a generating set of M. By
assumption, ∃aij ∈ m such that

yi �

d∑
j�1

aijyj.

Hence (I − [aij])
©«
y1
...

yd

ª®®®¬ � 0. Show that I − [aij] ∈

GLd(A); and deduce yi � 0; and soM � 0.)

(b) SupposeM is a finitely generated A-module. Prove
that

d(M) � dimA/mM/mM,

where M/mM is viewed as a vector space over A/m.
(Hint: It is clear that d(M) ≥ dimA/mM/mM; now sup-
pose y1 +mM, . . . ,yd +mM is an A/m-basis of M/mM,
and let N be the submodule ofM that is generated
by yi’s. Use part (a) for M/N.)

(c) (f.g. projective⇒ locally free) Suppose P is a finitely
generated projectiveA-module. Prove thatA is free.
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(Hint: Suppose d(P) � d; so there is a S.E.S.

0→ N→ Ad→ P→ 0.

Since P is projective, we have that there is an A-
module isomorphism φ : Ad

∼−→ P ⊕ N. Show that
φ(mAd) � mP ⊕ mN; and then use part (b).)
(Remark. This exercise implies that for an arbitrary
unital commutative ring A, a finitely generated pro-
jective module P is locally free; that means for any
p ∈ Spec(A), Mp is a free Ap-module. The converse
of this statement is true as well: a f.g. locally free
module is projective.)

3. Suppose A is an integral domian.

(a) Show that a submodule of a finitely generated free
A-module is a free A-module if and only if A is a
PID.

(b) Suppose (A,m) is a Noetherian local ring, as well.
Show that a submodule of a finitely generated pro-
jective A-module is projective if and only if A is a
PID.
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(c) Is a submodule of a finitely generated projective A-
module necessarily projective?

(Hint: show that k[x1, x2]〈x1,x2〉 is a local Noetherian
integral domain which is not a PID; or come upwith
your own example.)
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