1. Lecture 6

(First we completed the proof of Proposition ??7.) Let us recall that, by
Lemma 7?7, if G is a group of order pq where p < ¢ are primes, then G has
a characteristic subgroup ) of order q. We also know that G has a Sylow p-
subgroup P. Hence,

P~C, Q~C, and G/Q ~C,

where (), denotes a cyclic group of order n. This leads us to an extremely
important question:

Given N and G/N, can we describe the structure of G7 To what extent is
this possible?

DEFINITION 1. (1) A co-chain (in the category of groups) is given by
a sequence {G;}; of groups and a sequence f; : G; — G,y of group
homomorphisms:

N (NY LN NI

The index set of a co-chain might be finite.
(2) A co-chain complex is a co-chain (Gl, fo) such that, for every i, fi4q 0 f;
is trivial; equivalently,

Im(f;) C ker fit1.
(3) An ezact sequence is a co-chain complex (G,, f,) such that
Im(f;) = ker fi;1.
(4) A short exact sequence (SES) is an exact sequence of the form
156G a6 -1

(5) A homomorphism between two co-chains (G, fo) and (H,, ge) is a se-
quence of group homomorphisms 6; : G; — H; such that

fi—1

fi fit1
> Gz SN Gi+1 LA

lei l9¢+1

gi—1 9gi gi+1
> Hz L Hi+1 >

is a commuting diagram; this means
giob;="0;i10f;

for all i. We say {6;} is an isomorphism of the co-chains if 6; is an
isomorphism for every .
(6) We say two SESs are isomorphic if they are isomorphic as co-chains.



EXAMPLE 2. (Standard SES) If N < G, then
I1-N5GSGE/N =1

is a SES where «(x) = x and 7(z) := N. This type of SES is called a standard
SES.

LEMMA 3. (1) The co-chain 1 — G4 LN Gy is exact if and only if fi is
mjective.
(2) The co-chain G4 TN Gy — 1 s exact if and only if f1 is surjective.
PROOF. (1) The given co-chain is exact if and only if {1} = ker f;. We have
that ker f; = {1} precisely when f; is injective.

(2) The given co-chain is exact if and only if Im(f;) is the kernel of the trivial
map Gy — 1. This holds precisely when f; is surjective. 0

LEMMA 4. Suppose

1—>G1f—1>G2f—2>G2—>1

1s a SES. Then there exist isomorphisms

fl : G1 — ker fl and ?2 : Gg/ker f2 — GQ

such that

1 s oy —I s a, 2, aq, > 1
(1) i o 7.|

1 —— kerf2 > G2 > Gg/kerfg — 1

18 a commuting diagram. In particular, (fvl_l, ida,, f5) is an isomorphism of SESs,
and every SES is isomorphic to a standard SES.

ProoF. By the first isomorphism theorem,

fa: Gafker fy — Im(f2), fa(zker fo) := fo(x)

is a well-defined isomorphism. Since {(G;, f;)} is a SES, Imf; = ker fy and f; is

injective. Therefore,

f1: Gy — ker fy, fl(aﬁ) = fi(z)
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is an isomorphism. It is remained to check why (1) is a commuting diagram.

1 y (4 i y Gy f2 > Gy y 1
[ Fwr—e | o pw ]
T
r— xr —— xker fo
1 — ker fo - s Gy u > Gy/ker fo —— 1

O

Given information on the margins, what can we say for the middle part which
is presumably the more complicated section?

LEMMA 5 (Short five lemma). Suppose (01,0s,603) is a homomorphism of
SESs. Then the following hold.

(1) If 61,05 are injective, then Oy is injective.
(2) If 61,05 are surjective, then Oy is surjective.
(3) If 01,03 are isomorphisms, then 0y is an isomorphism.

Proor. We follow the arrows to prove the claims.

1 y G4 il y Gy f2 y Gy sy 1
RO ——— N 6) Ty @ — fa(z2) ©
91 J/ J/ 92 l l 93
1 (91(1’1) @ — 91(91($1)> @ 1 1 @ — 1 @ L
1 s H, & s Hy & s Hy s 1

To show 6y is injective, we show that its kernel is trivial. Suppose x5, is in the
kernel of #,. Then following the arrows, we obtain the square whose vertices are
marked by (1. In particular, it follows that

xo € ker fo = Imf.

This implies that xo = fi(x1) for some x; € G;. Starting with x;, we write the
square whose vertices are marked by (2). It follows that g;(6;(x1)) = 1. Since
g1 and 6, are injective, we deduce that 1 = 1. Thus zo = fi(21) = 1. This
completes the proof of part (1).



To prove Part (2), we must show every y, € Hj is in the image of 6,.

1 — G1 ﬁ) G2 f2 ? G3 s 1
To @) —— fo(wa) B= 232
91 02 J/ 93
1 1 05 (15) 3, yo @ = () =ga(y2) © 1
1 — H1 2) H2 92 > H3 > 1

Since 03 is surjective, there exists z3 € G3 such that 63(x3) = ys, Since f3 is
surjective, there exists o € G5 such that fo(z9) = z3. Hence, we get the square
labeled by (3). In particular,

92(02(2)) = g2(y2)-
Therefore, 0y(x3) lys € kergo = Img;. Thus, Oy(x2) 'ys = g1(y1) for some
y1 € Hy. Since 6, is surjective, there exists x; € Gy such that 6;(z1) = y;. We
obtain the square labeled (4).

1 > G1 i

)GQgGg—)l

1@ — fi(z1) @

61 l J/ 02 03

R @ —— 92(@)713/2 @
g1

~

)HggHg—)].

~

1 >H1

Therefore, 05(x9) 'y, € Tmby. It implies that y, € Imfy. This completes the

proof of Part (2).
If ; and 05 are isomorphisms, then by Parts (1) and (2), 6 is both injective
and surjective. Hence, 65 is an isomorphism. This completes the proof. O

Going back to groups of order pq, recall that every such group fits into a SES
1-C,—G—C,—1,

and that C), embeds into G. This motivates the definition of a split short exact
sequence, which we will discuss in the next lecture.
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