1. Lecture 2.

For a given group G and an object X, can GG be viewed as “symmetries” of
X7 This means what can we say about group homomorphisms G — Symm(X)?
Given a group homomorphism 6 : G — Symm(X), we may use elements of G as

symmetries of X and mowve them:

Under the above definition, 1 -2 = 6(1)(x) = x for all x € X, and for every
91,92 € G,

91 (92 x) = 0(g1)(0(g2)(2)) = 0(g192)(z) = (9192) - .

This leads us to the definition of group action.

DEFINITION 1. Suppose G is a group and X is a set. A group action of G on

X is a function
a:GxX =X, a(g,z):=9g-x
satisfying the following properties:
Vee X,1-x=x and Vg1,90 € GVr € X, g1-(g2-2) = (q192) - .

We often write G ~ X and read this as G acts on X.

When X is an object of a category € and, for every g € G, the map = —
g - x is an arrow of %, we say GG acts via %-automorphisms. For instance, the
following are interesting examples: where X is a metric space and G acts on X
by isometries, and where X is a group and G acts on X by automorphisms.

By the above discussion, we have a general method of constructing group
actions:

Given a group homomorphism 6 : G — Sk,

ag(g, ) == 0(g) ()

defines an action of G on X, and it is called the action induced by 6.

In fact, every action is of this form.

PROPOSITION 2. Let &7 (G, X) :={a:G x X — X | a is an action}. Define

¢ : Hom(G, Sx) —» (G, X), 0+ ay,



and
U: &/ (G, X) = Hom(G, Sx), a0,
where
0a(9)(x) := alg, x).

Then ® and ¥ are well-defined and inverses of each other.

PrROOF. We have already proved that ag is an action. Hence, ® is well-defined.
We prove that U is well-defined in several steps.

Step 1. For every g1, 92 € G, 04(91) © 04(g2) = 04(g192)-
For every x € X,

(6a(g1) © 0a(92))(x) =balg1)(g2 - ) = 91 - (92 - x)
=(9192) - @ = 0a(g192) (2).

This completes the proof of Step 1.
Step 2. For every g € G, 0,(g) € Sx.
By Step 1, 0,(9) 00.(g7") = 0,(g71) 00,(g) = 0,(1) = 1x. This implies that 6,(g)
is invertible. This completes the proof of Step 2.
By Steps 1 and 2, we deduce that 6, : G — Sy is a group homomorphism. Hence,
U is well-defined.
Step 3. U(P(a)) =a
For g € G and x € X,

V(®(a))(g,z) =(¢(a)(9))(z) = alg, z).
Step 4. ®(V(6)) =6
Forge G and z € X,

O(W(0))(9)(x) =W (0)(g, ) = 0(g)(x).

Hence, ®(¥(0))(g) = 6(g) for all ¢ € G, which means ®(V(f)) = 6. This
completes the proof of Step 4. 0

The group homomorphism 6, is called the induced group homomorphism, and
the action ag is called the induced action.
Using the same argument as in the proof of Proposition 2, we obtain a bijection

between

(G, X) :={a:Gx X — X | ais an action via -arrows}
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and
Hom(G, Auty(X)).

Let us think about more abstract group actions.

Left translation action. Suppose G is a group and H is a subgroup of
G. Then G acts on G/H by left translations; that is, for every g € G and
¢'H € G/H, we define

g-(g'H) = (99')H.
This defines an action of G on G/H.
PRrOOF. For every ¢H € G/H, we have
e (¢'H)=(eg)H = g'H,

where e is the neutral element of G. For every ¢1,¢90 € G, and gH € G/H, the
following holds

91+ (92- gH) = g1 - ((929)H) = (91(929))H = ((9192)9)H = (9192) - (¢H).
This completes the proof. O

Conjugation action Suppose G is a group. Then G acts on itself by con-
jugation. That is, for every ¢ € G and x € G, we define ¢g - v := gwg~'. This

defines an action of GG on itself.

1

PRrROOF. For every g € G, e- g =ege”" = g. For every g1, g2, € GG, we have

g1 (g2-2) = g1+ (92795 ") = g1(g2295 )gr ' = (9192)2(9192) " = (g192) - .
[l

An alternative approach is using the following result that you will expand on

as part of your homework assignment.

LEMMA 3. Let ¢ : G — Aut(G), g — ¢,, where cy(z) := grg™'. Then c is a

group homomorphism.

PROOF. By Lemma ?? (previous lecture), we have proved that ¢, € Aut(G).
Hence, ¢ is a well-defined function. Next, we show that ¢ is a group homomor-

phism. For all g1, ¢,z € G,
Cgy © Cgy (3:) =Cqy (ngggl) =01 (ngggl)gfl
:<9192)x(9192)_1 = Cg(T)-
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Therefore, c,, o ¢y, = ¢4,4,, Which implies that

c(g1) o c(g2) = c(g192)-
This completes the proof. O

Let a : G x G — G be the action induced by the group homomorphism
¢: G — Aut(G). This means

gz = (c(9))(x) = gzg~",

which means this induced action is the conjugation action.

Left translation action on the space of functions Suppose G ~ X.
Then the following defines an action of G' on the set Fun(X,Y") of functions on
X,

(g )z) = flg™" - 2).
When X is finite and Y = C, then Fun(X,C) is viewed as a vector space with

the inner product

(fi, o) = Y fila) folw),

zeX
and it is easy to see that

(9 “f1,9- f2> = <f17f2>7

which means G ~ L?*(X) by unitary transformations.

Large simple groups cannot act non-trivially on small sets. An im-
portant technique for showing that a group G is not simple is to prove that it
acts non-trivially on a small set.

Suppose a : G x X — X is a group action, and let 6, : G — Sx be the
induced group homomorphism. Then ker 6, is called the kernel of the action a.

By the first isomorphism theorem,
G/kerd, — Sx.

Thus, if |G| does not divide Sx and 6, is not trivial, then ker §, is a non-trivial

proper normal subgroup. In particular, G is not simple.
PROPOSITION 4. The kernel of the left translation action G ~ G/H s

coreg(H) = m gHg™ .

geG
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If N is a normal subgroup of G and N C H, then N C coreq(H). Hence,

coreg(H) is the largest normal subgroup of G contained in H.

The group coreg(H) is called the normal core of H in G.

PROOF OF PROPOSITION 4. Note that
x €kerb, <=Vge G, x-(gH) =gH
—=VgeG, glage H

ez e (\gHg"
geG

This shows that coreg(H) is the kernel of the left-translation action G ~ G/H.
In particular, coreg(H) is a normal subgroup of G.
If N C H is a normal subgroup of GG, then for all g € G,

gNg ' CgHg™' andso N CgHg '
Therefore, N C (1, 9Hg ™" This completes the proof. O

PROPOSITION 5. Suppose p is the smallest prime factor of the order of G. If
H is a subgroup of G and |G : H] = p, then H is a normal subgroup of G.

ProOOF. Consider the left translation action G ~ G/H. Let 0 : G — Sg/u
be the induced group homomorphism. Note that |Sg/u| = p!, so

Im(@)| divides ged(|G|,p!) = p.

Since the left translation action is non-trivial, we deduce that [Im(6)| = p. By

the first isomorphism theorem and Proposition 4, we deduce that
|G : coreq(H)| =p =[G : H].
Since coreg(H) C H and [G : coreq(H)] = [G : H], it follows that H = coreg(H).

Hence, H is a normal subgroup of G. 0

What is the kernel of the conjugation action? Note that g € G is in the kernel

of the conjugation action if and only if for all x € G
g r=2<=Vo G, grg ' =r <= VoG, gr=19 <= g Z(G).

Hence, the kernel of the conjugation action is the center Z(G) of G.
Having an action G ~ X, we may ask what points of X are G-similar to a

given point z € X. In other words, using the symmetries of X provided by the
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elements of GG, which points of X can be reached starting from z? This leads us
to the definition of G-orbit of x.

DEFINITION 6. Suppose G ~ X. Forx € X, let
G-x:={g-x|geG}.
The set G - x is called the G-orbit of x.

Consider the group G of symmetries of a Rubik’s Cube generated by the
allowed moves. Then corner pieces can only be mapped to corner pieces, and

edge pieces can only be mapped to edge pieces.

Here is another example. Let G be the group of symmetries of the following tiling
of the plane. Then the G-orbit of P is shown in the figure below.
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