Lecture 14: Congruence relation

Wednesday, August 31, 2022 12:50 PM

Let’s recall that coe used the well-ordering princife and proved Bhe division
olgort .

Theorem ( Division olgorithm)  Tor every aeZ and beZ\%63, there
exist q.re Z such bt @) a= bgrr, @ o< r<ibl. Moreoer,
Such o pair o ih{'e%crs qand r s unique.

(e say q is the quobiert ard ¢ is the remainder of a divided by b.)

<De.¥fnfjo‘on. &APPose. n 1S a non-zZew H:eser- Tor a,bez , coc.Saa

a and b ae cmsmen'l' moduo 0 if  nja-b. In this we, we
arite a=b (mad n), or @2 L, o simply a=b i# nis clar
From the onbexd.

The rotuhon cus inhduced in an inPluential bock by Guauss -

Ex. 5=1 o 2|4=5-1.

%21 o5 3|Bl=%0-(4).

n
A= O as n|o=Q—Q-

Ore con Yl‘sum\l'ze H\e, Coaamence. V‘e,la\ on ba oori{‘lhg l'n“:fffm O\mu\ncl
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Lecture 14: Congruence relation

Wednesday, November 23, 2016 5:09 PM

a circle of \erng\ n. Yor examf\b\e, n=7, We are ?art'l%onm%
A \'n"z: F subsds.

U
4t
522
Evera subeet 15 on

_@ % arithmebic Yroam:ﬁbn
23

dith |'nc~remen'\2 n==+.

(De are Aenla%wé q“ —\:\ne numbers i 'H\e Same Cdm\h Sfmflar

o I'Jen{\g b Lyn < deBerort c\ads Gien on lrf\'caer‘ o, we
Can :\)’mcl O\A'l' ‘L‘O COL)\CL\ 6@)\? (7, b&‘cmas &Da ch\l('cl\'na (0.} b‘a n=F
0\0:‘ %'nc((na ‘H\e, mml‘nc‘er\. “This is the COWLEI\{' o£ our next theorem .

“Theorem. Su\)?ose neZ and n22 . Tor acZ, let @) be the remainder

b a duided by n. Then the Follocoing strbements hid.
@) A =C@).

@ ¥ a2r ond ocr<n, then r=r@.

B) Tor apcZ, oa=b <« Cn=r,(b).

M D) Sice A is the r‘em{ncler 0:?. a C‘f\/l'c(ec( En N, H\em
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Lecture 14: Congruence relation

Wednesday, November 23, 2016 5:24 PM

exsts qeZ such et a=nqri@). Heee a—gEi=nq s on
integer matbiple of n. Therebre, =r@.

@) Sice a2, nlor. This there exss keZ, a-r=nk.
Hoew a=nk+r ond o <r<n. Thechre the poir of (&oaer k
ad 1 satishes the ropechies gien in the stubemert o the division
olgorithm. Tence R is the a,ualfe& and & the rovider of @
dividel 53 n. Thus, r=rc.

B &) a=b = nja-b = a-b=nk %or wmekeZ. Laqbe
the quebiest of o divded by n. Hene @=ngq+n@. Thes

b= a-nk = g4 p@y-nk = n(q-W)+ @), ond so

b- @ =n(-k), whch imple thet b =r@.

Since Bf‘ir:cf ad o<rGV <N, by Pk (), G(B =@
@) Let O\’\m\ q be the quotiens o o ond b divded by 1, ves.
Hence 0= 4n+ @ ond b= g+ by Sice La=r(b),

a-b=n (C‘"ﬂ':.\' —W\enepove, n la—k, cshich |'m?|u'cs ansb. =
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Lecture 14: Congruence relation

Wednesday, November 23, 2016 5:54 PM

We court to treat the Congruence. relation as a J”tﬂ’e P I’eprm\{%\\.
:Fa‘ ‘HV\+ reason , e C}\er.\( 'H\e 'Hwee ?mTer‘Les m?lex\vg, S%mmel'hc,

O

Lermma. SU\'PPOX neZ od nz2. _F'Br e\‘Cﬂa a,l:,ce Z)

. CRP—‘P\CXNQ\ (N “E' aC .

) (Samm&r&:\ 0L — b2a.

LY e
.(Tmns('l-u've) Q—'k’j# a=C
bc
_M.. Since r;,caq=r;\@, C&;O\ -

- alb = =Gk = nd =g = b=a.

n
. a_=_'b =r ) =r.(b 'S.—.—y rly=r(¢) =r QnEC—'
|

e = rnb=ro

“The main ?oin{' o{? the ccncdmence V‘e\orhbn is the ‘?a:l' that it behaves
008“ aoiH\ ‘H\c OH'Hlme‘l:'('c or?em‘bbns =+, —, arA - . You ho\\/c, Ol’mcl:j
Scen ‘H\(S in 80(4!‘ st homeooorj‘l a&sfcdnmerfl-.

Lemma . Surﬂmse. neZ , ny2, O\“c(l, t)“ BJ_GZ. The,n
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Lecture 14: Congruence arithmetic

Wednesday, November 23, 2016 5:39 PM

n
6, = Q, ]:} O\i:_\-big_ O+b, -
G, b, = a.b,

D n
roote 0\15 0, = n \ o«l—qz-_—_’r‘-_'—{ ke Z, a, —a, = n\q;hym‘s

)91—2—- b, = n \bi_bz = T bez, b-b=nl

Qal—bb— (a.?-—}:l)= (a(‘az) - Cb‘—&:l\ = nh— n 'g =0 (E:;‘g’) =

n Z
Vll (al‘kl)“(a;'l’z\ = G- B\ % o\:.."":_z'
, a‘Bl —ab = ab, —C’«lbi +a,b —ab = (q‘_qa)l; 40, (bb)

= hkb+o,nd = n(kbtad)
n Z
= N |ab-ab, = ab=ab,. ]

“The abowe result \‘m?\\'es H\»\Jt‘ n e\rerad a‘aelom(c. exPreStbn
\}\VolVl'né fn'L‘%er‘S Oer o?em—iﬁms =+, —, ounA -, e Gn Nf‘a\ce
ewd t’n‘\’fﬁer corth omaH»er \'n{vser as \ON\S as H\ex\s are
Conametf\.' rnocxudo n , omc& 'H\e %M( QAnswers are Conamen'L
maAulo n. ln (FO\(HCM\ar, i QD=‘ Lv, then Otm% b ;?‘or-

e\leré meZ+.
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Lecture 14: Remainder of division by 9

Wednesday, November 23, 2016 6:03 PM

Ex. Ohat is the remvinder of 1o divided ‘o-a 9 G‘)or nei)?
Solhim. 10 = 1 — Jor coyneZ, 1o = {-1
= the remainder of 1" divided lo\o 9 s 1.
x. What is the remainder of 104109146 100 162 divided by 1
Solution . 104109149 100 162 —
€

S+ 10 x 0O 1-102x_‘|. + 103X 0+104X0+105x1+10 XO+1o7x4 +

3 9 10 i1 12 23 14
10°x1+10x9 +10 x0+10 x1+10 x9+10 xO+10 x1

1 0 ;
% 3+0+1+0+0+1+0+ 4 + 1+ﬁ/+0+1+ F¥0+1

fk)ns 1 (nd ) = Powers of 1o con be re'?lo\ceo] cith 1

C\)“H'Cl'\ meansS e are aolcjima 'H\e Cl\t)(‘ls O?’ 'H'lfs numbﬁr

=
-2

12 3. So the remainder ot this division is 3 . n
Sie 1021 ) Yok @n use the same 'kec}m(a‘v\e, o Frd the
reww'néef‘ 0‘?— Gn [ﬂt‘e&er‘ A(V\'AQA 56 3. Ner): e discuss  hoco

we on -emA 'H\e. mml}xJer OQ an In s o\\'\/\'c[ecf bU ii,
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Lecture 14: Remainder of a division by 11

Wednesday, November 23, 2016 6:18 PM
Ex. Ohat is The reminder of Ao divided b-a 1 (—?or nei—)?

n:H_ N

Solution . ioi-é-:\. = For ewanez-'—, lo = 1

o, f N IS even, remoinder is 1 -

ccoarm'na; ‘Remm‘nJcr IS o\lwaﬁs

ﬁﬂJ, \"P n is OC}C‘, (‘exﬂainc’cr' is .10 . non-neﬁo:h‘ve.\

Ex. What is the remainder of 104109146 100 162 divided b% e

Soluion . 104109149 100 163 —

3 4 S 7
, +10 x O 1—102x1+10 x0+ 10 xo+105x1+10 xQ+10 x4 +

® 9 10 1 12 3 14
10°v1+10 x99 +10 x0+10 x1+10 x9+10 xO0 +10 x1

1
= 3-0+1-0+0-4A+0—4+4 -9+ 0 -4+ 4-0+4L

10" = 1) (mod 10) = powers of do should be rE’\Dlo\ceJ corth
1 or -4

= We should alternate betmeen QJJI'nj th{ Su}?‘tmc'h"\g 4'3l+5'

%_ 0 . So 'H'n‘s mAmLer‘ [soll'visila\e bﬂ H ano\ the

Memainder 1S o
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Lecture 14: Pigeonhole and divisibility

Monday, November 28, 2016 6:08 PM

Problem . For every %i,...,knﬂez , there are 1‘+ﬁ SWQ,L"H'\O\+

n U&;—kj .

Solubion . Lek’s recall That nlko—kj 4 ki = ky v nG)=0lky).
This points us tocdarls consiéen'na the remainder Punchion.

Let %312, .,n418 — 30,4, 018, Fir= Q(\%)-

C_No‘hte thit (a5 an fn‘l'%e(‘ in %o,j, ---)h-ig, sSo 'E is we“-csegme‘)
So there are i Piqeons ood N ?\3@&&. —mene%re, EU the
’Pi‘scmkole ?n‘no'a‘-;\e, Hhere €>0$'1' l'=1=3‘ &/c}\ that g(i\:-?—(j); ‘H\\‘s
means rr"(ki\_—_r;(k_i) Yor some. - Hence k;2=- k“- cohich \'mY\fg;
| |

n \ k;—k_d .

R(‘ n-_-2, e O\D‘B\fn ‘H\c. ‘?‘o“ooat'na re.smu.' CA&NJ\ WAS ‘H\e. bonqs 'X(‘ob\em
in your icst exam. Tor <very abceZ, Lla-b or 2lb-c or

2c-a . Hene, 2 [ (a-b)(b-0)(c-a) -

(_Wn:s 'pmuem has the ‘eb“ocaing olternabive solubim cohich cas the. infended

Soludion ?or <aour Xam . Supc‘me ";o the Con‘fmra 'L‘h{l.' (a-b) Cb=c) (c-a) s
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Lecture 14: The greatest common divisor

Wednesday, August 31, 2022 8:32 PM

odf. Then a-b, b—c, and c- ore odd. Notize that cohen ae add
three odd numbers, we geb an oM number. Hence
(a=b) + (b—<) + (c-a) is odd.

Bat  (a-b)+(bc)t(a)=0 s even, chich & o conbrodiction.
Defintion. Let a and b be too i thccéers such that ot least
one of them is non-zero. Tre %reatcsf common divisor o® & and
b s dendted Lﬂ 3«4 b . S0 ® d_ %cé @,by , then
vdloe ad dIb (& a common divisor o & ond b
dlla § d'<d (e common diwsor o @ and b i
d'| b I ot most d .)
Recall . [# a|b and bso, then o] < [b) -
Lerma, . For every  non-zero fnJce_:)ers a ond b e hae

1< ged (o) < min Sjap, 1013
Pok.. 1]a and 11b = isaeécq,b.
Lt cl__-acJ Cab). So  A=<d, and hence |d]=d.
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Lecture 14: gcd of two integers

Monday, November 28, 2016 6:19 PM

dla }—_4( dl<lal 3= d=Idi< min§jal,1bI3 -
O=f£o

dib T = 1bl
b#oi "

The. ol lowl‘wa s one of the most (m?orbm'f progerties of the
%cé od o |'rr¥e3ers.

TTheorem . Let a and b be Tos'rl,'\'\/e_ in‘lreaders- Then there are
L‘n{'esefs - oand s such thet (acJ (a,by= ra+sh.

Qe ol use the we\l—orciem% prnciple and poe this theorem in the
nect lecture. Tor nos, e mention bhe- follocaing corolley -

Corollary . Suppse o,beZ - 18 d o ond dIb, Hhen

d | a<d G, b).

Pk By the previnss bheoem, bhere @tk nse Z such bhat
acd Caby= ra+sb. Sice dla addb, 6o ad blo.

Therebre  ro+sb ds (") ©) + () () fl—-_ o. Hence d | mesb, cdhich

im?\l'es d Ia«[(a,k}.
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