Lecture 09: Subsets with no minimum

Friday, August 19, 2022 1:40 PM

In the previous leckure we dicussed cohot it mems o subset A o
teol rumbers 4o hove & minimam . and cohab A means for a subst o
be bourded -
A pon-ompty subsel A of R has a minimum &
Hxeh, Vﬁeﬁ‘» X< -

A ron-empty subset A of R is bonded P

Tm MR, ¥ aeh, mx<M.
[Q] Does every nom-emply bounded subset of R howve & minimum?
Al No. We shas that (o, 1) b a bounded non-emphy subset B R
chich doss nt hnve a minimum .
Sice  1he@d), (1) is ndk emily. Becase, Lor every Xe (o, ),
o <x<d, (1) is baumded.
Next ce show thit (o, 1) does not have a minimam. Suppase to the

®
Can&n\% tht (5, 4) hus & minimim. S T e 6,1) Nge @, 1), %<,

To ae\.‘ a @&WAUC‘J&M, it s cnouﬂk to Bad an

e
Y

o T \
X
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Lecture 09: no minimum in (0,1)

Tuesday, November 1, 2016 1:00 PM

an clement o Co,1) cdhidh IS less than %, . \n‘\:u(‘\‘l\le\'j it s clear

‘H\«’\: Ko s\r\oo\\cl COOfko 9(0/9_
o=

Since % e, 1), o<, . —

Do o<_(xi and %< X—£+lzﬁ=’)(a<i

2
o Ao e (o Ko
S Leel,d) A Ko i 53
which conbradics @ -

T undestond qpunirs belir, e loam o bk obadk gune theory. This
game & @ variont of NIM.
There is @ henp of 30 macbles . TThere are %o plagers Mice () andl
B (8). They play in bum. A4 their tum, they romve 1,20 €
marbles Prom the kea?- A plager colns i sthe picks the ek marble.
{De‘kfmme ? the First Poger can win or not-

Mber o played thi gme C‘un'ns the lecture, we estublished ceduin
Jt‘emino'oal'es. “These +€mim|08\'e.s are given From the ist ployger 'Pemrec:\flvc.

K gome. is called co(nnfna game. Cw) i the 4st ?lmatr hos o
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Lecture 09: Basics of game theory

Tuesday, November 1, 2016 11:22 PM

koxs [oN S‘fro\‘te&] 'I:o wWin. A 3mme. is Co\“eJ a los(na 3o|me_ {9 -H\e, ;.)__y}?\"?\f%g_r’
hos a Sfra\‘l:ad‘d —‘p AR

st Plager L.‘Zm[ ?\a;fr gome shius
A B A aame s o oQ\'nnfn% Qore

w
N R R e
amwe‘tb‘hAm‘H\ecdanuefn‘Lo
alg_.s_-_ng_ e-Rx'H\e.O'H\er
3 a move o the isl:?\wder ?‘aner =
‘l;o":Whﬂeame‘b L.

ist fkner d 'P\mdﬂ' a“""' s"a":u.s (A 8Qme 5 & ‘osfna dame
A B L . means every move R bhe 1st
8 AW 2 plager ums the qune. in t o
winning gome.-
-4

V move of the 1st ff\aﬁer
turns the aame v W .

R“oo\)fna "7000 Mmoves '%f eO\CL\ ame,, (2N -3 Lmve,:

(OM'Ea_ﬁqme. = anwe%rﬁlt‘ca., Y moe of Bob, qome s W.

Losin gome. . Y nove or? Alce, 3 a moe = Bb, %ame. s L.

You Con see the I}Wfa'lmce o the order o moxes, and (n on L qame,

Bob’s move Aefe;ds on Alce’s move. Yor exeﬂé move o Alce, Boh has
1 Find the nak{' move. -
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Lecture 09: Basics of game theory

Tuesday, November 1, 2016 11:38 PM

To understund # the NIM gane it 30 roarbles is W or L, we start corbh
Saller number of marbles.

2 the rumber o mables 15 4,2,-,6, the st plager con buke ol
the marbes. Hene | these ave W.

0,1, 2,3 4,5, 6,7 3 9 10, 1, 12, 3, 4, 15 -

For o keaP with 7 marbles, every move A Alice lands on a W . Therebore,

ths 5 an L.

Sbarh.a with 3,9 10, 11,12, or B, Ake Coan moe erough marbles 1o
land on 7 cohich is an L. Here, all these coses are W -

For o hep with 14 mockles, eveny move of Alice lands on o W Therelor,
this s on L.

Tollowing this pattem coe can congecture. fht ths is an L ewchly cshen
the number of marbles is & mulfiple of F. (e aun prove. this by strng

nduchon. Qe hae alrew:l% dsaussed the bae coase . So next ae prove the
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Lecture 09: Basics of game theory

Sltvbna induction S'\Je:\b St)ﬂxx% bor o (\:mrtwc \'n'\:ecaer k , the
%llowina hods.  For e\(erg \'n‘heaer is{s fql the men‘\:lbnec‘ caamc,
cOith £ martles s l___ * and On\«d ®  F diades JZ. We haie
o sho that the menhoned Jome ooith ke marbles 5 L ® ond

On‘ﬁ D 7 dindes k.

@) W 7 dwdes h, k=79 dor some intepr q. Abkec
eery mae of Alice, the number o} femaining marbles is Fq_r
for some 1<r<6 Hence, the number of remaining macbles is
b « mibide ) F and b 5 e dwn b Therehe, by bhe
s%ma induction L)U?o‘u\es(s, it s a W. This mems, in this cse,
Qvery move o Alce lands m o W . Hece this cae san L .
&) Do sha ths, o asume o is ndb & mafide o8 F,
ond o3 hed it 5 a W . Sme k15 notb o mulkigle @ 7, by
the division a(aor-‘H\m k= Fq+r For some integers q and

Gnd 1<rg. “Then  Alice {kes WUe&, &n& land N A mv\H’r?c
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Lecture 09: Basics of game theory

Wednesday, November 2, 2016 12:07 AM

on o mullige o} 7 . Hence , bd the s—hmﬁ induchion h&FoHreS\'s, Alice.
hos o woe to bod on o L. Therebre, ths ave s a W

“This nishes the ?mg A the S’h’ﬂna induction stu\; u
Using gomes, one. an nturally sce the differences betuseen the quaniters
ord the importance. of the order o quaniiers.

P the rumber o quantibiers of o mathemabical stutement increses, it
mobes 1 horder 1o purse.. An inorbit mothemibicd ancept cihch involes
severol gponiPiers is the notabion o limit-.

(e soy Qlcfio:?'cm) =L # fn b arbbmaly clse do L os x gy
chser and chser 1o 0. Lebk conite a quantriztive Versin of the obove
quabebve. rbemerk. B make s Foo s e-cbe o L & 5 enugh
bo ke e %0 §ockie oo chere the choce o § deperds ome.
Yeyo, 3 650, o< lx-alc o= |fo-L|<E-

Debinibion. We soq lim  Fra=\ precsely cohen

xX—=>a

Veyo, Tgpo, o <XalKS =r [|feq—LI<E -

math109-ss-22 Page 6



Lecture 09: Limit

Monday, October 31, 2016 2:10 AM

To showo lim %r;(\:\_, we e 1o be obe to muke a 8ooc& choce For
Ao

6> Aeyenc‘thca o the caven evo (ad o cw=, a and ’9‘) :

Ex Fove that lm o =4

AX—»2

In the exam, g coil be askel o similar qaesbin. “ou shoukd start
oith the £-5- delintion o limit:

Proaf . We have 1o shoe

¥ezo, 70, oK lx-2|<s=r["4l<e-

Tor o gen €70, We hove to Pind 550 such Hhat the above topliakon
hods- To $ind @ rgt >0, we use backeard araumen‘l?:

=4l <e &= Ix-2llx+2|<E )
wed like to reach $o this conclusion under the osumphion thit
-21<8. (e coill chase § 4o be sufficiently small depending on €) .

I @), thee (s on et fackor || which nesds Yo be contralled.
R hae 1o Pind an upper bound Do this Factor. ‘vrl;w"l:(va\a, ¥ very

Cloe ‘\D 2, then x| & Wa cse {n 4. To make ths ?(EC\‘se./

math109-ss-22 Page 7



Lecture 09: Limit

Tuesday, November 1, 2016 12:28 PM

Let's stact corth an inrhal Zeshimde . Leb's sy we. coill dePinbel
chosse < L. (TThe choice o 4 s %'*“3 Plexible. Hs main
point is for us 1o be able +oﬁ€(f an upper bound o Ii-2] )
That means we con assume  |x-2|<1. Se 1<x<3
ond 3 Cx+2< 5, which implies  [o+2|<5. Hence

[C-41< e <= Ix-2|Ix+2|<¢

& K-2|<q% A [x+2]<5

= (x-2|<¥5 A |x-2|<KL

& |x-2| < mn 34, 7T
Therefore  § = min 31,&5% is a sutable choce.
Ex. Frove lim X =Jz .

A—r 2

Broo®. (e have o prove  Vero, F 570, ocix-21<s =+ WA= |<&.
Agqain this weans For agiven €0, cwe showld Rind o suitable $y6
such that the above t’mPh'caJa'an holds. Again cwe try t5 use

o backaard ary ument
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Lecture 09: Limit

Tuesday, November 1, 2016 12:42 PM

lx-2|
[Nx—dz| <e <= o <E.
So thes j(Ti‘me we ncec\ on U«Wer BOU\nc\ SRor‘ H\e. %;&Ur L

\=+3]
-_\—%e, ('o‘-em s -Hm'l,' cwhen X Ts 'Em’rlra closc‘l:b 2,, we.

Qx'\m:‘\? that VX +JZ  is 'P-m‘r'a Closc b 2VZ. Hence
we, should be able ‘l:o 36‘7 o lower bound $or VX +{Z]| .
Le‘l’ ’s o\aqm s’lw{- . an l'n(l:x‘o\l e&{:(irnn:i:e, OmA asswne S_<_ i.

Hence [x-2|<i = 41<x<3
— KNx <3
= 1472 <{X+VZ < AT +Z

= 1< Wx+iz|=> 4—< 1

x4
Therebore X —JZ|<e &= P20 ¢
Ix+42I
1
& [x=2| <t |ﬁ+ﬁ\<i

& Ix—21<e A Ix-2|d
<= Ix-2|< min %1,5}.

“Thus  $= min %i , S% is o sutable cheice . |
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Lecture 09: Limit does not exist.

Friday, October 28, 2016 9:25 AM

o %aa [N \imfl’ does no{‘ &0'5“:, One hns '\:o Use ‘?mr qunnjcl'-etévs . That rmﬁH: be

k’}'a shden& oHen e a hard time shocoina m‘-a a ll'mft‘ Aoes no‘\' exist.
AXra

n R ot et @ ond only i o Le®, bn % .
n xn des lﬁ every N %

This means N LeR, — (V&?o, T %>0, o<\x-al< & =r |Fn-L|<E).
Fe>, ¥odo, — (V'x, o< Ix-al< s = |kw0-LI<€)

An imPlt'Cn“‘lW P= Q Pails e\(ocﬂté cohen the hmvuvws T hlds and the
comclusin foils ; tht mews (= Q) = Pa(-Q). AHzrm%"vela,

“®F=2Q) =GNV = PA Q- Aﬂnﬁeﬂ\er, fim Rexy does nab hdd

A=
?nec\sc\cd crhen
YieR, Teve, ¥&po, 3%, o<ixaks A Ifo-L|l>¢

there exashs AEA a’d g—rm) s E- a%
cohich 15 §-close to o fom L .

I the nect \e&\m, we coill e thet Jim S(nCé'z) ches nat Qm’s“:- Yo
X=>o

can also 'Hr\(nk aLouf ‘H\e. Y\CK‘T exercle.

o ® xeR\Q. X>e.

Ex. Suppse gtqo_—_ii * =@ “Then, -?orcxera ocR, lim Fem

does no{‘ exis{:-
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