Lecture 04: Odd and even

Tuesday, August 9, 2022 12:06 AM

In the grevios kecture ce used division algorithm 1o prove :

For every integer 1, 0 sodd F andonly P n=2k+d For some inbeger k.
Using ths e ‘cwa understand various '?roTer\f\'es of 0dd and even numbers.
Tor instance, one can show that sum of fuio odd numbers is even, sum
F an o and on even intojer s odd. We lenve these shrbement

as exercises . Next e sﬁd«a product of f30 odd numbers.

Lemma, . tor e\tend c‘n{‘eaer A and b, ab is odd ? and Onla R
a and b are odd.

» 4

“The phrases  “ i? and On\\d o, \:recise\a cdhen”, /'neccssqna ond sufficiet
are used Jor biconditional ?m‘nﬂ{"m To Prove a b iconditional ?roPOSi‘l'l'Oh
One hm.s ‘&) SL'AO(A) Ld‘H\ JAKNC‘LI.CMS‘. Yor (ns[‘mce, '\70 S}\Oé\) 'H\e- 'PVE\I('OU\S
Emrna , e }M\lc “D 'PYZN&
ab is odd = (@ is odd A bt odd)
and_
ab is oJJg(o\ 5 odd A b is odd)

To Show the is');" CLM'M, [\ "\a\(e Jw Prove Hm‘\‘.‘
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Lecture 04: Odd and even

Tuesday, August 9, 2022 10:10 AM

tht @b s ol = a isodd) and (ob is odd =+ b i50dd)
oot ()T pove that, b is odd imgies o is odd |, e shows its
conbropositive. The combrgusitive of ths condibiona| frpsstion is

A (a5 odd) = 1 (b s odd), hich means a is even = ab 5 even.
O is evea = O=2k For ome in“itaer k

— ab= 2(kb

= a\.; 5 evea as ‘QB 5 an m‘\‘tser
a&m.am\n ce crbe RbeZ .

NO'HCC 'Hv(" i¥ Qe w?e 'H\e Yamo\ut’s (7} om\ b ) ‘H\c \"d\:o'u\tsts

does not- cbwne . Hence the h«s\iaﬂcsfs hos @ M ard clhabever
we on pave abait o, bused on the ‘x&:aﬂ.esfs, holds for b as cell.

\n these @ses, ce s bb samme_im‘j we have tht
ab is even = &) IS even .

<) Nedt oo oant to0 showo Thet;

N

0\07\:‘5“&(&4%0\5\‘50&3.
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Lecture 04: Prime and irreducible

Tuesday, August 9, 2022 10:20 AM

ais odd = a=2Lk+1l For some iwbcser k
=
b is odd = b=22+1 for some in“:tcaer ‘?.E

&b = (2kh+1)(24+1) = 4 R 1+ 2k+22+l

= l(lk‘t'l'kﬁ-‘[)"'i
HCV\CE, &L) s C'P 'H\e.-?om 2 x on l'n“k;:)cr-\-i; W\C‘ So Otb iscéc‘--

Looking ol the. conbrapesitive. o bth sides off the bicondibions] proposition
6(vcn n ‘B\c '\:(ew'ws |€¥nma, we dblain :

Corvllary . For evey ivrl:tzacvs a ad b,

ab is even &= (& b oen or ‘o\sevcn)

USA?) mithematic] \O\I\ﬁv\aﬁe , e Con sate the '\Dm\u'ous ccm“ars as
Yabez, 2jab <« (2la v 2|b).

This ‘b}ee.s us “b the %lloma i n‘l‘ Conce‘:‘ls

rge%-ni\rim . A An ivf‘.'ﬁaer P b alled  imeduci Ue i PFo. 'F#l,

Q“A %P i\"‘\.“(ﬂeﬁ Q,b, ?-._-.-o&) im?\ics a=ii or b-‘—'{:i.

@) An ivr‘ceser P b alled Prime iP P+o, ?q«:i, and for \'n'\:taﬂt

a,L, f?\a\l;, \'m?h‘es ‘P\o\ or ?\L

...............
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Lecture 04: 2 is prime

Tuesday, August 9, 2022 10:32 AM

OOW‘N'V\S. ¥ rom e\emeﬁl-ana school (dw Itnmc:‘ OLO(AJ: ?ﬂ numbers .

The dedinition o Prime numbers that g hove ued s far is diferent
$om the one coe are us\'na in this course. Qhat Your called prime

s a Posi'l'l‘vc Irr‘eJu\c,(ug_ Number 1n our {Brminoioaga. As Parl‘ oL

aour HW Oussi%nmcn‘l: ; You Wil show Fhat
Prime = imeducibe .
The converse of this 'proPas(Jﬂ'on is true os cvell ) and cve coil prove

it lbder in ths class; oed this is refeaed b os Eadid’s lemma.

(Eudkl’s ‘ermw\\ irreducible =% ?rimc.
33 Yhe de%‘ni'\n’on, Yor @n think aboet ireducibles o “%toms
h&aers thit @nnst be ”s?\\"}“ Purther (wondt be coriften as a
poduct ) inﬁﬁcrs aith smalec absdde \alug) . The concegh of prime.

is mare SMU:|€, OmJ H: is uH-;'m":e\n connec\*eé oofH\ mui ‘gvsc.'\:vﬂin‘\'l'(m
02 irrtvesers.
Going back 1o The st Corb“ara thit e proved, we can

restate it os 2 is prime.
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Lecture 04: Induction principle

esday, August 9, 2022 10:45 AM

Net ce leam obost the inéuchbn f?rincf?\i. We start with an unothciol

irbroduchion.

Ex. Fid 443+5+ +(@n-1).  (Wherever there s o three dots
Sgmbol, there is o pattern cohich is supposed o be V'E:Yeai‘«i. Tor instance,
in this eamgle, ce are odding the fist n ol rumbers s‘whmﬁmni;

Solution . (henever 'eam'naa necy ‘PmUem, it an &-&%JOA idea to start

coth small ww?\cs.

Tor n=i, ooe.ae\; i.‘ﬂjiz Bosed on thee, e wn
VAEs ,

For n=2, «e 35\: 1+3=4. Form a'%w:ss\‘ (e reter

32

[V
Tor n=3, mﬁe:t 1+3+5=19.

(¥

ib ths os a gm.)

2,

4 o
Tor nd, e gt L43c5+F=16. A+3+ -+ @n-A)=n"
; o
For n_5 e c&-:i' 1+3+5+F+9=25. ) Can we visualze bhese

ic ex:\wrl'\bns?
tH .. Sugpos ofter ke s¥e?s
o 0 35{7 kxk Square. -

Sren Snes Frey q rew ot the ki s;\:e?, we odd
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Lecture 04: Induction principle

Tuesday, August 9, 2022 11:08 AM

We are oAJina 2k+l  neod Sopures

kxk k ﬂl-o T% a Ch'ri)X(k'\'i) SO\ULO\Y'&

ard 2kt s the next old
ﬂumber‘.

(Q)e sormehimes refer to this os o ?fc\z:n‘o\\ ?ron9>

'& Hooo coan Ve tmk& e G? «12-\-,12-1-,]1-\-"- ? \? \‘%C\oes mﬂ‘ac.

serse. , what  namber is |‘|:'2

Initinl &\u‘h‘m- We S‘lur'\: \"6 wéersimncl\'n% the JG\hree. c)a\:s . n ‘Hu‘s

Case , i‘t menns thet o ho\ve. a Sec\ucnce 0-9- mmbers %Nen \on Cer{‘ain
petben.
Q1=£, Qg_='\12‘+£l 03='J2‘\“J ?‘HE ’ O‘q‘_‘Jl'Jz*J;""E

— —————
e 4
T
|

Bosed om the aboe oEservAjnbn, we %e:\? the ‘eouooama recursive
Sequence - o, = Nz ond 0\.n+\= ,J Z+0Q, - The three dois
meon ook yhﬁsens o Gn’s as e let n % o I'n;P‘th:az

Find  lim Q, .

N—->od
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Lecture 04: Induction principle

Tuesday, August 9, 2022 3:00 PM

Let fon =2+, TThen, for cvery poitive inteer R,
o =Fa@y.
((Understarding on cohat happens o5 ove. ogply o Funchin repeatlly s
part of dynomical S\ésjtems )
So we shrt with gragh y=ton of £

Ao B

x
b
w

(e notice that }_f; (O‘|"P'(qm =(Q|,q2). Now in order +o
Pind a3 we need to Pnd Oy On the %—oxis, Cnstead

V

o£ \d-wx\'sy. G‘-m’ria o£ (d-_-‘x Con \'\e\") us on 'H\fs.

b 2w/

J

" d "
“
‘e
K
€
<. N
t /

N2

(Dmoo\'n% ) secamen'l' (\Doxm"d Yo the x-oxis ‘@mm Ti= (@,,0,)
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Lecture 04: Induction principle

Tuesday, August 9, 2022 3:13 PM

"’:l'” hl"H’\'ng the line 8=X ) W ené v«r Cae'H:i’ng 1o the ‘FOl'n'lT
@1=( a,,a,) Now going (Fo\m”d t the Y-oxis Prom Q=@,,a,)

Ll ki’H‘lng the 3WTL }j:-ﬁ(x)/ we e\'\c} u? tde{-[-ma Y the

“>0|'n+ And we con combinue like

V

/ _ - .

:From ‘H\n‘s f‘> |‘c‘tuv~e. Wwe Can chn a'ec'liuu‘e‘ 'H‘\o\‘l‘ 'H'\e ‘\Dm’vrl's
(an,anﬂ) Gre 86‘H‘1ng closer 0\hc| closer o the ?oc'n‘t' O—P

'-n+er$ec‘L1bn of U= ¢\|2_-|-tx ond Y=%-
C\)‘Md? N ‘H’\LS ?Oin'l??

«12.-1—‘)( =X = 2+?(=‘><2
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Lecture 4: Induction principle

Friday, October 7, 2016 1:52 AM

= 12“?(~Z=0

= (X-2)(x+1)=o
= X=2 or A=-1.

Since X >0, e 36",' 'H\A‘L A=2 .

o make thee ar%umen‘\s ‘?(Xma\/ Coe need the ind uction Pn'nc(?\e.

To groe that Tor every m{-eacr nya , £ hds,
it s enoualq +o sho

(Bose o induction) Py holds

(The indactive sb«r) Suppose for an inberer &, Blk) holds .

R
Cinduction
—W‘Cﬂ Plert) "lo\ols : ‘md?cr‘:hcs is)

Usina the induction ?n‘ncdfk, let’s prove the first ques{\'an.
Problem . Tor @ ?os%l‘(ve in%:au‘ n, Rind 143+ --+(2n-1).
(e use the S%mq notation to dhawd 'H'\\Sfd?e 09 Sammation .

n T iy on ol
1+3+ - +(@n-1) = Z. (2-1) variable meam:‘émm
=1 1 o n. The w-th
term s 2-1.
Solution. e have a\reoc‘a mode o cOna'ec‘\:ure that 143+~ -\-(D.n—ﬂ--v% .
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Lecture 4: Induction principle

Friday, October 7, 2016 9:06 AM

We wuse \(\AUC}C\CM oan n Yo ?rcm,

n
7 () = .

1=\

The boase cose . Yor n=1, the le? hand side s 1, ‘H\e.\"uami' hand

S\Ae— Is 19—, Om:l 1=f .

The induction s‘x?_. Suﬂ:ose. or a ?osi{‘(ve [n{'eatr k,

R 2
E\ Qi-D=k . (the induction
R+ 2 h%PO%heS‘SB
We have prove Z (22-1)= (Ck+l) .
1=1\
k| k
L (22-0) = 2 (21-1) + (2(k+)=))
1=\ 1=|
= J“(2'+ 2k+! (bcd the. induction
h O'HteS(s)
P
= (k+i). g m

(To clari?‘d let>s recarite the ket qort cothout the Sigma, nobation .

Induction hﬁ‘;a‘:hcsis: for on Iﬁkeaer‘ k, :L-|-3+5'+'"-\-(2-K-1)=k1 . Then

1434 o+ QRO+ (Rt = k4 2k+l= (Rt )

k.p\vf

k> )
Next: e cork om WAGVS‘\TOW:\MB J?_....lz.\.... . Lebt’s recall
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Lecture 4: Induction principle.

Friday, October 7, 2016 9:19 AM

the sequence oy =NZ , Q& =P(an) owhere Q‘Cfx.);-m .
Bosed on our  Visualizatin, ce Clm-AeC\T\M‘EA That
@ Tor cvery positive (n'\ra:bcr n, o, <0,
@ TYor owery postive integer 0, 0<a,<2
De. proe. thee. statements using induckion on n.
We proceed coith the. induction under Hhe o&um\%n‘on that g s

Incrensing that mems  a<b = Pay<ib).

e caill shocs (A‘ma P s inc\remsin% locter.

Base of induction. e have o show o <Q, ond °o<A 2.
Q= N2, 0\3_=\l 2442 . Now e shoo the deswed lheqmu'es us\'nra
A MM O\f%umen{':

.E<«[2+~E & 22442 = o< A2 .

N2 < 2 = 2<4 4 o< 2

. o< NZ

lnduction s‘hat Su??osa gar a ?os({'\‘ve- lhfeaer‘ k p ak<a and

R+

[ <C\,K< 2 . We hrne 1o prove +that a‘k—u <o.kﬂ_ ond °<O«.kﬂ<2.
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Lecture 4: Induction principle

Friday, October 7, 2016 9:32 AM

By the induction hta?oﬁ\ess, <4, .- Sine ¥ & increos(ng, we obtmin

-P-(ak) <f@ Notice that ah+‘=¥(ak\ ond o = ‘PCQH\\ . and

h-\-l‘ '

= ak+l< Q\u—a.'
Ba the. induction \mﬁoﬂ\esfs, 0< L2 - Shee T s l}\crEasin% , we
AC.A\&OE. ‘H'\aJV g(o\ < ‘g(&k) C f—(g_\ . NO{?TCE. ‘H’\of\:‘ Cx_h_H=‘?(aQ ,
‘t@):ﬁ Vo, Omc\ lt>‘(9.)=- 2+2 = 2 . Hence

o (&k -H<2' . »
B‘ﬂ the PeYous results, we have that o s are \‘nc(’ea\sin% )
and hove on Upger boand : 00K, { K2 . “Therelore
lim o exists - So\xa lim a,= L. TThea

NN—-o0

L=lim o= lim Fay = #(m a)=F)=J2+ .
n=od

N " N—yod é,

is continuous

\im ,.lj_-\-q“ - '\i2.+\_.

N—>cd

Theeboe L -l 2=06, shich \‘m?\;es ok =2 o L=-t .

Since Oero, L2o0. “Thus \=2, cdhich means 1=J2+J2+411---~ - B
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Lecture 4: Induction principle

Friday, October 7, 2016 12:49 PM

V2 < 242 <= 2< 242 &= o<z V.
The inductive S‘l‘ef_ For a ﬂive ?os%‘n'\le in‘t‘eger , e aSSume

G, <G, . We Lw\ve ‘l’o SL\oco (lkH <Qk—\-.2.

kR
(Ve use LackmareJ Gvﬁumen‘l':

<N, = JZ*"‘\« < 12 TR

S — ?_.-l-O\k < ?‘+ah+|

k1

= ak< Qk+\
chich is the iduction thO"Hsesl's. ]

“Thearem . lim O = 2, cshich implies 2=¢\2+ 240... .
lim _Q, " {2
Proot. ‘Bn Lemma 1 | a, B a Lounc'eci Seclmence .

53 Lemma 2., O s increowiv\a. Hence  lim Q,, exists-
N—Pcs

L—c‘: \_: llm an . —W\en

N—poo

L.= ‘I'Y\ am_‘ =h|im F|2+an = r\|Z-|-|__,
v

N—%<3

Hence L= 2+L which imTlfcs I’ |-2=0- T\\trc:‘eorc
Q.—2\ (L—l—i\ =0 - So l_= 2 or L=-1. Since Qh>0/ l__)_o .
_n\f,rc‘PUfE ll'm Gn-: 2 . ]

nN—» b
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