Lecture 1: Proposition

Friday, September 23, 2016 3:09 PM

In ‘H‘lis Course gou learn

- How 1o listen to o ?roowe and understond it
. Hoes 1o read o ?er and understond .

- Howo 1o 'Pmducc a (\)roa‘P ancl Cowmunl“ca+e tdour ‘H\ougHS-
(e will use cli-ﬂferen'lr ‘\)av‘lfs o? hwrl:kemor['l'cs t achieve this %oo\‘- We start

with (PrO‘FoSi{'l'ona' Loaie , introduce quo«rfl,'\;?lér‘s, use bosic ideas From
aome. ‘u\eorn ) cIfSCuss €-§ J-e-‘fiim’-lﬂbn o;e limiJr, S‘l.'uclg o H’He lou‘l‘ 0'?'
ar'rt%mc%n'c. _,Tac leua 'l;u Suceess L\oooeve,r; Is Jofna lo-!;s oﬁQ exerctses -

Mmjrhemo\‘h'co\[ Lanauotge

(Prd‘)os ion is o serfence That is etther true or folkse (not ot

The some ‘l’l'me!) :
Eﬁ. 1+1 is NOT a f\bmf‘)osn"l?'l'oh. A r?ro?os-"[‘l'on has o claim

3om€‘7hing._|7\a'l' clm’m mn‘gH be ‘l:me, or 'Pa\se A Serrfence.
with no claim is nadt a f‘JmPosr{'l'an.
Ex. 1+41=3 & a ?m?osa"l‘lbn. s a -P_a_lig ?m?osr{'l'on.

3’ m=1. His NoT o\")ro?osi‘l-\'on. We do nat know cohere m

lives ond in cohat c@?ac&% should e look For it .
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Lecture 1: Propositional logic

Monday, August 1, 2022 11:35 AM

We refer do the “univere® oohere o Pree variable lies' as o
get, and the "Cm?o\c(“?ﬁ“ is determined ba O‘uam‘%'ers. Tor
mstance “For all .7 o “Bor eery o called the
universal quantifrer and # & dencted loa Y

Al > A ~ ¥

" Tor all real number x, ... is coriften as‘v‘%i_'ﬁ'}v,
'n  The Sefog

real numbers -

.Emsjcen“:‘t)\l quan{-z’%'er' is usec‘ COL\en we oomn{' JIJ Sad an
”_n\cwe. e,xns“:s ..,\\ or M ‘mem [\ ...\\ o 7 For- Some. ._.\\.

K s cieno{'eel ka =

Exfs‘{'s ~D E ~

N\

“ There exisks a feal namber % ... & cocitben as FaeR.

“There awe 1d0 Gther Jess s{‘ane‘anl qm«rl'l‘%‘ers:

“There is no n ewhich s denched bé }ﬁ ond 7 There is a\wnfc\uxt..?\

colm'c,tl S AenthQJ La 3 Later we ooill discass sets O\nc‘ a\ManF?érS,

mere .

math109-ss-22 Page 2



Lecture 1: Proposition

Friday, September 23, 2016 4:31 PM

Usirg sets and a‘uaxrh‘%'ers, e @n make the predicide ce similar
m=1 i o proposition. Qe efer o m as the free vaniable
of this predicate.

Ex. For every rational number m, m=1. (¥me@, m=1)
TThis is a prposition. Pact, this is o False Propastion.
Tosee it s dake, # s eroigh +o preset . courter exanle.

This means Sind & rwtonal number m oohich is nat 1.

Since this proprosition claims that certain vav))er'l’\a should hdld

for exery rational number, ?sm\.‘,\a & Sirgle. ruhional rumber cohich does

NOT sa{'lr% the clamed ?rarerha shos that 4his is a False

prpi
2 & a rahonal number  and 221 .3 2 5 @ Couwlxr—emw\:\o

Ex. B mis in+eger ond o<m<2 , then m=1.

This is a true f?m?as’rl-u'on.

To s%ow H‘n‘s is ‘\:vue, we \ﬂme “p rec«\\ axioms 0'? ineqw\\n'{'fes-
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Lecture 1: Proposition

Monday, August 1, 2022 12:39 PM

By owioms, Le. ma cerbin slabemedts that ce assume are Frue, and
\'nger‘ other Sh‘)tmesrts 'Erom H\em. Thes is the common O\??(OW;L' in eru
ond it ddes back b the coock OP Eudd on 8eom€‘?r‘8 In this

conrse, coe Take the foﬂooo(na f\)«vferh'ﬁ of aha,wx‘ijc% as axoms.
It should be sad that some ag H\e.ss&{emw‘;s Can be?mcé based

on u’:\nef‘s
. bor owry real numbers a, b, C,c\ , the %[‘000(“6 stitemedt holds .
) oa<b od b<c imY\a a<C

v a<b or a=b or bca

) a<b l'mfhés a+c< bte

n o,<\o ad C <A \m‘% a+C < Efc\

) a<b and o<c ‘"’f\é ac <be ¢ both of thee con be
deduced  From

) 0.<L> and C<o lrmi‘té O\C)LG o<l and o<b |'m‘>\3 o(alo

Hn o<l

USiné i) anc\ vy, we A&xvcc Ofi(i*-i; amJ so 12 .
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Lecture 1: Proposition

Monday, August 1, 2022 12:58 PM

By QJJina L oagin and aggin L conclude thal ogi<2< - .
TThis is not Verj precee . When we e a proces Yok needs
to be vuge&\-cl, e must oPlen use induction. “This caill be discused
later 1n the curse.

By a similar araumenJc and o\JJwa 4 do te bih sds f oct
oy Yimes , e obtain thit . <=2<-4<0 .
Po e an see, the only irrb:aer whch & more Han 0 ad ks Hhn
2 5 1.
Ex. xzo

It is NOT & proposition. Thes &5 & predicabe coith o Free

Variable %. Usng a wonibiec and a =t b which the Free
Vanable % be\onas , We can Yum bhs predicate into a proposition.
Tor instance :

Ex  TFor ey real number %, %20 . (VxeR, x*3e-).

This is a true \)ro?csrhon Let’s prove oa‘nn this is trwe.
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Lecture 1: Proposition

Friday, September 23, 2016 4:47 PM

WDe ue o Case;La-Cosc ?roog

Gl x>o. TThen mubtiplyng both sdes by the posthve numlec
x, we conclide the XA > X0, and o Ao

(tn abgbm, pou cill leam thit 5 © & the nestral clement of
+; that mem  X+0o=0+X=%, we e wnclatin coith

e Yo+ thil mons  Arg= ez implies y=2, and

the ditnbuihion ?m‘aeria thea A0 =0 Pr eveqy x. Here is

a puk:  oro=o imles  A.(oto)=%o, and so

U 0+%-0 =X-0 . Therefore La fhe concelation f‘)w?cr‘:g X-0=0 -

b this Course, you con use this \’“’?&3 coithout oot )

Ged x=0. Then X=0 , and 0 Azo.

.Case, 3. A<o- Hu}h'?\(‘)(na Lo'H\ Sdes lpa Jc‘\r\e. nea&we number X,

XXy %Ko, and So Ao a
We ux e\"H\er Q.ED.

Question . Can  coe. cvoid Using the. o B B indicate tha
?roo‘P S —?-('m's}ﬁc\.

AXigm o0 mulh'?lafné 3:3 "N neamhve anLerZ
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Lecture 1: Proposition

Monday, August 1, 2022 1:37 PM

Mling (- T bhe bth sdes of oo implies that
0+ X < N+o; oM o 0K K.
Halkjlying e yasibie number by the bith sdes A %o, we infer
thet O X<EN-0 5 ad S0 €X-x<o .
Notice thet (0 X+ XX = (-9 +%X) X =0-X=0, ard S
CRX = = (doring bhe lecture, o 4ok the equaliiy %ramn%eJ.)
Hee, 0o, Mding o o the bbb sds o @), we

conclde that  o<o&. "
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Lecture 1: Russell's example.

Monday, September 26, 2016 2:37 PM

Ex. This 5 a alse serence.

<H s NOT a ?mposi{'ion.

Suﬂ)ose, ts the cOﬁl'rarla ‘H\;\‘ + is & (\;ro'fgsi-\:'ion,
CThis method of “‘Nw{g is colled '\Dmo‘P b% CoﬁkmckC‘:l'on.)

Then there are -‘;wo f‘)ossi‘oili'['\és /

C_ﬁm's \me‘Hr\oA O:? av%w’na IS Ca"e& Case—bé—cose ‘?I'OO”P)

Case 1. H‘ IS o ‘hfue ?nf)osiﬁon. Gse2. B is & ‘E"E ProPasi'l'\bn.

So the cloim of "Jhlsr?m?osrl:m’w s {So the claim of this ?m\)asi‘b‘on

Stxﬂ)osecl t be true , cohich Saas IS Sucnxxsecl 1o be ‘Ealse, cohich

it s agalse‘—ﬁ\ox{' s O inrrlnés that rk is ‘l:me
contradiction That © o contradichion.
—”\e Onlg reoson 'Hw\'l.' wWe afe %e‘l:t’lni a Coth'mJic‘lnbn IS Eec«usg

e o,ssumeo‘ -H\o\‘t' 'H\e ql)a\ff— S&W‘?*ance S o '\)rar?osi‘kon. Hence
this s NOT a \ro\||'<l assumf‘rl'l‘on, le. the above sentence is NOT

78 <\Dm1>csi+lon .
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Lecture 1: Propositional connectives

Monday, August 1, 2022 1:48 PM

hs g con 3 in the previais examdes, Ge often hwe to sork caith
voraus propositions that are comected o each other by certain
?m«fosi%'m\ comectives. b understomd these comectives better,

we are @ing to use vaniables Hor varios propesitions .

Conjongtion . “The comgungfion of two ?mPcsiJmns PQ s
“Pad Q , ond it is dencled ha PAQ .

As 80& Con \‘moﬁme, ?AQ is ere '?f‘ec.ise\a oohe:n EOH\ ? m«e‘ Q,

ore '\.‘me. We @n use a truth +aUe, Omcl \\‘S'L‘ all ‘H\e. ?ossl‘UC.

oss Bor the truth values of He Poir = "Droofwjmns T ad Q.

Plal|vaQ
TI T/ 7T True QWCHUM\\E\’I Pis T ad Qs T.
T|F| F
FlT| F
FIF| F

(Dissunc“l‘l@n . The Aisaun&l’on o o ?m?osijﬂ'ons P, is

“P or Q.‘, ard i1 5 dendted \:a Py Q.
(D\saum{lm ] S‘lﬂhHg d\@emr\.‘ ‘?’TOYY' H\e w\a e Use ‘or in our
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Lecture 1: Propositional connectives

Monday, August 1, 2022 2:07 PM

daily conversations. o understand the truth value @ Py QU belter,
thine obodt cchen o claim Pv@ s fabe. (hen | make o
clin that “cither 2 hods or @ and gpu ot 4o e
bt my clim s Talse, you hoe shos thet fhere s o scemacio
such thet) neither B mr QU hods. TRt mems both B
ad @ ore fhe. Hece RQ & Tobe ewctly cohen beth

o PIQ{PVQL

P ad O are e S e
TIF| T

T T

ElElL T

Here # both P od QU ae brwe, then PvQ s true.
This (s S\t‘ﬁkﬂa diBeeit From the clou‘la Usoge o ‘o’ . Her,
(F PQ holds, then S0 dos BV Q.

Conclrl'wm\\#’pio‘?osr\'\on or m?\m&non (3l c&em'\?cl BO P=Q

e reger o P o the L)a?oH\esfs of this COrrL"L'onql ?m?osf‘)n&m,
Omci 'ID Q as 'H\e. COnc\usfon od Hm‘s COncL"’-"‘OY\Ol‘ ProFosi-[-Om.
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Lecture 1: Propositional connectives

Friday, September 23, 2016 5:16 PM

AR P, then Q.
. P im?\fes Q.
P s &A‘Fgl‘c(en"‘.' ‘P"f @.

- Q 15 recesany for T.

T undershind the truth volie o PQ, lets think cohen on
implicabion &n ol . Lhen | cloim P tonglies Q and oo conat
g anue Podt my chim s fake, ou need o cme up coith a
scenario ooheve P holds C\W&hﬁs& s true Yod Q Fails €
concluson is Fale) . Hence, 7P implies Q" is fake ewctly
chen P s tue ad Q 5 Pilse

PlQ| P=>Q

T |V T

TI| ¥ i “The Ohla e oohere P=Q is '?‘0\\56
F|T T

FF T

F P o Wk, Ben Pu@ s tre Naa\rt“ess A fhe Sruth -

va\ue. a¥ Q A -?a\se, hb?o‘l'\\est's Con l’m?\é amoﬂmna\
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Lecture 1: Propositional forms and truth tables

Monday, September 26, 2016 2:57 PM

A ?mFosi-hbm‘ -Eorm IS O ‘eaf“,'\‘md{'e ex?rb_ss(on irwo[\/l‘ng

|03|‘co\\ Variques " CGY\Y\\‘;C‘\T\.VCS NN, =r, &, omc; C )

(e | be discassed \q\ve;f)
Here are ‘H’le ‘ET\A'HK] %Ue 0=P Conév\ncl«'l'on N, c\|‘33‘unc‘\71'on A R

ond tbw\)lfcarhom =¥. C S()\mvmow*a)

P and Q, PAQ Pl Q | PAQ T is “and®
Ty T So bath
0\“ ‘H\e (Fossfjoi Iljﬂé\s __r —IF_ F should hold
04? Hhe fruth VO\[lAfj .;;. T F Do Pod G
o-][’_ P.Q - } \ F held
. there are 3 W\HUGS J For 4 variables PRRAS cae‘k? 1€ vrows.
+the number o rows s 3.0 For  n vaciables, coe %e\: 2" vows.
r'.Eov- Q, ?VQ ? Q (PVQ' For this +s
TI|T | T Bl bath P
This 15 s\lalrrHa c[rﬁzCrErT{’ ‘%bm T+ T and @ showld
the oom% B s used in a o(ailg T 1 %)-a;l
[nnamaae- _ﬁ\ere wWe Some‘l/‘l\mcs F :F T:

assime (P 0\r\c{ @8 o[o no‘t’ L\au o\‘L‘ 'H\e, Same ‘Hme/-

<_P fmr‘ies Q , <-PQQ, P QL | CP%QH
T T
lvﬁrlm’.‘lm ‘F‘au'ls Onla cohen T + :F
lﬂgy(fH\e,s{s CE) hods™ and {0 T
Conclusion (Q) ‘PO«[[S. I _F T

In T)orh‘cvx\ar rP—_ﬁQ IS {-me r? P s ‘P&Jse.
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Lecture 1: Equivalence of propositional forms

Monday, September 26, 2016 3:15 PM

Ex (4=2) =r Sun is a moon.
is otme (pm1>osrhbn os the thoJchesu‘s is false .
Oie Course ‘ am NOT cfau’mn‘na ’HnaTE ‘L‘L\e, Q;mc’us{on ,/&Aﬂ (S O mcon“

Is corchv. (We are cm[% Sqamg Hhat ‘Hne l'erh'CoA-lOn IS +m€,.

Ex. ride the drudh duble o - (Pv Q) ond C—lﬂ AGQ)-
Q@

— A

Defioihion oo Mos-rkml Forms are called equivalent N
they have the. same truth tables.

B = (PvQ) = PHAGQ) ]» de Morgar's laco
Smilecly 1 (PAQ) = (5P) v 6Q)

Converhim T. o true fF(arFos{ on.
d:a 'Eaise ’?ftf\)osf,:l'(m. CCoﬁl'thlb'bbn).
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Lecture 1: An equivalent form of an implication

Monday, September 26, 2016 4:06 PM

Ex Shos tht P=Q = GHvQ.

<‘irw_% We ave 80\\«6 1o corijoe. the Druth tubles 0{2 ‘H\e\se Pro?cs(‘hbnal

¥orms m\cl Covw?qm 'H/\et'r \m\ues.
PlalaP| 6Pval P=Q

T|T| F T \
TIF| F F F
T | T T T
FiIF | T T ¥

NN

So the ?rasm‘%bm\ borns PQ  and =P)vQ qimas hae the
e ‘\mr&—\/a‘ues- Hem:, P=Q =GEP)vQ.

“This is an exjcreme\g im?r/rl:arrl- ‘PK_+ Usfnad Hus o S"\ooo

P im?\l‘es Q" s the same as arau\‘na 'H'\'\"L" 7either P s %\\se.

o~ Q s 'L‘Yue..\s
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