HOMEWORK 6 SOLUTIONS

MICHELLE BODNAR

Problem 1

(r,y) e Ax(BUC) < e AAyeBuC
reAn(yeBvye()
(reAnryeB)v(zeAnryel)
(z,y) e AxBv (z,y)e AxC
(x,y) e Ax BUAxC.

L

Therefore the two sets are equal.

Problem 2

(a) This statement is true. Suppose toward a contradiction that there exists some x € R such
that for all € > 0 we have |z| < e and = # 0. Setting ¢ = |z|/2 implies that |z| < |z|/2,which is
impossible. Thus, the statement is true.

(b) This statement is false. To see this, set =1 and € =2. Then |z| < £ but it is not the case that
z =0.

Problem 3

(a) To show the functions are the same, it suffices to check that they give the same output for any
input. Let x € X. If x € An B then 14,5 = 1. On the other hand, x € A and x € B, so we have
Tg(z) -1p(z)=1-1=1.

If x ¢ An B then 14p(x) =0. On the other hand, if x ¢ An B then either x ¢ A or x ¢ B so
at least one of the functions 14(z) and 15(z) evaluates to 0, making 1 4(z)-1g(z) =0.

(b) Let x € X. If z € A then
Ta(z) +14c(z)=1+0=1=1x(z).
If x ¢ A then
]lA(l‘)+]lAc(:L‘)=0+1=1=]lx(:l,‘).

(c) Let z € X. We'll first consider the case where z € Au B, so that 1 4,p(z) = 1. If x € An B then
by part (a) we have

Ta(x)+1p(z)-1a(x)lp(z) =T1a(x)+1p(x) - 1anp(z)=1+1-1=1.
If x ¢ An B then x is in exactly one of A or B, so we have

Ta(x)+1p(z) -1a(x)lp(x) =14(x)+1p(x) —Lgnp(x)=1+0-0=1.
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Now we’ll consider the case where z ¢ Au B. Then 1 4,5(x) =0 and we have
]IA(.%') + ]IB(HJ) - ]lA(aj)]lB(.%') = ]IA(.%') + ]lB(ac) - ]lAmB(ac) =0+0-0=0.

Therefore the functions are the same.

(d)

Tap=14-1p by (a)
=1a(lx -1p) by (b)
=1p-1x-14-1p
=1anx —1anB by (a)
=la-Tans

Laas =1aup\anB

=Tauvs —1auv - -lans by (d)
=14 +1p-14nB - L(auB)n(4anB) by (c) and (a)
=1a+1g -1 4n—-14B since AnBcAuB

=1A+13—21A-1B

(f) Let A, B c X. To prove the forward direction of the implication, suppose that Ya € X we have
that 14(z) <1p(z). Now let a € A. Then we have 1 4(a) =1<1p(a). Since 1 can only take
values in {0,1} this implies 15(a) = 1. In other words, that 2 € B. Thus, A c B.

For the reverse direction of the implication, suppose A ¢ B. Then for any = € A we have
T4(x) =1. Since A c B we also have x € B, so 1g(z) = 1. In particular, 14(z) < 1g(z). If
x ¢ Athen 0=14(x) <1p(x) since any characterstic function is at least 0.

If A= B then clearly 14 = 1B. On the other hand, if 14 =1p then 14 <1g and 15 <1 4.
This implies Ac B and Bc A, so A=B.

Problem 4

Suppose ©(A) = ©(B) for some A, B € P(X). Then 14 = 1. By problem 3f, this implies A = B.
Therefore © is injective. Next, let f € FI(X,{0,1}) be arbitrary. We’ll define a set A as follows:

A={aeX|f(a)=1}.
Then we have ©(A) =1 4. Furthermore, for any x € X we have

1 zeA |1 f(z)=1_
]l“‘(x)‘{o a:¢A_{0 f(x)=0_f($)'

Therefore © is surjective. Since © is injective and surjective, it is a bijection.



