Extra problems: focused towards the last two weeks

Sunday, December 4, 2016 4:33 PM

1. Pove that , i dis a(?os(‘l‘l'\/e c{t'W'SdY‘ cr¥ Q.n, then c\=2m

o some (vrteaer o<m<n.
[Hint . B d=1, then d=2®. ¥ d>2, then @ con be written

N ?roo\uc{'cfe ireducibles . Let P be an u‘mc‘uc{Lle_ ‘fio\c-laor
04" d - So Pis a ‘Pﬂmef ond ’Mz": 2 x 9x~-x2 - Theretore
——

N times

'F‘Q. = <\>=9_. Qo o\na (‘rreoluc;“e -eoc-\:ap d-P_ o\ s 2. Hence

o(=2m ‘Fr/f Some meZ-'_. Dince 0‘ (9_“, [N, ho\ve, c[_<_2h.

Ther oce msn. |

2. let a =2, a,=§€, °‘n+1=6“n-4“n-i'

© By induckion on n, pove that a =(3+{5 )n+ 3-{5)"
© Use qart @ toprve  |B+{5)] = 0,-1 -

OFvove that  ged (a0, is @ power of 2 for any nZ"
LHint » For pact B, wse  0<3-5<i to conclude

(3+{5) < Q, < (3+{5)+1 -
« For port ©, nibice @, , =-40 Cmod @, -

Hence %CA (Qmi Q) = 8C<J an , -4 Qpy) - Hno\
ac‘:‘ Can,—4 0\,.-4) o‘l\rl‘o{ts 4 %Ccl (qn, an_i)- Bo La
l'noluc-\:\’on l’M’pa‘H\est’s qc:l A.....0) Jt‘vﬂ:{es o0 Pocver Cﬁ?- 2.




vy /7 RA)

4 l
Thus by qoblem 4, & is o qaver of 2.
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3. For abeezZ’, prove that

cla

%ccho\,B)—_:i X=;> %cc‘ c,b=1.

ISO[H:\'W\ /,ﬂu\‘c&t\\ versionm :
o\=c‘3cACc,b3= d1b g
d le g:» d la

cla

=>o‘\%€c\ &, b)
=dli= d=1 ]
4. For a,b,ceZ’ prove that

%ccl Ca,Lﬂ::L = %CJ (O\,loc‘)= 6cc‘ (Q,C‘—\ .

| Solutvon 17 quick” vexrsiom
c\_i——- %ccl (a,be) and clz,=3<:°l Ca, .
ds la ‘S:» da [qed (a,be) =5 d.\dy .
Clz, lc; = <=‘2—‘ hc

dy|a 3:7 ged Cda L) =4 7 d, (o
%alca,b)=j- dilbe ’S

K::) o|ilJ2.
P « Al‘ aA
Soluchon 2 ﬂw‘c\g version
SxyezZ, o«x+1>3=i = o\crx+l>c~a=<;-
Hrsel, %CJC&,C\= ar+CsS
= ar+ (0\c9<+l:>c:‘3‘)s
— l'rrl:‘c%er Linear combrn .

O{L A O\nc\ be
.:} %CC! Ca\/ )DCJ \ %Qd CO\,C).
aeolca,l:c\ 1S Gn |‘n‘L‘- Lihe - Comb - o~ omc\c,=5'

gedCa,cy | gedCobed. 7]
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5. Le‘L’ -Fo, Fiz be 'H\e _Fl’bov\qcc{ Sec‘u\ence. Shocs -H\a'\?

%C‘J\ C‘:Far\ IEH:Q =1
[ Solution 4. Use EH_:L =h (vod &) inalachon
&—i L — %CJ (a,k) = %CA (b,k) 3

ntd

2
Salutron 2. Use T Fa= D ]

and

6 . Recall that long ago ce used induction ond
Fom= For B+ R Bl

To prove that  k|n = T, |F - (tere agin
B b5 the Frhonocei sequence . In $his exercee
goor il pove ged (K /) = Fyatgnmy
© Swpse q ad r are the quobiert ond the

remainder o) 1 divided loa m. Prave that

T, = & -Em}ﬂ (mad T .
And conclude  qed (F, Ry = 9cd (R, F)-

@ Use Euclic[/s a|aon"|:hm Oma‘ 'Fa\r'[.’ @) o Sl'\ar«o
8?—0‘ C'Fn )Fm) = :Fécckn;h'\\ ’
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| Solution . &) n= m4+r =

k™
versin
F = mayrr =En<1+1 Fr + E«1 E:.j_
= _‘F F"""F\'l ¥~ (_W\OA -'Fm ) O3 _Fm\ -Fm}

= ‘a““ O o aC‘J (K mayr:lFr\) X=¥

9ed (Fog gt ) = :T? PR )=
T \‘r’mr
%CA (F,, 7o) =3ccl (., 7D
© Suqpese nzm, and let a'o/“A.""'qno:ﬂd (rim) G50

Le ‘H\c sea‘uence 3|‘wen 193 the vaclu‘c‘ s a‘ﬁan"Hnm :

kol IS ‘H\e. remmncler o? ak—i

divided 138 A - ‘Ba (]w{' @, S any k, we have

K 0\k+\
s 5 o Cﬁ,‘ofﬁw =T fplonn ]

o
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+. Suﬂxx a,neZ+. Let Lam-. 30,4, n—i&-*riml,-n,n-j%
be o Punchon such that , for any x €301, -1y,
Lq’“(oﬂ = X Cmod nY . Prove that Lam 'S & ‘Ol‘a’echbn
i and Ohlé & %CA (o) =1.
1 Solubion ‘Quick™ version: &)
- suq‘ec{we. = IFIx, L, c0o=1

Q

= ¥, QXnEj_ = %Ccl Ca,n=1 .
) %ccha,v\)=;L = F o st a2 4.

Gonsder L, oL ond | ol
/N Q; n O\/V\ G\I/V\
o ﬂ /
LO(,n LQ,Y\ X\ = (0 Lo\lncfx‘}
N J N

x -
g LaCnoL‘o\. n\ (=X o Q—G\’/\: L“\b ()

are 1w <'io,j,) ._.)n_j_% .
Simrlar La L el , =T Hence L ts
Ql O\,n O\’V\

inverh b ond  so a loiaec:'lnon }
D Swwose, a,hez_+ , L,c_ez . Prove Hhat

Cécck =1 'ZS=} byl______c _
ob = oc
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[Soltion ”c\m‘c\k‘\ version 1. Use "‘)rvucm + 3 Lﬁm 5 o

Lt'a'ex:l:lbn =7 b W\c{ C c{('v(c‘w( 198 n kmv& H\e Same.

YBMI'nJeV‘ = lo-‘l:C .

Soliim ”o‘w\clv version &

n [OLCIO—-C)§:>~ n[L_c_ = LY%C.J
aCc[CV\lo\)=l

9. Let + be an ireducible \'rr|7e3er, and acZ . Bove thit

d =a omed P)
L Solution 7Clu(c.\e\\ versiom . o T \o\ = 8\; o -—E_—_ o -
e Tha — 6&1 Ca\,rr\—_-'i as P is inmeducible -
= is & lDI"CC‘L‘I'CN'\ :
7 Los 1
Dince L”\;TCo\:o’ we have

iLm'T(i) oo Loy @ =54, - p-4L - S

T
1.2 - = LQ,T(A\ : ""L“oT(P'i\ = @)(20) - G-110)

—at 1.2 G-4) -

’\) (S (YYC(J\WC;L\C = ‘T \'s f‘)(‘imc "S

T,{'i, ‘\’*2,---;"’*?-1
-—i\\'\ =j__
o;HC?—:D ]

=% ¥ Cp-DI

PP

= 3°ACT'§\’ R rtid = o q.]

G-t
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10@Fird the reymaindev oig

1000
clivl'tlez[ ka 1o
]-_Solwh'm\ ,lolvucw version -
2 10
S = -

s &Y

= A s the r‘e,mmmlef‘l

@chl the Rma\mclef 0112 2.201? o‘mc‘eci ‘33 13
1 Soludion ”c\uu‘ck“ Version: let ‘s loo

0\* ”Yowefs
o:¥ 2 module 42, We Use nwnlaexs —-6,-5 'S

2 3 4 S é
112)4)_5)—3)67—i
\

-

(G
2, =4, 5

J——S >
ond $ind Wdi what s modubo :B) Qe -PmA ont

g a —
@ (Eoch time coe va:\'?‘ the Previons number bu 2.

Pt 2 4 (med 13)

201+ =12 x 16% +41
201
L

’&\f
19 \16%
= (2

<« 9 13
I's l:‘

—
—_—
—

2. .= r%\o\\'n(lw
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14 . Prve that %f(' O\lea nez_—'— '_H\e(t s a th\H'ﬁ‘)le 0£
n whose Alb\\l;lis arc either 0 or 1.

ESO‘\A‘HW oﬂu\‘c S versim: In class we s\v\owec\

;?0(‘ Qn% n+1 ('Y\'L'Ej{fs "Qi)"')‘;{n_‘_i/ 'H\QY‘Q aye
1.=F3~ SMCL\ thet N H(m_k’a Let
=1, ha=l, - k= 211

(/N .
N+d  Diwes

So I 1svcgysnd, n| u-&:ﬂlwl
T T Tw T

12. ?mve ‘H’\a‘l: 'H\eft S no ?er'Pec'L‘ &;‘uqm_ o?— 'H’\Q —Pon'n
13 k+ 2 —{m" Some. (ﬁ‘:eﬂer‘ k..

[So‘w‘nm\ /Ic‘w'c_k\\ vexsi\on \7[ o.c Z p G IS Conzsme,vx‘\t

'[)O 0,1, OO 12 Yr\ocJUklo R. :?

i
O O4,t2 +3,14 +5 36

2 13
Q= 0,1,4',cl,3,11,10. So

azié 2 C'Sl}ni\ﬂ\r‘\a azj‘i 5,6,7,%,11 ).
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109

12 Find all the soluhions o 901€ o = 90417+ .

[Soluhon.  201€ = 109x 1 +54

and 2017 = {09 x1g+55

6 we hae 4o slve 54 on_q 55

= 2_)(5-4%@ 2 x9©5
16 10
—> _‘)C;qj_ = X’éq—i'

Let’s checlt A4 He comvevse hold -

10
2016 = 2017 (med 109} «— 2007 +20\6—q
NS + 54

14. Fid dl the solahions & 10 = 3 omed 23)
[Solujt\ov\ 1 A‘C‘ L\oc mz‘H«\oc\

23 23
Q=¥ = dx9dx = Dx

cmuthply L"é 23
[;: 2—7 4o = 4L
o)

Sim ﬂef‘

23

—7 6*4‘7(_5 G

23
23

Check the converse: 6=54=%F -v -

o]
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M . Use Eucifc\/s o\\ﬁm’ﬂxm ‘\w :?‘\ml CA \‘Y\OAV\\J\Y‘
Inveyrse OQ, q mOc‘mlo 2% .

23 = qx2 5

9 =bxl+4
5=4x1_+@—> 1=95_-4x1
T = Lx4vo0 = 53— (9-5x)x1

= 1) +5 x2
= Ix(A)+(23-9x2 2
= 23 x2+ qx(-D)
= 5 s a medular inverse. oY modunlo 23 .
= (5) @x)= (5)(3)
N 2 _40 =46-40=6€ .
Nows one com check the converse -]



