Residue homomorphisms and Irreducibility

Sunday, August 20, 2017 11:23 PM

In the «\:mw'ous \ed'ure we extended the r&s(o\ue mo\rf Z—an
o the ning o} rPolamm\‘o\ls: ¢ ZIx]—vZ [%]; ond we used
'H\e re,sn‘clue hommor\)"\tsm to Shoeo c,crlw\\'h «?o\va hom\‘m‘s in Z [x)

clo nt hoave o zew in @ .

cPrtq?os({'\'tm CLet P be & prime., and

Foo = x"+a, x4 e+ 0E ZTxT
Suﬁ;ose. Cp (8} does et hove o zew in Z? Then t

does ot hove a zer in Q .

We. ?rovecl the alove ?ra?as(‘\?lbn in two s"mis
gfﬂ 1. Ho\vfno& o zew in @ — Ho\\/\'v\% a zero n Z .
8@; 2. Use the residve komomon\)h\‘srn to act o Zew in ZP,

Next e cuill prove. on iweo\ucibn’\i’og crterion .

Theorem . Let P be o prime., and
Forr = X"+ a,,-\‘)cn-|-\— et O €Z ] .

So\ﬂ;ose q_r(-P) is ireducible Z.TDQ.—W\en o

iveducible W QDX .
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An irreducibility criterion based on residue maps

Wednesday, August 23, 2017 10:08 PM

Similor 10 the griot of the qroposition, coe prove he

contropositive of this theorem; and it is done in tuoo shegs:

Step 4. Reducibility over @ implies feducibilty ower 2
Cand slfahua stnz\em Version ) -

Step 2. Using the residue hamomorphism o 3& reJuc;le{Jca

over~ Z._. .

P
Before we start the (\)v‘oo‘P/ let /s f\min‘\: ot a Fecd

QXQW\Tles :
1Q:. 2% is )‘r’f?x:l\/LC{Ue m QTX]. In ‘F‘ﬂ\c[' O\na ‘\)alkdnom\‘o\\

o O‘ta(‘ﬁt 1 s wreducile i @Ix; Otheroise
T4 ge @I, deg $ydeq2t and 2x=Log qo0
So deg (20 =1 =degPrdegqr2 whih isa
contradichon .

. 2% is reducble in ZD3J as  2x— (2)(X) ond

2, x ¢ U(ZDD)= UZ) =3+15%.
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Towards Gauss's lemma

Wednesday, August 23, 2017 10:23 PM

S the big differnce s thi 2 T@N) = O\1e,
bat i is ndb a und in Z [
Ex.e 2534 is ieducible h QX3 as it is of
cleame 2 ond does Nt have a zew n Q.
e Lotid = () (x+2) and 2,5 +2 ¢ UZD3D) =344,
imply thet 25+t s reducible i Z T,
So the gt th\ha ae have to chede, when wed like Ho
Find ok 1F J?Cx):anﬁcmrqn_(%“-ir t0, € Z K] is
iredacible in Z %), is to Hind ged (a9 Q0) )
ord see it s 4 or net

Definthon . For ‘?(X\.-.—.éq\‘?(fe ZT1<1 , et «C—?\_—.—%cckq,;\ ,
(-P :'&o) 1=\

Exe oc(2%) = 2« &(2%%4) =2 .o (X +3%+6)=1.

let’s recall three related (Pm?erlités cr% ﬁc:l

(RE,CD\“ @ LC'(T OL: %CJ qul_,,)c\h) . .—Then 8C<[C_%§ ,m)g;Ln_)

@ HZ (P Io\o) ?‘%J "')T IQ“; —l,—L\ﬁv\ T \ %Ci CQ\Q) "')q“)
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Towards Gauss's lemma

Wednesday, August 23, 2017 10:39 PM

@ For CeZ+, %QA Ceog, oy —Ca,) =< ‘aco\cqo:--uan\'
Let/s see awhal each me o the aboove <\>m\>er{:\’e5 \\m?ln'es

about the cle:P-lheA o -Punc\:lom
o:F;r' '?'C'X) = C\n‘xn‘i‘ O&“_( 'xn_‘-\- L 0\9 e Z ['Xj \%P(g y, \{:l,' KC‘%}:C‘ .

T, _ Q n O,
| hen 'PC"X) — c‘, g"_ X + +_;\_) 0mo[

F00 e Z1)
O(C.e.-iB:cJCA (? ] "')030 =j'

Ded. Pone ZIxINIo§ is called ?rfmijma # < fy=1.

S0 For Fone Z ANt we have  Foxy = k) Ry

ehere  H00) s primibive .

- G ) =0 4 Pla,, - la, = p (ged (g, -0) = Plaich.

So CTGZ) —o &= (D).

(Here f0 = 6, %4 .+ x+a, as before )

-For ceZ ,ol(et) = o‘\ai (co,, --,ca,) =C ﬁc&(o\,,v,a,\\ :
8o  «(et)=c «ch).

Nocs leb’s see hod Lhese @n hekp-
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Gauss's lemma

Monday, August 21, 2017 8:24 AM

L emmon . Suﬂ)osa -?, g ¢ ZTx1 oare an'mc"Hve r\ao\“nam{o\\s.

“Then —‘Pa is ?ﬁmi-l‘\‘ve,{-oo .

Pe- Suﬂ:ose to the erkmrg that 0(@-3\ #+ 4 . Then
there is a ?n'me, P which o‘\'vfdes O(GD_ZD' So ‘Fl“&%})
e hich m‘?h‘@s QTC%G) —0 - Since c\,.. L Tx]—» ZT[vx'] is
a n'mé kamoman‘;\m‘sm / cT(-F) QT (33 =0 -

Since ZT 1S o 'B\’e/\c\, ZTDX] IS an in‘\t\zﬁm\ AOmoq'n .
Hence CT(-Q)CT(S) =0 im?‘ics ‘Hm'\? either C,?(-f-\ =0

or Cygi=o- Therchore edther p |weh) o ¢l

cohich carrl'mcz\\‘cjcs ‘H\e O\SSurrv\D‘l?\bn ka‘\' + GM{ (3 are ?n'vm"l:fve.l

Q(_-o\\kss's \lemma.  For Omxé 2 ,%G Z Tx3IN3Y

oU(Fg) = ec b g

E ‘9 = o((-?l\ -E:L O\r\c& %: O(Ctj\ <aj_ p oo\’\QPQ,
‘?:L ’ C"i Gre ‘?Y‘(M\"\T\VQ, ?O\UﬂOM\‘A\S L Qo ‘DU 'Hr\e ?m\(\‘ous
lemmon _?1% L S ‘?ﬁm\'-\:\'\/t_ 3 This means d’iﬂi\’;j—'
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H i uwsePul 4o think
3
oboock (%\ (29(3—:7.)

L\l D\h& 3! 6\){" l:»e. Some auwxy - '\)oL(»). n “H\e ?m@Q

Gauss's lemma

Monday, August 21, 2017 8:34 AM

So ¥%= oL oL(o\)\ J‘Zi%:i. =

o (‘?‘3\ = o((-h X (3\ “GP_.:L%:D

= x@\o«@ . u

“Theorem. Su\ﬂ:ose ‘F(‘X\EZD@ hO\S Clecar‘ee >4 O\I\A

it s ?r\‘m({-u've . Then, % Foa s ireducible in Z % P
then it s \’Wtdu\c(%\e n Q] .
In -‘?-o\c:\? R prove ‘H\e, ﬁoltm (na Sltah‘ua Sl:ronczer

stobement. fen =900 hexy for q,he QIx] o

okﬁme >4, then Hq /b e ZD1 st

© Foq =gmhoo
@ cLz% q = clea 9 and :Lea h, = clﬁa h .

PP Suppose to the Coxr\:mﬂé that Ry =g heoy
for  some %,\ne@ Ix1. Then Jr,seZ' st

gj—C‘)ﬂ=Y‘ 8(‘)(\ c Z[‘X"J Om& L\_,L(OO =S \'\()q GZD(]
Csimply mubbily by o Gmon derarainabor o} the wetf. )
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Irreducibility over Z implies irreducibility over Q

Monday, August 21, 2017 12:58 PM

So rsF = g0 oo Hence
rs o) = @) «Chy)
Since. ¥ s primhve, <@ =1. So rs=o<ccai)o<cki\ .
Let g, ,h, be the qrirmbie qohnomials  such that
900 = g 4% od  h,oa = otchy) h,60.

“Then rs Foo = a(q,) «Chy) 400 h,

ashich le.'cs Py — 9.0 hoo os 5= () otchy ).
Notice that g0 =L goq omd h,o=2_ heny. %o

<@y) «LCh )

“Theorem. Let P be O\Tn'me, Y\GZZi , ond

n n—{

I QT(JP) is I‘mecluc{‘o\e in Z?D(] ) “then 2 is imeducible

m Q] .

T net, then Foa—goohoa For g he QX with degyt.
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Irreducibility over Z_p implies irreducibility over Q

Tuesday, August 22, 2017 10:37 PM

%U the Previous theorem E%Q,kze Z[x) s+
Q) *en =940 hoo @ Jea 31,&3 h,>4 .
Since c?, Z[‘X}-} Z?D(j s O Y‘TY\% homomar»\;h\‘sm}
Q?G)') = Cp (32_) C,?d\?_] .
bs the lQAJ{na Coe‘?‘Pl’u'en{' 0‘£ £ s d , the ?wc\ucjr o—¥ the
[e,aclmg Cc\ev‘l)-‘?-:d'en'\zs o-#l laOC\ o\ml \«oq (s 1. Hence
the [e_o\o\(ma Coeﬁzl'c\‘err‘:é 01?— 600 omcl L\cx) are 1:‘_._|'Re'&-eam
c[ea C.r(a) = c[t:a cazj. ano[ Jv—a Crd\\ = c‘ea LZ_L.
Jo C? &) = C.T(a) C_Y“'\\ fm'\:ll‘es Prod + IS thluci\o\e
In ZT]:XJ ) wL\l’Cl« S & Con‘le(ld:'\:‘l'on- =
Another I’m]:or‘lmn{ \“r\'e,duc(billjcn Cr‘f'{'erion is Eisenstern

Crl"kfl'on .

“Theorem (E\'SenS'l?e\'n Crﬁzﬁon\ Let P be o Iﬂ'me . SWF\DOSQ.

n n—{
Ho— o, X Lo X + w0, € ZIXT,

PA O P % Ploanas i Pla, o aod FU &, Then
-'2-(’)0 is ineducible in Qx]1.
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Eisenstein Criterion
Wednesday, August 23, 2017 12:24 AM

Ex. Is ‘F(x)=x4— 2 +4 - 6%x 110 irreduchle in Q] ?

Brswer . Yes; nohce that 244, 2(-2, 2|4, 2|-6, 2|10,

and 4410 . So by Eisenstein Criteron, +x) s imeducible
in Q] -

Later cve prove that in Iy omy non—Consbast pely-
can be arriten as a?méuck o imeducible pely. in o
unique. coay . f COrblloma R ths fod s

Lemmq. Lf/'L_ Es lae, 1N '?'16\({ , N€ Z+. HE %n___ W) V)

Ror ULK) , VX & F]jx‘_\, then For some ce TS

k 4 n-k

oand ke ZZO, VLX) = € X
We coill Proe +he above lernma laber. Next V\s\'na the. above

lemma, e caill prive the Eisensten Criterion : For an
alfernabive. and more basic ogpronch losk ot gour book

Provt of the Eisenslein Coterin base on the above lemma .
Suppose 1o the CorvL‘m% thad Jgq ,heQDx st
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Eisenstein Criterion

Wednesday, August 23, 2017 12:49 AM

O P =gqoheo @ deg g, deqh> 4.
So B‘é o theorem That ODQ(:?R)\IQ(,\ earlier, E‘;callkze Z1q

3t cle% %l,cl{a >4 and -\D-('X\=% L0 hy (.

Hence c,?(%\ =, (9 c,\,(kzy.

n
Dince r\:l et ) ’T\o\”’ QQTHZ\ =CT(0Ln) x .

Sne '\D* A 0«\(‘ Z? s o ed y
=l
" (c?(o\n) c? ccw) QTU\’)
L

Y

WULX) , acK) € Z,\)[?Q )

8o by the prevous lemma, 3 ce Z N3l , ke 2,

k 4 nR
UM = < X and U =& x -
k. 4 n-k
Thus C?C%:Q = C_\,(q“\ - . X w\cl CTd\,_\ =Cc X .

Nohice that Jeg %) gclea q, Ao.cd cTcLz) < Jea h,,
tar\cl O[-Qa C,r(az)—rcleac (LL) Yl— a % + c‘ea

c‘ea C,TC32)=AQ3 %Z>_1 Omc‘ Aea CrC)\z)=A*€3 ?_Z.L.
T@w?vm the Conslfan'\T terms 0=? 39_ G\ncl \nz ore A\'vfs{ He
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Eisenstein Criterion
Wednesday, August 23, 2017 11:43 PM

by © as the consant tems of %) Gnd c‘,(kz) o 2.
Hence the wnstont toen b 6,00 hoOO s divisi ble by
P2 (Notie that the constawrt tem of 9, & 9_0)

ond the wnstant tem of K, Vs hyG - So

Pl g6 od plho, dhchimlies ¢ [qe he. )
This cntradichs the assumT{‘\im that 42 does nat
divide the constant term -2 -f-m:a hoo =

Remack . One wag To Prove He meshimed  lemma  cotthout

usmg "Mm’que ﬁmc{zm'zo\hbn“ S f?rm'nﬁ it L\O n'nJuc[nbw
om 0 and oL:szW\'ncs
x| U 1) <=0 5 o zero £ U VK
& W6 V) =0
Ly ether UG=o or VGk)=o

e X |um)y or  X| UER).

We il 3& back 4o this loter .
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Definition of an ideal

Wednesday, August 23, 2017 11:53 PM

Det. let R bea n‘na. A subset I o R s called
m el 2 O ¥ e T, fx_ne]'_ Cadditive Subm)
@ ¥reR, xel, rx,xrecl.

A hisrial nte. . In order o Solve Termat’s last Cona‘echme,,

which says the or\\é |'n‘ba3ex Soluchions o} 'Xn—Fdn =2 ore He
vl mes P n>3, Kummer S{Tuo‘léc\ ﬁv\%s of the. Form Z[Cm]
co\r\eve Cn 1S an \n)ch rbo‘[,' 018. un&\a R ‘n SU\C,L\ r‘\'n«Js on elemen‘[‘

does nob necessarila a-]Q un_l‘a\ui Poctorizeion ko ”«\arimg "?ncl:ors 5

L/\-\: Kumme_f‘ Sl\ab\)ec‘ In aﬂ)m\:n‘a\‘\;e Sense \\o\en\s clo I’W\Ve.
suu:\r\ o um\'a\ue -‘zu\cLorl'Zo:\'ubn) Omo\ }\e. CD\“QC\ 'H\em |c\€o\\ N bers

Loter Dedekind p Hilbert , and Noether cle\(eloT«l the ﬂmﬁ c*f,
ideals far 3enem| ru'na.s-

(In one o the exercises gow arc ooaflkfhg corth Ze5],

WL\erc D is a TSrCI root- G:fz un*g.)
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