Irreducible elements

Sunday, August 20, 2017 10:30 PM

% Let R be o um"[’ml Commucbative n‘na. An ele,men_\._ xeR
is called trreducible P

) X#0o , X s net o zerw clN\‘sof‘, omcl x¢ UMR).

@ For abeR,  x=ob = (ether aeUR) or be UR)).

_E_x_; ')cez is iﬂ‘e—c{ucible— = xX¥£=o , ‘X%ii, omrl

the on‘\é ?os\“fl'vc divisovs
o:P x ore 1 and |x.

CNow have been Cu“ihg Such number ”Tn‘me“. We use
the awnd “prime Por  another Jné?e, A elemerts;
ond we cill shay xeZ is ireducitle o W s
prime.)
Ex. Let F be a Pild. Then foe TIxd s imeducible
= O Jea‘\%z_ i
@ Foo amd be written as a Tmo\v& o
non — comsbat »Yol.ammca[s.
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Irreducible polynomials

Sunday, August 20, 2017 10:44 PM

<Pi- &) Sines = s a -P-:'e\cl, PE‘X'] (s an ih‘\,‘caml c‘amafn.

So it does net have o zero divisor . And UGEmMQ) =U)
= .F\%_o% .

B Poo=0w0 by, then ether ama cUFm)= 3

ar Ly e UFEIx)=TF\3 5 ohich i*ﬂc‘:\(&s that
-P Comno+ l)e OAY'I'HBY\ OS o ?ch{V\C\;‘ o:% r\ov\—Comcho«\‘\T

?o\%nomfo\(s :
&= Since UFTx]) =F\38adT X1 s an n‘n‘\:eﬂ al domoun

Lro, £ s net o\zzm—c‘\'\/l‘sor;

cl-ea 3 >4 \'m-r\l'es
O\r\c& ‘ID- N nat @& WN‘\'
'E'(‘?C\ —_—O\C‘?Q\OC'X\ = (@’H\QP Ae% o—o0 o c,\eca L_-;%

Pro — @#o ond\ B:/:c\.

Lo ether aetT\I} = —UG\:DG) or Le—‘¥\§}% =_D(‘FD<:\)

=
E_x_. 2% iS \‘rm:luu'b\e_ n @EX] h LucL‘ l‘[‘ s mc‘\xciue
At menns rot iredueille) in ZTx] - CEther 2 o€ %
are hat wnike  in Z03 -
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Irreducibility of degree 2 and 3 polynomials

Sunday, August 20, 2017 10:59 PM

Lemmn . Let F be o Freld. Suppose e FI and
2 <deg $<3 - Then L s reducible in Frxg % ond
Dn‘zj R has o zero ¥

PRy R obe TN, dega,deg bz 2 and
po=P . Sice ¥ x a feldy e hove

deg o+ deg b = degd . fs deg Q,Aeﬂ b24 anf deg #<3,
either Jea a=1 or deg b=d. Qithout loss of au\em\éba,
we con ond aill assume c\eaa—_—i. B X = C -y X
and % o . Theretoe #(-C‘,cf\= ol-c,Coy bt-c.ip)

=0
.

=) B £ has o zew oeF, then \:a the Fodor theorem
= ca(‘x\e FI3 such that "2 (X = () 8@0 .
JSo o(ﬂa 4+ olea(‘x—e() = clea{a =
olea % = o\eﬂ —?- -4 > 4.
Hence £ is reducible . =
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Irreducible polynomials

Sunday, August 20, 2017 11:14 PM

Ex« Shoco that 5x&1 is veducible w CIx) and tredacible

in RIA -

Solebion. . Xird= (x+7)(%-1) and degexrnyzd. Ro
641 is reducible i CTod.

- Suppose xZd s reducible i RIx]. Then l’gj the previous
| it hos a zew in R chich s a contradichion. =

‘c.h\mo\ /

E_x. Sl\aoo ‘H\af £(m= xg.|- SXZ+2.X+‘5 IS recluc,( MC n (RDG-

Sﬁlv«{‘\bﬂ. T s enowa‘r\ 'L'o Sl\ow -E "\ﬁs o zero n R Notice

that  since lim  P0=o0 and lim R —_w,
X— 0 K—» —od

Jor lo.rne e,houak a , Qe hove ‘E(a))o cwnd ‘Evr Smal |
enouJL L e howe -E(L)<o. ince JF is coh'h‘nums,

= L<C‘_<0\ Such H\A-\:_ ‘PCQ):_-o-
(Re\mo\r\(, Usfng A similm‘ o\rz(:)\)\meﬁl‘ one Coan SI'\O(/D‘.

(e RIxT cltgﬂg>i,‘o’<3 2 odd)= 4 his «
Zero in R

—$ is reducible
in Rrxy.
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Having a zero in Q

Monday, August 21, 2017 1:32 PM

Ex. ls x3x+2 irreducible in QIx1?
Solution . Since o'ca OEx+2), by o Lemme, i is imedut.
in D3 CXac‘l'lé cohen it does net hove o zero in @ .
So supose b/ s & zew o xixr2 cohere bceZ,
cto, ond god (be)=1 . Hence C%)S‘(%)+2=° :
Arfter c‘eomhg the derominatar, coe <ae:l:

b_bc 4o —o0.
So  —2c%= b(E-") chich .'m?h'cs b|-2c, and b#o
Sice ged (b, )=1 ond b[-2F, cwe dedwe b2,
Bimilarly b= ¢ (~ber27) implies ¢ [-L°.

Since ﬂCJ CL,C.).-—-:L and Ql—L:?’, cve deduce c| 4.

x| 1 -4 2 2
XS—X-tZ\ Z 2 3 4

Hence L/Q G%ii/:tl g . Since

() o\e,e uce 'H’\A"T Xs— X+ 2 Jaes na-l' )\o\ve O zeyo Iin @ py

and so i is irreducible in QI =

“The oabove me‘H\ac( IS 1Qa|'r|21 e%ech'w; in ‘Pu'nclfng Ou'\f oohe-H\tr
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Having a zero in Q

Monday, August 21, 2017 1:44 PM

an injceaer ?al\jnom(a\\ has o zew in @ .

n n-|
[eroma . SUL?Fose oo = O X400 X 4 .40 € ZIX],

6 £o , and O 0. If {2(_‘%)=o Yor beeZ,
c£o, ond ged (b,)=1, then

bla, ond c|a,-
b o, (4] o (5 () 2o
mplies o b ya_ ke 4 o pabd™ i d0®
S b(a Bia KPceyiqad)=-a,d,

n Z_
wL\fcl\ l'm?h'es L:l-O\OCn- Since aCc[ CL,C)=1 0\"‘4 L‘—G‘,C?,

V-3 AQCJWC'Q ‘H\o\"f L) ‘O‘o .

cBa &, we also 86‘\7

(o L vo_ Ly vabdrad)e=—ak"
In Z
So < [—O\th p ooh‘c\«/‘{z-‘jeﬂer caith 8Q‘k°' b=4 \'w?\\‘es

cla,. =
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Using the residue maps to study irreducibility

Monday, August 21, 2017 1:52 PM

n-|

Ex. Svﬂ,ose. P o, X % +0x+l e Z g . Then ¥
has o zevo in @ if ond oYJU i edher 2y=0 ov fed)o.
_{Pm_oi &) is clear as z1e®.
(=) By the provius bemma, i# Plhy=o for
bceZ, cto, gcd by =1, hen L[4 and <c|4.
S b eg-118, cohich means erther F)=o or
H-d)=. =
Ano‘fher \m?or‘[,'Mh‘k ‘I‘:*ecl\mb\(/\e, Is ULSlha 'H\C YESl'C‘UlC mw\n;
recall that , For ony inbeger 1, o Z—Z,, c@=al,

n

S Q rﬂ"g l’)()momor‘?hme- We con e.vc\:e»c[ I{‘ ‘(70 ‘H\Q. Y‘('n% o?—

?o‘anOmt‘a‘s 3
ob A °d .
Lemma, . Cy: Z[x1—> 7_"[90 cn(z O\i x' = r;@g,,(o\.ﬂ‘xz
IS o rlhg \f\omomor'?h(sm
[~ . IV} .
e Qn(?%%‘xl‘rg__——oka"“) = Cn( '.=°C°"i"'bﬂ x)

m} i ¢, (0;+b) ?(1'

=
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Using the residue maps to study Irreducibility

Monday, August 21, 2017 3:57 PM

C Z-—»Z (CCO«Q_\.C(E))‘X

s o r‘lnf) kcm()mo

1z
/—_?i @) X +Z__C(b)'x

def. P =
oddipirm s L e ( ouxt\_‘.cn(g b ') .

£, [xX]
S ((E:oql Xl)( L’a X‘)j = Cn(ft— (§o Ql Lk_l) LS )
C ; O&L Lk—,&) %k

k=
—(i c (o) X \(;cd:)'x )
- cn(§ a; x") C“<r§ b. ') .
<Exerm‘se. (D&Eﬂm’ne 'H\e Y‘eosam}\a Lel'\l}\c[ tmc[r\ eclm‘fl?\l( ) [ ]

Con“ﬂy Let (cjc;q o x + o X |_,_ ot Q and

S_
hC‘x) = bs‘)( + IQS__‘ X

4+ l;o, Suﬂmse od,keZ[xl
mJ P Is o ")Yime ookl'ct\ J(RS no'{' cl\'\n‘cle O‘rks'
_W\en CTCSL)=C‘P(SB C?(h ano[ o‘fg(c?(ay)-—_—r and
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Using the residue maps to study Irreducibility

Monday, August 21, 2017 4:15 PM

Pf. Bﬁ the previous lemmo, Qr-. ZTx]) .——p—/Z?BX] is O Y‘l'hg

LoMomarTLism- SO C (‘3 l\\ =C.\,(S\ C d\\ .

y=I

Since G (@) = G @) x + ) X+ -+ G @)

Owd SHCRES (nobee ®op), we have

g G =T
Sl‘milarln, Since c?(L)=cT(L,S) Y ""*CT(LJ and CFCLS)#:O
(nohee 3 b), ce have deg ety —s. B
Cor‘o”m'a. 8 Foo = x+a X w0, e ZIX] has a

zero in @ . Then & has a ze in Z_ For any integer
m2 2. (Here o, indundd, refers to < ().
B. B REy=o, bceZ, cro, and g (o=t ther

o dides the. leadng coofiest, ahich 6 1. So o
and  this m],lfes £ has a zers s d in Z . So
A" o 7o e, ik imphis

e o) ey e Cta)=c Hence < dly is o
Zero v~P C,,,C-t\ . =
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Using the residue maps and Fermat's theorem

Monday, August 21, 2017 4:29 PM

Let’s use He above conllary Fo qie o quick ansuer b the
next question.

Ex. ls x3-x+2 iveducible in QIx31

Solubim . Since Jea (Sxe2)=3, T is jreducible exactly
when  has no zero in @ .

£ it hos o zew in @, then using the qrevious Cor‘a“arj
oxe2 hos o zew in Z, . Bat l:d Fermat’s thearem
YoeZ,, aza , and So a-a+2=2 #o. Hence
X1x2  does nob have o zero in Z;; so iF does net
have o zew In @, cohich t\wTIies it s ireducible in @Elﬂ-
Using Fermt"s theorem v can find ont chether . golyno.
cotth lorme desrees hos & zero i Z, (® g ).
The kea tol is the ﬁoltow‘na-.

Leh'\m ) Le:l,' ff be an'me. , OmJ ne Z+. W-En ‘{zar Gn‘d
")

&GZ?, & =0.
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Finding zeros and Fermat's theorem

Monday, August 21, 2017 4:38 PM

®. QJefFroceeJ L)% induction on n.

Bose onP- iﬂJ(Acl‘lih (h=i\. Tfu& Case. \s %\'ven \»6 ero\"\t’s

’H\QOFE’.W\ .

Induchive S{:?E. Sw‘x\m:e_ N =G ‘ED(‘ (/‘m:j an? .

kﬂ)
ke o show o = Q. o
&h—r\ (@lew OI =/ i fer‘mo\‘t s J"—LM .
”H\e, ihcluxcjﬂ'om

h P othes's

Ex. Does x° '—x+2 have o zerd n 252

SO\U"T(‘OY\ . Ba 'H'\Q— (‘)m\/\‘o\&s ,.e_,mmnl ‘EOY‘ ana ae 2.5 , Qe “\OL\IQ,

(V] 10
) _
0\(5 —0\+Z=a—0\+l=27eo-80 x(b)_x+2 Joes

nt have o zem in Ly =
0
Ex. Does X )_X«-Z hae oo zero in QT
)
Solution. Since the l,eaul(hca Qoe‘eeib\én% s 1 , i¥ X —X+2 has
o
it hes o zero in Z . So x@' )_x,[.z has o zevo

A ZErov In @/

In 2_5, cohich c;mr;:mcl \‘C[:s He ?mvfous examf\t. =
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Finding zeros and Fermat's theorem

Monday, August 21, 2017 9:52 PM

0 .
Ex. Does XS_X-rl ho\ve. G. Zeru In Z':')?-

Solubion . We write 50 in base—5. 50 =<52)(2\.
(52)

50 2
2

Nowd> that cve have (L(Po\\anomiv\\ CA\'H\ qun o\egr*ee, we can
evaluate at all the elements of A

Qa ‘ o i -1 2 -2
Of—(k-rl‘ 2 2 4 4 3

50
S0 X —%x+2 o\oes no{' Irm(e o Zero n ZE . [ |
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