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1. Lecture 1: Zeros of polynomials and algebra, recalling cyclic groups and
basic properties of order of elements.

Most of algebra has been developed to study the zeros of polynomials, beginning with degree
one and two polynomials in a single variable. Throughout this course, we will keep this motivation
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in mind and view the abstract concepts we introduce through the lens of their connections to
polynomials.

1.1. Recalling some concepts from group theory. We briefly recall some concepts from group
theory. You must review these concepts thoroughly.

Definition 1. A group G is a non-empty set together with two operations:

G×G → G, (x, y) 7→ x · y and G → G, x 7→ x−1,

that satisfy the following properties:

(1) (Associative) ∀x, y, z ∈ G, (x · y) · z = x · (y · z).
(2) (Neutral element) There exists eG ∈ G such that for all x ∈ G, eG · x = x · eG = x.
(3) (Inverse) For all x ∈ G, x · x−1 = x−1 · x = eG.

Suppose (G, ·) is a group. For every g ∈ G and n ∈ Z+, we let

gn := g · · · · · g︸ ︷︷ ︸
n-times

.

Define g0 := eG and g−n := (gn)−1.
Recall that, for all a ∈ G,

a · a−1 = a−1 · a = eG implies that (a−1)−1 = a.

For all a, b ∈ G,

(a · b) · (b−1 · a−1) = a · (b · b−1) · a−1 = a · eG · a−1 = a · a−1 = eG,

and similarly,
(b−1 · a−1) · (a · b) = b−1 · eG · b = b−1 · b = eG.

Hence, for all a, b ∈ G,
(a · b)−1 = b−1 · a−1.

In particular, for all positive integer n,

(1) a−n = (an)−1 = (a · · · · · a︸ ︷︷ ︸
n-times

)−1 = (a−1 · · · · · a−1)︸ ︷︷ ︸
n-times

= (a−1)n.

Lemma 1. Suppose (G, ·) is a group. For every a ∈ G and m,n ∈ Z,
am · an = am+n and (am)n = amn.

Proof. Suppose m,n are positive integers. Then

am · an = a · · · · · a︸ ︷︷ ︸
m-times

· a · · · · · a︸ ︷︷ ︸
n-times

= a · · · · · a︸ ︷︷ ︸
m+n-times

= am+n,

and
(am)n = (a · · · · · a︸ ︷︷ ︸

m-times

)n = ((a · · · · · a︸ ︷︷ ︸
m-times

) · · · · · (a · · · · · a︸ ︷︷ ︸
m-times

)︸ ︷︷ ︸
n-times

) = (a · · · · · a︸ ︷︷ ︸
mn-times

) = amn.

Suppose m = 0. Then
a0 · an = eG · an = an = a0+n

and
(a0)n = enG = eG.

Suppose n = 0. Then
am · a0 = am · eG = am = am+0,
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and
(am)0 = eG = a0 = am·0.

Therefore, so far, we have proved the claims for pairs of non-negative integers.
Suppose m > 0 > n ≥ −m. So, n = −n′ and m ≥ n′ > 0. Then, am−n′ · an′

= am as n′ and
m− n′ are non-negative integers. Thus

am · an = (am−n′ · an′
) · (an′

)−1 = am−n′ · (an′ · (an′
)−1) = am−n′

= am+n.

We also have
(am)n = ((am)n

′
)−1 = (amn′

)−1 = a−mn′
= amn.

(Here we do not use the assumption that n′ ≤ m.)
Suppose m > 0 and −m > n. So, n = −n′ and n′ > m. Therefore, bm · bn′−m = bn

′
for all b ∈ G.

In particular, we obtain the same equality for b = a−1. Thus

(a−1)m · (a−1)n
′−m = (a−1)n

′
.

Hence, by (1), we deduce

a−m · am−n′
= an.

It follows that
am · an = am · (a−m · am−n′

) = (am · a−m) · am−n′
= am+n.

The remaining cases are similar, and we leave them as an exercise. □

The cyclic subgroup of G generated by g ∈ G is defined to be the smallest subgroup of G which
contains g and it is denoted by ⟨g⟩.

Lemma 2. ⟨g⟩ = {gn | n ∈ Z}.

Proof. Since g ∈ ⟨g⟩ and ⟨g⟩ is a subgroup, for every positive integer n,

gn = g · · · · · g︸ ︷︷ ︸
n-times

∈ ⟨g⟩.

Since gn ∈ ⟨g⟩ and ⟨g⟩ is a subgroup,

g−n = (gn)−1 ∈ ⟨g⟩,
for all positive integer n. Since ⟨g⟩ is a subgroup, eG = g0 ∈ ⟨g⟩. Altogether,

⟨g⟩ ⊇ {gn | n ∈ Z}.
By Lemma 1, {gn | n ∈ Z} is closed under multiplication and taking inverse. Hence, it is a
subgroup. We also have that

g = g1 ∈ {gn | n ∈ Z}.
Therefore, {gn | n ∈ Z} ⊆ ⟨g⟩. This completes the proof. □

Order of an element g ∈ G is defined to be |⟨g⟩|. It is denoted by ord(g) or o(g) or |g|. The next
theorem which is proved in your group theory course gives us the main properties ord(g).

Theorem 3. Suppose g ∈ G is of finite order. Then the following statements hold.

(1) ord(g) = d ⇔ gn = eG precisely when d|n. Moreover, ⟨g⟩ = {eG, g, . . . , gord(g)−1}.
(2) For n1, n2 ∈ Z, gn1 = gn2 if and only if n1 ≡ n2 (mod ord(g)).

Proof. Since ⟨g⟩ is finite, there exists m < m′ such that gm = gm
′
. Therefore, gm

′−m = eG and
m′−m is a positive integer. Hence, by the well-ordering principle, there exists the smallest positive
integer d0 with the property that gd0 = eG.

Claim 1. gn = eG if and only if d0|n.
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Proof of Claim 1. (⇐) Since d0|n, for some integer k, n = d0k. Hence, by Lemma 1,

gn = gd0k = (gd0)k = ekG = eG.

(⇒) By the division algorithm, there exists a unique pair (q, r) of integers such that n = d0q + r
and 0 ≤ r < d0 – recall that q is called the quotient of n divided by d0 and r is called the remainder
of n divided by d0. Thus,

gn = eG implies gd0q+r = eG.

Therefore
eG = gd0q · gr = (gd0)q · gr = eqG · gr = gr.

Since r < d0, d0 is the smallest positive integer with the property that gd0 = eG, and gr = eG,
we deduce that r is not positive. On the other hand, since r is a remainder, it is non-negative.
Therefore, r = 0, which implies that n = d0q is a multiple of d0. □

Claim 2 ⟨g⟩ = {eG, g, . . . , gd0−1} and for 0 ≤ i < j < d0, g
i ̸= gj. In particular, ord(g) = d0.

Proof of Claim 2. Clearly {eG, g, · · · , gd0−1} ⊆ ⟨g⟩. For every n ∈ Z, by the division algorithm,
there exists a unique pair (q, r) of integers such that n = qd0 + r and 0 ≤ r < d0. Hence,

gn = gqd0 · gr = gr ∈ {eG, g, . . . , gd0−1}.
Therefore, by Lemma 2,

⟨g⟩ ⊆ {eG, g, . . . , gd0−1}.
Altogether, it follows that

(2) ⟨g⟩ = {eG, g, . . . , gd0−1}.
To show the second part, we proceed by the contradiction. Suppose to the contrary that there
exist 0 ≤ i < j < d0 such that gi = gj. Then

gj−i = eG, and 0 < j − i ≤ j < d0,

which contradicts the assumption that d0 is the smallest positive integer with the property that
gd0 = eG. The second part implies that

|{eG, g, . . . , gd0−1}| = d0.

Therefore, by (2), we deduce

ord(g) = |⟨g⟩| = |{eG, g, . . . , gd0−1}| = d0.

□

Part (1) follows from Claims 1 and 2.
Part (2) (⇒) gn1 = gn2 implies that gn1−n2 = eG. Then, by Part (1), ord(g)|n1 − n2, which

implies that
n1 ≡ n2 (mod ord(g)).

(⇐) n1 ≡ n2 (mod ord(g)) implies that ord(g)|n1 − n2. Hence, by Part (1), gn1−n2 = eG. Thus,
gn1 = gn2 . This completes the proof. □

Let’s recall the basic properties of congruence arithmetic. We say x is congruent to x′ modulo
n and write

x ≡ x′ (mod n) if ∃k ∈ Z, x− x′ = nk.

We sometimes write x
n≡ x′ instead of x ≡ x′ (mod n). This defines an equivalence relation on the

set of integers. It means

(1) (Reflexive) a
n≡ a for all a.

(2) (Symmetric) a
n≡ b implies b

n≡ a.
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(3) (Transitive) a
n≡ b and b

n≡ c imply a
n≡ c.

Equivalence relations are crucial in various parts of mathematics, e.g. cosets of a subgroup in
group theory, identifying two functions that differ on a measure zero set in analysis, defining new
spaces by gluing two subsets in topology, etc. The residue class of a modulo n is denoted by [a]n
and it is defined as

[a]n := {b ∈ Z | b n≡ a}.
Note that [a]n is an arithmetic progression a+ nZ consisting of a-shifts of multiples of n. Hence,

(3) [a]n = [a′]n if and only if a
n≡ a′.

The following lemma allows us to do congruence arithmetic.

Lemma 4. If x
n≡ x′ and y

n≡ y′, then

x+ y
n≡ x′ + y′ and xy

n≡ x′y′.

Proof. You have seen this statement before. I recall the proof of the second part as the same idea
will be used later when we define the quotient of a ring by an ideal.

Since x
n≡ x′ and y

n≡ y′, there exist k, ℓ ∈ Z such that

x− x′ = nk and y − y′ = nℓ.

Note that

xy − x′y′ = xy − x′y + x′y − x′y′ = (x− x′)y + x′(y − y′) = nky + x′nℓ = n(ky + x′ℓ).

Hence, xy
n≡ x′y′. □

Lemma 4 implies that the following are well-defined operations.

Lemma 5. [x]n + [y]n := [x+ y]n and [x]n[y]n := [xy]n are well-defined operations on Zn.

Whenever representatives are used to define a function on equivalence classes, one must check
that the function is well-defined. In colloquial language, we may say that one has to check that
different representatives have the same opinion on the given issue!

Proof. Wemust show that [x]n = [x′]n and [y]n = [y′]n implies [x+y]n = [x′+y′]n and [xy]n = [x′y′]n.

By (3), we deduce that x
n≡ x′ and y

n≡ y′. Therefore, by Lemma 4, x+ y
n≡ x′ + y′ and xy

n≡ x′y′.
Thus, by (3), it follows that [x+ y]n = [x′+ y′]n and [xy]n = [x′y′]n. This completes the proof. □

Lemma 6. (Zn,+) is a cyclic group.

Proof. Since the addition is defined based on the addition of representatives of residue classes, it
is clear that + is associative, [0]n is the neutral element, and [−x]n is the additive inverse of [x]n.
Note that the cyclic subgroup generated by [1]n is Zn. This completes the proof. □

An important concept you learned in group theory is that of a group homomorphism. Whenever
you study a mathematical structure (or category), you must also study the maps that preserve
that structure. Consider the following examples:

(1) Linear algebra: vector spaces and linear maps.
(2) Topology: topological spaces and continuous maps.
(3) Group theory: groups and group homomorphisms.

Recall that f : G → H is called a group homomorphism if G and H are groups and for all x, y ∈ G,

f(xy) = f(x)f(y).

A bijective group homomorphism is called a group isomorphism.
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Theorem 7. Suppose G is a cyclic group of order n. Then G ≃ Zn.

Proof. Suppose G = ⟨g⟩. Let f : Zn → G, f([a]n) = ga. Since we are using a residue representa-
tive to define f , we must show why it is well-defined.

Suppose [a]n = [a′]n. Then a
n≡ a′. Since ord(g) = n, by Theorem 3, ga = ga

′
, which means

f([a]n) = f([a′]n). Therefore, f is well-defined.
Next, we check that f is a group homomorphism. For every [a]n, [b]n ∈ Zn,

f([a]n)f([b]n) = gagb = ga+b = f([a+ b]n).

Finally, we must show that f is bijective. Since |G| = n = |Zn|, it is sufficient to prove that f
is injective. Suppose f([a]n) = f([b]n). Then ga = gb, so by Theorem 3,

a
n≡ b which implies [a]n = [b]n.

This completes the proof. □

2. Lecture 2: statements needed from group theory, definition of ring, unital,
commutative, units, zero-divisors, ring homomorphism.

In the previous lecture, we recalled basic properties of order of elements and cyclic groups. You
must review the following topics from group theory:

(1) Cosets of a subgroup, index of a subgroup, and Lagrange’s theorem.
(2) Quotient of a group by a normal subgroup.
(3) Kernel of a group homomorphism and the fundamental theorem of group homomorphisms,

also known as the first isomorphism theorem.

When we are working with an additive group (A,+), instead using the convetion of gn, we arite
ng. So, for g ∈ A and n ∈ Z,

ng =


g + · · ·+ g︸ ︷︷ ︸

n-times

if n > 0.

0 if n = 0.

−n′g if n = −n′ and n′ > 0.

By Lemma 1, we deduce that for g ∈ A and m,n ∈ Z,
mg + ng = (m+ n)g and m(ng) = (mn)g.

Quick reminder of the mentioned concepts from group theory: if H is a subgroup of G, then a left
coset of H is of the form gH := {gh | h ∈ H}. The set of all the left cosets

G/H := {gH | g ∈ G}
is a partition of G, and so, we deduce the Lagrange theorem:

|G| = |H|[G : H],

where [G : H] is called the index of H in G and it is the number of elements of G/H.
A subgroup N of G is called a normal subgroup if for every g ∈ G, gNg−1 = N . When N is

a normal subgroup of G, then xN · yN := (xy)N defines a group structure on G/N . The group
G/N is called the quotient of G by N .
For a group homomorphism f : G → H, the kernel of f is

ker(f) := {g ∈ G | f(g) = eH}.
Kernel of f is a normal subgroup of G. The image of f is

Im(f) := {f(g) | g ∈ G}.
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The image of f is a subgroup of H. The fundamental theorem of group homomorphisms states
that

f̄ : G/ ker(f) → Im(f), f̄(g ker(f)) := f(g)

is a well-defined group isomorphism.

Definition 2. A ring R is a set together with two binary operations:

R×R → R, (x, y) 7→ x+ y and R×R → R, (x, y) 7→ x · y
that satisfy the following properties:

(1) (Additive group) (R,+) is an abelian group.
(2) (Associative) For all x, y, z ∈ R, x · (y · z) = (x · y) · z.
(3) (Distributive) For all x, y, z ∈ R, x · (y + z) = x · y + x · z and (y + z) · x = y · x+ z · x.

We say R is commutative if x · y = y · x for all x, y ∈ R. We say R is unital if there exists 1 ∈ R
such that 1 · x = x · 1 = x for all x ∈ R.

Let us see a few examples.

(1) Z,Q,R,C are unital commutative rings.
(2) Z≥0 is not a ring as (Z≥0,+) is not a group.
(3) nZ is a commutative ring, but it is not unital.
(4) M2(Z) is a unital ring, but it is not commutative.
(5) Zn is a unital commutative ring.

We may construct new rings using old ones:

(1) (Direct product) Suppose R1, . . . , Rn are rings. Then componentwise addition and multi-
plication makes R1 × · · · ×Rn into a ring.

(2) (Direct product) We may have an infinite family of rings and take their product: given
{Ri}∞i=1, we may consider componentwise addition and multiplication to make

∏∞
i=1Ri into

a ring.
(3) (Matrix ring) For every ring R, the set of n-by-n matrices with entries in R form a ring

and it is denoted by Mn(R).
(4) (Polynomials) For every ring R, let

R[x] := {
n∑

i=0

rix
i | ri ∈ R, n ∈ Z≥0}.

We add and multiply polynomials in the usual way.

Lemma 8. Suppose R is a ring. Then the following statements hold.

(1) For all a ∈ R, a · 0 = 0 · a = 0.
(2) For all a, b ∈ R,

(−a) · b = a · (−b) = −(a · b) and (−a) · (−b) = a · b.

Proof. Note that a · (0 + 0) = a · 0 + a · 0. Therefore, a · 0 = a · 0 + a · 0. Adding the negative of
a · 0 to both sides, we deduce that a · 0 = 0. Using (0+ 0) · a = 0 · a+0 · a and a similar argument,
we deduce that 0 · a = 0.

For all a, b ∈ R, we have

0 = 0 · b = (a+ (−a)) · b = a · b+ (−a) · b which implies that (−a) · b = −(a · b).
Using the expression a · (b+ (−b)) and a similar argument, we obtain that a · (−b) = −(a · b).

Let a′ := −a. Then (−a) · (−b) = a′ · (−b) = −(a′ · b) = −((−a) · b) = −(−(a · b)) = a · b. This
completes the proof. □
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Lemma 9. In a unital ring R, the identity is unique.

Proof. Suppose 1 and 1′ are both identities of R. Consider 1 · 1′. Since 1 is an identity, 1 · 1′ = 1′.
As 1′ is the identity, we deduce that 1 · 1′ = 1. Thus, 1 = 1 · 1′ = 1′. □

Definition 3. Suppose R is a unital ring. An element r ∈ R is called a unit if it has a multiplicative
inverse; that means if there exists r′ ∈ R such that

r · r′ = r′ · r = 1R.

The set of units of R is denoted by R×.

Let’s see a few examples:

(1) Q× = Q \ {0}.
(2) R× = R \ {0}.
(3) C× = C \ {0}. Let’s recall that

1

a+ bi
=

a− bi

a2 + b2
=

a

a2 + b2
+
( −b

a2 + b2
)
i

and a
a2+b2

, −b
a2+b2

∈ R as a+ bi ̸= 0. The idea of multiplying by conjugates is very useful.

(4) Z× = {1,−1}.

Question. The ring of Gaussian integers is Z[i] := {a + bi | a, b ∈ Z}. You can check that it is
closed under subtraction and multiplication, and deduce that it is a subring of C. What is Z[i]×?

Solution. Suppose for a, b ∈ Z, a+ bi ∈ Z[i]. Then there exists r, s ∈ Z such that

(a+ bi)(s+ ri) = 1.

Hence,

(4) 1 = |(a+ bi)(r + si)|2 = |a+ bi|2|r + si|2 = (a2 + b2)(r2 + s2).

Since a, b, r, s ∈ Z, a2 + b2 and r2 + s2 are integer numbers. Therefore, by (4), a2 + b2 ∈ Z×. Since
a2 + b2 is non-negative and it is a unit in Z, we deduce that a2 + b2 = 1.

x

y

0

Hence, a+ bi ∈ {1,−1, i,−i}. Conversely,
1 · 1 = 1, (−1) · (−1) = 1, and (i) · (−i) = 1.

Hence, Z[i]× = {1,−1, i,−i}. □

Definition 4. A function f : R → S is called a ring homomorphism if R and S are rings, and, for
all x, y ∈ R,

f(x+ y) = f(x) + f(y) and f(x · y) = f(x) · f(y).
A bijective ring homomorphism is called a ring isomorphism.
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Proposition 10. Suppose R is a unital ring. Then f : Z → R, f(n) := n1R is a ring homomor-
phism.

We recalled the notation gn for powers of an element in a group written multiplicatively. For a
group (A,+) written additively, we use ng instead of gn. In this notation, we have:

(n+m)g = ng +mg and n(mg) = (nm)g.

It is important to emphasize that ng is not multiplication in a ring: the symbols n and g do not
belong to the same set.

Proof. For every n,m ∈ Z,

f(n) + f(m) = n1R +m1R = (n+m)1R = f(n+m).

Next, we must show that f(m)f(n) = f(mn). We will prove this in a case-by-case argument based
on the sign of m and n.
Suppose m,n > 0. Then

f(m)f(n) =(1R + · · ·+ 1R︸ ︷︷ ︸
m-times

) · (1R + · · ·+ 1R︸ ︷︷ ︸
n-times

)

=(1R · 1R + · · ·+ 1R · 1R︸ ︷︷ ︸
mn-times

)

=(1R + · · ·+ 1R︸ ︷︷ ︸
mn-times

) = (mn)1R = f(mn).

Suppose m = 0. Since f(0) = 0, by Lemma 8,

0 = f(0) = f(0n) = 0 · f(n) = f(0) · f(n).

Similarly, the claim follows if n = 0.
Suppose m > 0 > n. Set n′ = −n. Then

f(m)f(n) =(m1R) · (−n′1R) = −(f(m) · f(n′))

= = −f(mn′) = −((mn′)1R) = (−mn′)1R = (mn)1R = f(mn).

(Think about each step and justify them!) □

Problem. Compute ([2]6x+ [1]6)([3]6x
2 + x+ [1]6) in Z6[x].

Solution. We distribute and then add and multiply in the ring Z6 to find the final answer:

([2]6x+ [1]6)([3]6x
2 + x+ [1]6) =[6]6x

3 + [2]6x
2 + [2]6x+ [3]6x

2 + x+ [1]6

=[5]6x
2 + [3]6x+ [1]6.

□

Note that the degree of the first polynomial is 1, and the degree of the second polynomial is 2,
but the degree of their product is not the expected 1 + 2. What is the difference of this case and
what you had seen for polynomials over C? Looking at the leading terms, you see that [2]6[3]6 = 0
though [2]6 ̸= 0 and [3]6 ̸= 0. Over complex numbers, product of two non-zero elements is always
non-zero.

Definition 5. An element r ∈ R is called a zero-divisor if r ̸= 0 and r · r′ = 0 for some non-zero
element r′.

So, C does not have a zero-divisor, but [2]6 and [3]6 are zero-divisors of Z6.
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3. Lecture 3: characteristic of a ring, Chinese Remainder Theorem, Euler’s ϕ
function, fields.

What can we learn about a ring by focusing just on its additive structure?

Definition 6. The characteristic of a ring R is the smallest positive integer n such that for all
x ∈ R, nx = 0. If there are no such positive integers, we say R is of characteristic zero.

Note that, by Theorem 3, nx = 0 if and only if ord(x)|n. Hence, the characteristic of R satisfies
the following property:

char(R) =

{
lcm{ord(x) | x ∈ R} if it is finite,

0.
.

When R is a unital ring, it is much easier to compute char(R).

Proposition 11. Suppose R is a unital ring. Then

char(R) =

{
ord(1R) if it is finite,

0.
.

Proof. If ord(1R) = ∞, then char(R) = 0, and there is nothing to prove. So, without loss of
generality, we may assume that ord(1R) = m < ∞. For every a ∈ R, we have

ma = a+ · · ·+ a︸ ︷︷ ︸
m times

= (1R + · · ·+ 1R︸ ︷︷ ︸
m times

) · a = (m1R) · a = 0 · a = 0.

Hence, 0 < char(R) ≤ m. Note that char(R)1R = 0 implies that m|char(R). Since char(R) is
positive, we deduce char(R) ≥ m. Altogether, it follows that char(R) = m. □

Question. What is the characteristic of 2Z4?

Solution. Note that 2Z4 is not a unital ring and we cannot use Proposition 11 to determine the
characteristic of this ring.

Since 2[1]4 = [2]4 ̸= 0, the characteristic is not 1. On the other hand, 2(2Z4) = 4Z4 = 0.
Therefore, the characteristic is 2. □

Exercise 1. Think about the characteristic of mZn.

Outline of a solution. From group theory, we know that

ord(gk) =
ord(g)

gcd(k, ord(g))
.

In the additive form, we obtain

ord+(kx) =
ord+(x)

gcd(k, ord+(x))
.

Using this formula, deduce that

ord+(m[1]n) =
n

gcd(m,n)
.

Also observe that
n

gcd(m,n)
(mZn) =

(
m

gcd(m,n)︸ ︷︷ ︸
is an integer

)
nZn = 0.

Deduce that char(mZn) =
n

gcd(m,n)
.
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Question. What is the characteristic of R := Z2 × Z3 × · · · ?
Solution. Suppose char(R) = m and m ̸= 0. Note that for all n, there is a copy of Zn in the
n− 1-th component of R. Hence, knowning that mx = 0 for all x ∈ R implies that mZn = 0. This
implies that m ≥ n for all n. This is a contradiction. Thus, char(R) = 0. □

Question. What is the characteristic of R := Z2 × Z2 × · · · ?
Solution. Note that 2R = 0 and R ̸= 0. Hence, char(R) = 2. This examples provides us with an
infinite ring with finite characteristic. □

Lemma 12. For every n ≥ 2, cn : Z → Zn, cn(a) := [a]n is a surjective ring homomorphism and
its kernel if nZ.

Recall that the kernel of group homomorphism f : (A,+) → B is

ker f := {a ∈ A | f(a) = 0}.

Proof. For every a, b ∈ Z,
cn(a) + cn(b) =[a]n + [b]n = [a+ b]n = cn(a+ b)

cn(a) · cn(b) =[a]n · [b]n = [ab]n = cn(ab).

Hence, cn is a ring homomorphism. Every element of Zn is of the form [a]n = cn(a). Therefore, cn
is surjective.

Note that a ∈ ker cn if and only if cn(a) = 0. We have

cn(a) = 0 ⇔ [a]n = 0 ⇔ n|a ⇔ a ∈ nZ.
Thus, ker cn = nZ. □

Question. When is the map cn,m : Zn → Zm, cn,m([a]n) := [a]m well-defined?

Solution. Let’s try the case of n = 2 and m = 3. Is c2,3 well defined? It means assuming two
integers a1 and a2 have the same opinion on the issue of divisibility by 2, do they have the same
opinion on the issue of divisibility by 3?

If we choose representatives based on one issue, on what other issues are they going to agree on?
Note that [2]2 = [0]2 but [2]3 ̸= [0]3. So, c2,3 is not well defined.
Following the same idea, assuming cn,m is well defined, we deduce

[0]n = [n]n implies that cn,m([0]n) = cn,m([n]n) and so [0]m = [n]m. Therefore m|n.
Does the converse hold: assuming m|n, can we prove that cn,m is well defined? The answer yes.
Let’s go over the proof. We must show

[a1]n = [a2]n implies cn,m([a1]n) = cn,m([a2]n) which means [a1]m = [a2]m.

We start with the assumption and present a direct proof:

[a1]n = [a2]n ⇒ a1
n≡ a2 ⇒ n|a1 − a2.

Since m|n it follows m|a1 − a2 ⇒ a1
m≡ a2 ⇒ [a1]m = [a2]m.

□

The above answer shows the following lemma:

Lemma 13. cn,m : Zn → Zm, cn,m([x]n) := [x]m is well-defined if and only if m|n.
Lemma 14. Suppose m|n. Then cn,m : Zn → Zm, cn,m([a]n) = [a]m is a well-defined surjective
ring homomorphism.
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Proof. By Lemma 13, cn,m is well-defined. Next, we show that it is a ring homomorphism. For all
x, y ∈ Z,

cn,m([x]n) + cn,m([y]n) =[x]m + [y]m = [x+ y]m = cn,m([x+ y]n) = cn,m([x]n + [y]n),

cn,m([x]n) · cn,m([y]n) =[x]m · [y]m = [xy]m = cn,m([xy]n) = cn,m([x]n · [y]n).
Note that every element of Zm is of the form [x]m = cn,m([x]n) which is in the image of cn,m. Hence,
cn,m is surjective. □

Theorem 15 (Chinese Remainder Theorem). Suppose gcd(m,n) = 1. Then

c : Zmn → Zm × Zn, c([a]mn) := ([a]m, [a]n)

is a well-defined isomorphism.

Proof. Note that c([x]mn) = (cmn,m([x]mn), cmn,n([x]mn)). Since m|mn and n|mn by Lemma 14,
cmn,m and cmn,n are well-defined ring homomorphisms. Therefore, c is a well-defined ring homo-
morphism. Next, we must show that c is a bijection. Note that

|Zmn| = mn = |Zm × Zn|,
and so it suffices to prove that c is injective. Suppose c([x]mn) = c([y]mn). Then

([x]m, [x]n) = ([y]m, [y]n) ⇒

{
[x]m = [y]m
[x]n = [y]n

⇒

{
x

m≡ y

x
n≡ y

⇒

{
m|x− y

n|x− y

⇒ lcm(m,n)|x− y.

Since gcd(m,n) = 1, lcm(m,n) = mn. Thus,

mn|x− y, which implies that x
mn≡ y and so [x]mn = [y]mn.

This implies c is injective which completes the proof. □

Theorem 16. Z×
n = {[a]n | gcd(a, n) = 1}.

Proof. By definition, [a]n ∈ Z×
n if and only if there exists x ∈ Z such that [a]n[x]n = [1]n. We have

[a]n[x]n = [1]n ⇔[ax]n = [1]n ⇔ ax
n≡ 1

⇔∃y ∈ Z, ax− 1 = ny.

Altogether, it follows that

(5) [a]n ∈ Z×
n ⇔ ∃x, y ∈ Z, ax− ny = 1.

In your earlier courses, you have seen the following statement: For every a, b, c ∈ Z,
∃x, y ∈ Z, ax+ by = c ⇔ gcd(a, b)|c.

Therefore, by (5), we deduce
[a]n ∈ Z×

n ⇔ gcd(a, n) = 1.

This completes the proof. □

Let ϕ(n) := |Z×
n |. It is called Euler’s ϕ function
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Corollary 17. Suppose gcd(m,n) = 1. Then Z×
mn ≃ Z×

m × Z×
n . In particular,

ϕ(mn) = ϕ(m)ϕ(n).

Proof. By the CRT, Zmn ≃ Zm × Zn. So, Z×
mn ≃ (Zm × Zn)

×. By your HW assignment,

(Zm × Zn)
× = Z×

m × Z×
n .

This completes the proof of the first part.
Note that

ϕ(mn) = |Z×
mn| = |Z×

m × Z×
n | = |Z×

m| · |Z×
n | = ϕ(m)ϕ(n).

□

If p is prime, then for every 0 < a < p, gcd(a, p) = 1. Hence,

Z×
p = {[1]p, . . . , [p− 1]p} = Zp \ {0}.

This takes us to the definition of a field.

Definition 7. A unital commutative ring F is called a field if F× = F \ {0}.

Example 1. Q,R,C, and Zp, for a prime p, are fields. Z is not a field. Q[
√
3] is a field as you

have seen in your HW assignment.

If n > 0 is a composite number, then n = rs for some r, s ≥ 2. Then

gcd(r, n) = r ̸= 1 and [r]n ̸= 0.

Hence, Z×
n ̸= Zn \ {0}. Therefore, Zn is not a field if n is composite. This implies:

Lemma 18. For n ≥ 2, Zn is a field if and only if n is prime.

4. Lecture 4: computing Euler ϕ-function, integral domains, cancellation law,
characteristic of an integral domain, connections between fields and

integral domains, definition of fractions.

Using the CRT, we proved that ϕ(mn) = ϕ(m)ϕ(n) if gcd(m,n) = 1. This helps us reduce the
problem of computing ϕ(n) to that of powers of primes:

ϕ(pk11 · · · pkmm ) = ϕ(pk11 ) · · ·ϕ(pkmm )

if pi’s are distinct primes. Note that

ϕ(pk) = |{[a]pk | gcd(a, pk) = 1}|,
and, for a prime number p,

gcd(a, pk) = 1 if and only if p ∤ a.
Hence

ϕ(pk) = |{a | 1 ≤ a ≤ pk}| − |{a | 1 ≤ a ≤ pk, p|a}| = pk − pk−1.

Problem. Find the number os units of Z100.

Solution. ϕ(100) = ϕ(2252) = ϕ(22)ϕ(52) = (22 − 2)(52 − 5) = (2)(20) = 40. □

Let’s recall that a ∈ R is called a zero-divisor if a ̸= 0 and there exists b ∈ R such that ab = 0
and b ̸= 0. For instance, [3]15 is a zero-divisor of Z15 as [3]15[5]15 = [0]15 and [3]15 and [5]15 are
non-zero.

Definition 8. A unital commutative ring D is called an integral domain if 0 ̸= 1 and D has no
zero-divisors.
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Let us remark that if in a unital ring R, 0 = 1, then R = {0}. Here is the proof: for all r ∈ R,
we have

r = 1R · r = 0R · r = 0R.

So, the condition 0 ̸= 1 is equivalent to saying that the ring has more than one element. The ring
that has only 0 is called the trivial ring.

The major property of integral domains is on having the cancellation law. We say a ring R has
the cancellation law if for every non-zero a ∈ R,

a · b = a · c implies b = c.

Lemma 19. A unital commutative ring D with 0 ̸= 1 is an integral domain if and only if it
satisfies the cancellation law.

Proof. (⇒) Suppose a · b = a · c. Then a · (b − c) = 0. Since D does not have a zero-divisor and
a ̸= 0, we deduce that b− c = 0. Therefore, b = c.
(⇐) By assumption, D is a unital commutative ring and 0 ̸= 1. So it suffices to argue why D

does not have a zero-divisor. Suppose to the contrary that a is a zero-divisor. Then there exists
b ∈ D \ {0} such that a · b = 0. It follows that a · b = a · 0. Since D has the cancellation law and
a ̸= 0, we deduce that b = 0 which is a contradiction. □

Lemma 20. Suppose R is a unital commutative ring. Prove that if r ∈ R×, the r is not a
zero-divisor.

Proof. Suppose to the contrary that there exists a unit a which is a zero-divisor. Then there exist
a−1 ∈ R and at the same time b ∈ R \ {0} such that a · b = 0. Multiply both sides of this equation
by a−1. Then,

a−1 · (a · b) = a−1 · 0 which implies that (a−1 · a) · b = 0 and so b = 0.

We obtain a contradiction, which completes the proof. □

Corollary 21. Every field is an integral domain

Proof. Suppose a is a zero-divisor of F . Then by Lemma 20, we deduce that a is not a unit. This
is a contradiction as every non-zero element of a field is a unit. Hence, F has no zero-divisor.
Are we done? No! We must check other conditions: (1) is F unital commutative? (2) Is 0 ̸= 1?
The first one follows from the fact that every field is unital commutative.
The second one follows from 1 ∈ F× = F \ {0}. Now, the proof is completed. □

Clearly the converse of Corollary 21 does not hold as Z is an integral domain which is not field.
Next, we show that the converse holds for finite rings.

Proposition 22. A finite ring D is a field if and only if it is an integral domain.

Proof. (⇒) Follows from Corollary 21. (⇐) Since D is an integral domain, it is a unital com-
mutative ring and 0 ̸= 1. So, in particular, 0 ̸∈ D× (note that if 0 ∈ D×, then 0D · a = 1D for
some a ∈ D, which implies that 0D = 1D. This contradicts the assumption that D is an integral
domain.) This means D× ⊆ D \ {0}. Next, we show that every non-zero element a ∈ D is a unit.
Define ℓa : D → D, ℓa(x) := a · x. Note that a is a unit of D if and only if 1D is in the image of
ℓa. We will show that ℓa is surjective, and in particular, its image contains 1D. Since D is finite
and ℓa is a function from D to D, by the pigeonhole principle, ℓa is surjective if and only if it is
injective. So, instead of proving ℓa is surjective, we will argue why ℓa is injective. For x1, x2 ∈ D,

ℓa(x1) = ℓa(x2) ⇒ a · x1 = a · x2 ⇒ x1 = x2.

The last implication follows using the cancellation law, Lemma 19, and a ̸= 0. This implies that
ℓa is injective. As we explained earlier, considering ℓa is an injective function from a finite set to
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itself, we deduce that ℓa is surjective. Hence, 1 is in the image of ℓa. This implies that a is a unit.
This completes the proof. □

Proposition 23. The characteristic of an integral domain is either zero or a prime.

Proof. Suppose to the contrary that the characteristic of an integral domain is neither zero nor
prime. Recall that char(D) is ord 1D if it is finite and zero otherwise. Since by the contrary
assumption the characteristic char(D) = n is not zero, we deduce that

(6) ord 1D = n.

The contrary assumption implies that n > 0 is not prime. Hence, it is either 1 or a composite
number, which means n = rs for some integers r, s ≥ 2.
Case 1. n = 1.
In this case, n1D = 0D implies that 1D = 0D which is a contradiction as every integral domain

is non-trivial.
Case 2. n = rs for some integers r, s ≥ 2.
In this case, n1D = 0 and r1D ̸= 0 and s1D ̸= 0. Note that by Proposition 10,

f : Z → D, f(k) := k1D

is a ring homomorphism. Hence,

f(n) = f(rs) = f(r)f(s), which implies that 0D = n1D = (r1D)(s1D).

Therefore, r1D is a zero-divisor, which contradicts the assumption thatD is an integral domain. □

Let’s revisit Zn in the light of the above results:

Corollary 24. Suppose n is a positive integer. Then the following statements are equivalent:

(1) Zn is an integral domain.
(2) n is prime.
(3) Zn is a field.

Proof. (1)⇒(2) The characteristic of Zn is n. By Proposition 23, the characteristic of an integral
domain is either 0 or prime. Since n > 0, we deduce that n is prime.

(2)⇒(3) Since n is prime, for all 0 < a < n, we have gcd(a, n) = 1. Hence,

Z×
n = {[a]n | gcd(a, n) = 1} = Zn \ {[0]n}.

Therefore, Zn is a field.
(3)⇒(1) By Corollary 21, every field is an integral domain. □

The first exam covers all the topics discussed up to this point.
We know that not every integral domain is a field. In order to solve linear equations, we do

need to have a field. In fact, if you go over the materials that are covered in your linear algebra
course, you see that everything goes through over a field: you can define the concept of dimension.
You can do the reduced echelon process, etc. So, given an integral domain D, we would like to
embed it into a field, and find smallest such field. Note that rational numbers are constructed out
of integers through a similar desire. Having fractions in mind, we define the following relation ∼
on the set of pairs D × (D \ {0}):

(a, b) ∼ (a′, b′) if and only if ab′ = ba′.

Lemma 25. Suppose D is an integral domain. Then ∼ is an equivalence relation.
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Proof. (Reflexive) We must check (a, b) ∼ (a, b). It means ab = ba which holds by commutativity
of an integral domain.

(Symmetric) We must check that (a, b) ∼ (a′, b′) implies (a′, b′) ∼ (a, b). It means ab′ = ba′

should imply a′b = b′a, which follows again by the commutativity of an integral domain.
(Transitive) We must show that if (a, b) ∼ (a′, b′) and (a′, b′) ∼ (a′′, b′′), then (a, b) ∼ (a′′, b′′).

In other words, assuming ab′ = ba′ and a′b′′ = b′a′′, we must prove that ab′′ = ba′′. Multiplying
both sides of ab′ = ba′ by b′′, we obtain

(7) ab′b′′ = ba′b′′.

Multiplying both sides of a′b′′ = b′a′′ by b, it follows that

(8) a′b′′b = b′a′′b.

By (7), (8), and commutativity in an integral domain, we deduce that

ab′′b′ = ba′b′′ = a′′bb′, which implies (ab′′)b′ = (ba′′)b′.

Hence, by the cancellation law, ab′′ = ba′′ completing the proof. □

We define + and · on the set of all the fractions as usual:

a1
b1

+
a2
b2

:=
a1b2 + b1a2

b1b2
and

a1
b1

· a2
b2

:=
a1a2
b1b2

.

In the next lecture, we will discuss main properties of (Q(D),+, ·).

5. Lecture 5: the universal property of field of fractions

Theorem 26 (The universal property of the field of fractions). Suppose D is an integral domain.
Let

Q(D) :=

{
a

b
| a ∈ D, b ∈ D \ {0}

}
,

and the operations + and · are defined as usual. Then

(1) + and · are well-defined.
(2) (Q(D),+, ·) is a field.
(3) i : D → Q(D), i(a) := a

1
is an injective ring homomorphism.

(4) If F is a field and f : D → F is an injective ring homomorphism such that f(1D) = 1F ,
then

f̃ : Q(D) → F, f̃(
a

b
) := f(a)f(b)−1

is a well-defined injective ring homomorphism.

(5) f̃ ◦ i = f . We say the following diagram is commutative:

Q(D)

D F

f̃

f

i

Proof. We present proofs of only parts of this theorem. Proof of the other parts follows similar
ideas.

+ is well-defined. The issue is that a fraction is an equivalence class. Knowing a fraction
does not uniquely determine its numerator and denominator. Therefore, when we define a function
on fractions in terms of a chosen numerator and denominator, we must verify that the given rule
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is independent of the particular representatives chosen for that fraction. Suppose a1
b1

=
a′1
b′1

and

a2
b2

=
a′2
b′2
. We must prove that a1b2+b1a2

b1b2
=

a′1b
′
2+b′1a

′
2

b′1b
′
2

. Recall that

(9)
a1
b1

=
a′1
b′1

⇔ a1b
′
1 = b1a

′
1 and

a2
b2

=
a′2
b′2

⇔ a2b
′
2 = b2a

′
2.

We must show a1b2+b1a2
b1b2

=
a′1b

′
2+b′1a

′
2

b′1b
′
2

which is equivalent to proving

(10) (a1b2 + b1a2)(b
′
1b

′
2) = (b1b2)(a

′
1b

′
2 + b′1a

′
2).

Note that

(a1b2 + b1a2)(b
′
1b

′
2) =a1b2b

′
1b

′
2 + b1a2b

′
1b

′
2 (by (9))

=b1a
′
1b2b

′
2 + b2a

′
2b1b

′
1

=(b1b2)(a
′
1b

′
2 + a′2b

′
1),

which shows (10) holds.
Zero of Q(D). Note that since for every a ∈ D \ {0}, a · 0 = 0 · 1 = 0, 0

a
= 0

1
. We also have

0

1
+

a

b
=

0 · b+ 1 · a
1 · b

=
a

b
.

Hence, 0
1
is the zero of Q(D).

The identity of Q(D). Note that 1
1
· a
b
= 1·a

1·b = a
b
. Hence 1

1
is the identity of Q(D). Moreover,

for every a ∈ D \ {0}, a
a
= 1

1
as a · 1 = 1 · a.

Inverse of an element. Suppose a
b
is not zero. Then by the above argument, a ̸= 0. Therefore,

b
a
∈ Q(D). Note that

a

b
· b
a
=

ab

ba
=

1

1
.

Therefore, (a
b
)−1 = b

a
.

Next, we prove part (3). i(a) + i(b) = a
1
+ b

1
= a·1+1·b

1·1 = a+b
1

= i(a+ b). Similarly,

i(a) · i(b) = a

1
· b
1
=

ab

1
= i(ab).

Therefore, i is a ring homomorphism. Next, we show that i is injective:

i(a) = i(a′) ⇒ a

1
=

a′

1
⇒ a · 1 = a′ · 1 ⇒ a = a′.

Next, we discuss why f̃ is well-defined. We must prove that if a
b
= a′

b′
, then

f(a)f(b)−1 = f(a′)f(b′)−1.

Note that a
b
= a′

b′
implies ab′ = ba′. Hence, f(ab′) = f(ba′), which gives f(a)f(b′) = f(b)f(a′). If

f(b) and f(b′) are non-zero, then they are units in F as F is a field. Thus

f(a)f(b′)(f(b)−1f(b′)−1) = f(b)f(a′)(f(b)−1f(b′)−1), which implies f(a)f(b)−1 = f(a′)f(b′)−1,

as desired. Let’s point out that, since b and b′ are non-zero and f is injective, f(b) and f(b′) are

non-zero. This completes the proof of well-definedness of f̃ . It is straightforward to check that f̃
is a ring homomorphism.

Finally, note that for every a ∈ D,

f̃(i(a)) = f̃(
a

1D
) = f(a)f(1D)

−1 = f(a).

This completes the proof of the last part. □
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Exercise 2. In the above setting, use the fact that f(1D)
2 = f(1D) and f(1D) ̸= 0, to show that

f(1D) = 1F .

6. Lecture 6: how to use the universal property of field of fractions, defining
degree, leading term and coefficient of polynomials, division algorithm,

nilpotent elements and their connection with units.

A field isomorphic to Q(D) is called a field of fractions of D.

Problem. Prove that Q[i] := {a+ bi | a, b ∈ Q} is a field of fractions of Z[i].

In order to show F is a field of fractions of D, we take the following steps:

(1) Prove that F is a field.
(2) Give an injective ring homomorphism f : D → F .
(3) Use the universal property of field of fractions and obtain the injective ring homomorphism

f̃ : Q(D) → F, f̃(
a

b
) = f(a)f(b)−1.

(4) Prove that f̃ is surjective.

Proof. We start with showing that Q[i] is a subring of C. To prove this, it is necessary and sufficient
to argue why it is closed under subtraction and multiplication. For a, b, a′, b′ ∈ Q,

(a+ bi)− (a′ + b′i) =(a− a′︸ ︷︷ ︸
∈Q

) + (b− b′︸ ︷︷ ︸
∈Q

)i ∈ Q[i]

(a+ bi)(a′ + b′i) =(aa′ − bb′︸ ︷︷ ︸
∈Q

) + (ab′ + a′b︸ ︷︷ ︸
∈Q

)i ∈ Q[i].

Hence, Q[i] is a subring of C; in particular, it is commutative. Note that 1 ∈ Q[i], and so Q[i] is
unital. To show Q[i] is a field, we must show that every non-zero element a+ bi of Q[i] is a unit.
Note that a non-zero element of C is invertible and its inverse is given by

(a+ bi)−1 =
a

a2 + b2
− b

a2 + b2
i.

Note that when a, b ∈ Q and a+ bi ̸= 0, a2 + b2 ̸= 0 and

a

a2 + b2
,

b

a2 + b2
∈ Q.

Therefore, (a+ bi)−1 ∈ Q[i], which implies that a+ bi ∈ Q[i]×. Altogether, we deduce that Q[i] is
a field.

Let f : Z[i] → Q[i], f(a+ bi) := a+ bi. Clearly, f is an injective ring homomorphism. Therefore,
by the universal property of field of fractions,

f̃ : Q(Z[i]) → Q[i], f̃(
x

y
) := f(x)f(y)−1 = xy−1

is a well-defined injective ring homomorphism.

It is remained to show that f̃ is surjective. Every element of the codomain Q[i] is of the form
a+ bi where a, b ∈ Q. Say

a =
r1
s1

and b =
r2
s2
.

Note these are fractions in Q. Then, by a simple computation in C,

a+ bi =
r1s2 + r2s1i

s1s2
(note this is a fraction in complex numbers) = (r1s2 + r2s1i)(s1s2)

−1.
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Since r1, r2 ∈ Z and s1, s2 ∈ Z \ {0}, r1s2 + r2s1i ∈ Z[i] and s1s2 ∈ Z \ {0} ⊆ Z[i] \ {0}. Therefore,

a+ bi = f̃(
r1s2 + r2s1i

s1s2
).

This shows that f̃ is surjective, which completes the proof. □

Let’s go back to the ring of polynomials. Earlier we considered the following example:

([2]6x+ [1]6)([3]6x
2 + x+ [1]6) = [5]6x

2 + [3]6x+ [1]6,

and we remarked that, unlike the examples that you had seen in calculus for polynomials over
the real numbers, the degree of the product is not the sum of the degrees. We observed that this
phenomenon occurred because of the existence of zero-divisors.

Definition 9. For a polynomial f(x) := anx
n + an−1x

n−1 + · · ·+ a0 ∈ R[x], we say the degree of
f is n if an ̸= 0, and we write deg f = n. The degree of the zero polynomial is defined to be −∞.
The leading term of f is anx

n, denoted L(f) := anx
n. The leading coefficient of f is an, denoted

ℓ(f) := an. The leading term and the leading coefficient of the zero polynomial are defined to be
0.

Lemma 27. Suppose D is an integral domain. Then for every f, g ∈ D[x], the following statements
hold:

(1) L(fg) = L(f)L(g).
(2) ℓ(fg) = ℓ(f)ℓ(g).
(3) deg fg = deg f + deg g.

Proof. Case 1. f = 0.

Proof of Case 1. Note that fg = 0, and so L(fg) = L(f) = ℓ(fg) = ℓ(f) = 0. Then

L(fg) = L(f)L(g) = 0 and ℓ(fg) = ℓ(f)ℓ(g) = 0.

We also note that deg(fg) = deg(f) = −∞. By convention (−∞) + (−∞) = (−∞) + n = −∞
for all n ∈ Z. Therefore,

deg(fg) = deg f + deg g = −∞.

□

Case 2. f ̸= 0 and g ̸= 0.

Proof of Case 2. Set f(x) = anx
n + · · ·+ a0 with an ̸= 0 and g(x) = bmx

m + · · ·+ b0 with bm ̸= 0.
Then

L(f) = anx
n, ℓ(f) = an, deg f = n

L(g) = bmx
m, ℓ(g) = bm, deg g = m.

Distributing the product of f(x) by g(x), we obtain

f(x)g(x) = anbmx
n+m + terms of degree at most n+m− 1.

Note that, since D is an integral domain and an ̸= 0, bm ̸= 0, we have anbm ̸= 0. Therefore,

L(fg) = anbmx
n+m, ℓ(fg) = anbm, and deg(fg) = n+m.

Thus,
L(fg) = L(f)L(g), ℓ(fg) = ℓ(f)ℓ(g), and deg fg = deg f + deg g.

□

The remaining case of f ̸= 0 and g = 0 follows from Case 1, by symmetry. □

Corollary 28. Suppose D is an integral domain. Then the following statements hold:
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(1) D[x] is an integral domain.
(2) D[x]× = D×.

Proof. Since D is unital commutative, so is D[x]. Since D is an integral domain, 0 ̸= 1. So, it is
remained to show why product of two non-zero polynomials is non-zero. Suppose f, g ∈ D[x]\{0}.
Then, deg f, deg g ∈ Z≥0, and so by Lemma 6,

deg fg = deg f + deg g ̸= −∞, which implies that fg ̸= 0.

Suppose r ∈ D×. Then for some s ∈ D, rs = 1. Since r, s ∈ D[x] and rs = 1, we deduce that
r ∈ D[x]×. Therefore, D× ⊆ D[x]×. Next, we prove the converse inclusion.

Suppose f ∈ D[x]×. Then, there exists g ∈ D[x] such that fg = 1. In particular, deg fg = 0.
By Lemma 27

0 = deg f + deg g since deg f, deg g ∈ {−∞} ∪ Z≥0, we deduce deg f = deg g = 0.

Hence f, g ∈ D (are constant polynomials). Since fg = 1 and f, g ∈ D, it follows that f ∈ D×. It
completes the proof. □

We remark that, for some rings R, there are positive degree units in R[x]. For instance, 2x+ 1
is a unit in Z8[x].
What do you think is special about 2 in Z8? That is right(!): 23 = 0.

Definition 10. An element a ∈ R is called nilpotent if an = 0 for some positive integer n.

For example, 2 is nilpotent in Z8 and 2x is nilpotent in Z8[x] as (2x)
3 = 0.

How are nilpotent elements related to units? To see the connection, we must recall how we
compute a geometric series:

S := 1 + a+ a2 + · · ·+ an−1 ⇒ aS = a+ a2 + · · ·+ an

⇒ (1− a)S = 1− an.

This means
(1− a)(1 + a+ · · ·+ an−1) = 1− an.

Note that the equation holds in any unital commutative ring R. If an = 0, then

(1− a)(1 + a+ · · ·+ an−1) = 1 and 1− a, 1 + a+ · · ·+ an−1 ∈ R.

Altogether, we deduce the following lemma:

Lemma 29. Suppose a ∈ R is nilpotent. Then 1− a ∈ R×.

We also observe that if a is nilpotent, then an = 0 for some n > 0, which implies (−a)n = 0.
Therefore, −a is also nilpotent. Hence, by Lemma 29,

a ∈ R nilpotent ⇒ 1 + a ∈ R×.

The above implication together with the observation that 2x is nilpotent in Z8[x] implies that
2x+ 1 ∈ Z8[x]

×.
Another important result that you learned in your middle school about polynomials over real

numbers is the long division algorithm. We recall this algorithm and try to see how much it can
be extended over an arbitrary unital commutative ring.

To divide a polynomial f(x) = anx
n + · · · + a0 by a polynomial g(x) = bmx

m + · · · + b0, we
follow Algorithm 1. This means if deg f < deg q, we set q = 0 and r = f . Otherwise, we find a
monomial cxk such that L(f) = L(g)(cxk). Then, f − g(cxk) is of smaller degree, and we repeat
this process till we end up getting a polynomial of degree smaller than g. Assuming L(f) = anx

n

and L(g) = bmx
m, L(f) = L(g)(ckx

k) means

anx
n = (bmx

m)(ckx
k).
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Algorithm 1 The long division algorithm

Input: f(x), g(x) ∈ R[x]
Set q(x) = 0 and r(x) = f(x).
while deg r ≥ deg g do
Find a monomial cxk ∈ R[x] such that L(r) = L(g)(cxk).
Set the new (q, r) as (q + cxk, r − g(cxk))

end while
return (q, r)

When can we do this? First, we must have n = m+ k for some non-negative integer k. This holds
as long as n ≥ m. Second, there should exists c ∈ R such that bmc = an. This equation has a
solution in R if bm is a unit in R. Note that bm is the leading coefficient of g.

Theorem 30 (Division algorithm). Suppose R is a unital commutative ring, f, g ∈ R[x], and
ℓ(g) ∈ R×. Then there exists a unique pair (q, r) of polynomials such that

f(x) = g(x)q(x) + r(x) and deg r < deg g.

Proof. (The existence part) We proceed by strong induction on deg f . If deg f < deg g, then
q(x) := 0 and r(x) := f(x) satisfy the desired conditions. In particular, the base of induction
follows. So, we may focus on the induction step and assume that deg f ≥ deg g. Suppose L(f) =
anx

n and L(g) = bmx
m. Then n ≥ m and bm ∈ R×. Hence (b−1

m an)x
n−m is a monomial in R[x],

and

L(f) = L(g)((b−1
m an)x

n−m) which implies that deg(f(x)− g(x)((b−1
m an)x

n−m)) < deg f.

Therefore, by the strong induction hypothesis, there exists a pair (q, r) such that

f(x)− g(x)((b−1
m an)x

n−m) = g(x)q(x) + r(x) and deg r < deg g.

Thus
f(x) = g(x) ((b−1

m an)x
n−m + q(x))︸ ︷︷ ︸

qnew(x)

+r(x),

so the pair (qnew, r) satisfies the desired properties. This completes the proof of the existence part.
(The uniqueness part) □

7. Lecture 7: division algorithm, factor theorem, generalized factor theorem,
number of distinct zeros over an integral domain.

Proof of the division algorithm. We went through the proof of the existence part again.
(The uniqueness part). To show the uniqueness part, we must prove if the pairs (q1, r1) and

(q2, r2) satisfy the desired conditions, then q1 = q2 and r1 = r2. This means, we must prove the
following implication:

f(x) = g(x)q1(x) + r1(x), deg r1 < deg g

f(x) = g(x)q2(x) + r2(x), deg r2 < deg g

}
=⇒

{
g(x)(q1(x)− q2(x)) =r2(x)− r1(x)

deg r1, deg r2 < deg g.

Claim. deg(gh) = deg g + deg h.

Proof of Claim. If h = 0, then both sides of the equation are −∞. Suppose h ̸= 0. Set L(g) =
bmx

m and L(h) = ckx
k. Then

g(x)h(x) = bmckx
m+k + terms of degree at most m+ k − 1.

Since bm ∈ R×, it is not a zero-divisor. Knowing bm is not a zero-divisor and ck ̸= 0, it follows that
bmck ̸= 0. Therefore, deg(gh) = m+k = deg g+deg h. This completes the proof of the Claim. □
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Hence, deg(g(q1 − q2)) = deg g + deg(q1 − q2), so

deg g + deg(q1 − q2) = deg(r2 − r1).

Let’s remark that deg(r2 − r1) ≤ max{deg r2, deg r2}, and so

deg(r2 − r1) < deg g.

Altogether, we deduce that

deg g + deg(q1 − q2) < deg g and so deg(q1 − q2) < 0.

Thus q1 − q2 = 0, which implies that q1 = q2. Knowing that q1 = q2 and g(q1 − q2) = r2 − r1, we
deduce that

r2 − r1 = g(q1 − q2) = 0, and so r1 = r2.

This completes the proof. □

We may view a polynomial f ∈ D[x] as a function from R → R for every ring R that contains
D. Note that two different polynomials may define the same function. For example polynomials
x and x2 in Z2[x] give rise to the same function from Z2 to Z2.

Warning. Two polynomials f, g ∈ D[x] are not considered equal merely because they induce
the same function f, g : D → D.

Nevertheless, viewing polynomials as functions help us a lot study the ring of polynomials.
Given a ring R, a subring S, and r ∈ R, evaluation of polynomials over S at r give us a ring
homomorphism:

er : S[x] → R, er(f) := f(r).

Note that f ∈ ker er if and only if er(f) = f(r) = 0. Recall that we say r is a zero of f(x) or a
root of the equation f(x) = 0 if f(r) = 0. Hence

ker er = {f ∈ S[x] | r is a zero of f}.

Example 2. Consider e√2 : Q[x] → R. Find e√2(x), e
√
2(x

2− 2), e√2(ax+ b). Argue why e√2(ax+
b) ̸= 0 if ax+ b is not the zero polynomial.

Solution. e√2(x) =
√
2. e√2(x

2 − 2) =
√
2
2 − 2 = 0. e√2(ax+ b) = a

√
2 + b. Suppose a

√
2 + b = 0

for some a, b ∈ Q. If a ̸= 0, then
√
2 = b/a ∈ Q which is a contradiction. If a = 0, then a

√
2+b = 0

implies that b = 0. □

Problem. (1) Find the kernel of e√2 : R[x] → R.
(2) Find the kernel of e√2 : Q[x] → R.

Solution. (1) Over the real numbers, in your middle school you learn that c is a zero of a polynomial
f if and only if f has a factor of (x−c). Hence,

√
2 is a zero of f if and only if f(x) = (x−

√
2)q(x)

for some q(x) ∈ R[x]. So,

ker e√2 = {(x−
√
2)q(x) | q(x) ∈ R[x]}.

(2) Note that x−
√
2 ̸∈ Q[x], so the answer to the second part is not the same as the first part. In

fact, in the previous example, we have seen that ker e√2 has no degree 1 polynomial in Q[x]. We
have also seen that x2 − 2 is in this kernel. So, maybe similar to the first part, every element of
the kernel is a multiple of x2 − 2.

Suppose f ∈ ker e√2. By the division algorithm, there exists a unique pair (q(x), r(x)) ∈ Q[x]
such that

f(x) = q(x)(x2 − 2) + r(x) and deg r < deg(x2 − 2).

Note that the leading coefficient of x2−2 is 1, and so it is a unit. (a polynomial is called monic if its
leading coefficient is 1) Therefore, we may apply the division algorithm theorem. Since deg r < 2,
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r(x) = ax+ b for some a, b ∈ Q. Evaluating both sides of f(x) = q(x)(x2 − 2) + ax+ b at
√
2, we

deduce that

0 = f(
√
2) = q(

√
2)(

√
2
2
− 2) + a

√
2 + b which implies that a

√
2 + b = 0.

Using the previous example, it follows that a = b = 0, and so r(x) = 0. Thus f(x) = (x2 − 2)q(x)
for some q(x) ∈ Q[x]. This shows that

ker e√2 = {(x2 − 2)q(x) | q(x) ∈ Q[x]}.
□

A major part of this course is extending this result. We will be using the same idea: taking a
polynomialmα of smallest degree that has α as a zero. Dividing a polynomial f that has α as a zero
by mα: f(x) = mα(x)q(x) + r(x) and deg r < degmα. Evaluating both sides at α and deducing
that r(α) = 0. Using the assumption that degmα is smallest among non-zero polynomials that
have α as a zero, and deducing that r(x) = 0, and so f is a multiple of mα.

Theorem 31 (Factor theorem). Suppose R is a unital commutative ring and c ∈ R. Then for
every f ∈ R[x], there exists q ∈ R[x] such that

f(x) = (x− c)q(x) + f(c).

In particular, c is a zero of f if and only if there exists q(x) ∈ R[x] such that f(x) = (x− c)q(x).

Proof. Since x − c is a monic polynomial (that means the leading coefficient is 1), we may apply
the division algorithm. Hence, there exists a pair (q, r) ∈ R[x] such that

f(x) = (x− c)q(x) + r(x) and deg r < deg(x− c).

The inequality implies that r is a constant polynomial. Evaluating both sides of f(x) = (x −
c)q(x) + r at c, we deduce that r = f(c). Therefore, f(x) = (x− c)q(x) + f(c).
If c is a zero of f , then f(x) = (x− c)q(x) + f(c) implies that f(x) = (x− c)q(x).
If f(x) = (x− c)q(x), then f(c) = 0. This completes the proof. □

Note that the factor theorem implies for every c ∈ R,

ker ec = {(x− c)q(x) | q(x) ∈ R[x]}.
Over the real numbers, having other zeros of a polynomial f , you could find a factorization of f .
Can we do the same over an arbitrary ring? Under what condition can we do it?

Suppose c1, . . . , cn ∈ R are distinct zeros of a polynomial f ∈ R[x]. By the factor theorem,
f(x) = (x − c1)q(x). Now, we wish to factor f(x) further, and for that we must factor q. Do we
know a zero of q? Is c2 a zero of q? Let’s evaluate both sides of f(x) = (x − c1)q(x) at c2. We
deduce that

0 = f(c2) = (c2 − c1)q(c2).

Note that c2−c1 ̸= 0 as ci’s are distinct zeros of f . Can we deduce that q(c2) = 0. That is right(!),
we can do so only when R has no zero-divisors. This takes us to the next theorem:

Theorem 32 (Generalized factor theorem). Suppose D is an integral domain, f ∈ D[x], and
c1, . . . , cn ∈ D are distinct zeros of f . Then there exists q ∈ R[x] such that

f(x) = (x− c1) · · · (x− cn)q(x).

Proof. We proceed by induction on n. The base case follows from the Factor theorem.
The induction step. Since c1 is a zero of f , by the Factor theorem, there exists g(x) ∈ D[x]

such that

(11) f(x) = (x− c1)g(x).
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For every 2 ≤ i ≤ n, 0 = f(ci) = (ci − c1)g(ci). Since ci − c1 ̸= 0 and D has no zero-divisors,
(ci − c1)g(ci) = 0 implies that g(ci) = 0 for 2 ≤ i ≤ n. By the induction hypothesis, there exists
q(x) ∈ D[x],

(12) g(x) = (x− c2) · · · (x− cn)q(x).

Therefore, by (11) and (12),

f(x) = (x− c1)(x− c2) · · · (x− cn)q(x).

This completes the proof. □

For a polynomial f ∈ D[x], let Vf (D) be the set of zeros of f in D; that means

Vf (D) := {a ∈ D | f(a) = 0}

Corollary 33. Suppose D is an integral domain. Then for every f ∈ D[x] \ {0},

|Vf (D)| ≤ deg f.

This means the number of distinct zeros of f in D is at most equal to the degree of f .

Proof. Suppose Vf (D) = {c1, . . . , cn} and ci’s are distinct. Then by the generalized factor theorem,
there exists q(x) ∈ D[x] such that

f(x) = (x− c1) · · · (x− cn)q(x).

Since f ̸= 0, q ̸= 0. Hence, deg q ≥ 0. As D is an integral domain,

deg f = deg(x− c1) + · · ·+ deg(x− cn) + deg q = n+ deg q ≥ n.

This completes the proof. □

8. Lecture 8: zeros of polynomials in direct products, Fermat’s little theorem,
Frobenius homomorphism, factorization of xp − x over Zp, Wilson’s theorem,
irreducible elements, irreducible polynomials over a field, having zero and

factorization, degree 2 or 3 irreducibility criterion.

In the previous lecture, we proved that a polynomial of degree n over an integral domain does
not have more than n distinct zeros. The following are immediate consequences of this result:

Corollary 34. Suppose D is an integral domain and a1, . . . , an+1 ∈ D are distinct. Suppose
f, g ∈ D[x] and deg f, deg g ≤ n. Then f = g if and only if f(ai) = g(ai) for all i = 1, . . . , n+ 1.

Proof. Let h(x) := f(x) − g(x). Then deg h ≤ n and it has at least n + 1 distinct zeros. By
Corollary 33, we deduce that h = 0, and so f(x) = g(x). This completes the proof. □

We remarked that it is not enough to know two polynomials of degree n are equal only at n
points in order to deduce they are equal. For instance, every polynomial of the form c(x− 1) is 0
at 1, but they are not equal to each other. In terms of graph of functions, graph of a polynomial of
degree 1 is a line, and knowing that f(1) = 0 only implies that the graph of f is a line which passes
through the point (1, 0). This information does not specify a unique line. On the other hand, if we
know two points, then we obtain a unique line passing through them. The above corollary shows
that if graph of two polynomials of degree at most n pass through the same n + 1 points, then
they are identical polynomials.

Example 3. Find V2x2−x(R) where R = Q,Z, and R = Z15.
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Solution. Let’s start with R = Q. We must solve the equation

2x2 − x = 0

Note that 2x2 − x = x(2x − 1). Since Q is an integral domain, x(2x − 1) = 0 implies that either
x = 0 or 2x− 1 = 0. Hence V2x2−x(Q) = {0, 1/2}.
Since Z is a subring of Q, we may use our previous result and see which ones are integer. We

see that V2x2−x = {0} Not all rational roots are integer!
Why can we not use the same argument for the ring Z15? That is right! Since Z15 has zero

divisors, x(2x − 1) = 0 does not imply that one of the factors must be zero. By the Chinese
Remainder Theorem, Z15 ≃ Z3 × Z5. Hence, we must find V2x2−x(Z3 × Z5). Set f(x) := 2x2 − x,
and observe that

f(a, b) = (f(a), f(b)).

Therefore, (a, b) is a zero of f if and only if a and b are zeros of f . Thus

V2x2−x(Z3 × Z5) = V2x2−x(Z3)× V2x2−x(Z5).

Since Z3 and Z5 are integral domains, we may apply the same logic as in the case of rational
numbers and deduce that for every odd prime p

V2x2−x(Zp) = {0, [2]−1
p }.

Note that [2]−1
3 = [2]3 and [2]−1

5 = [3]5. Therefore,

V2x2−x(Z15) = {([0]3, [0]5), ([0]3, [3]5), ([2]3, [0]5), ([2]3, [3]5)}.

In order to go back to Z15, we must find all [x]15 such that ([x]3, [x]5) is one of the above pairs.
For small numbers p < q in order to find [x]pq such that [x]p = [a]p and [y]q = [b]q, we may

go over the arithmetic progression b, b + q, . . . , b + (p − 1)q and find out which one satisfies the
condition [b+ kq]p = [a]p. For large p and q, it is more efficient to use the Euclidean algorithm.
Using the above strategy, we can find:

([0]3, [0]5) 7→ [0]15, ([0]3, [3]5) 7→ [3]15, ([2]3, [0]5) 7→ [5]15, ([2]3, [3]5) 7→ [8]15.

Therefore,

V2x2−x(Z15) = {0, 3, 5, 8}.
Note that a degree 2 polynomial might have more than two distinct zeros over a ring which is not
an integral domain. □

Example 4. Find Vxp−x(Zp).

Solution. To answer this question, we must recall Fermat’s little theorem.

Theorem 35 (Fermat’s little theorem). for every a ∈ Z, ap
p
≡ a.

We will present two proofs for Fermat’s little theorem. Before doing so, we show how to answer
the above question using this theorem.

By Fermat’s little theorem, every element of Zp is a zero of xp − x. Hence

Vxp−x(Zp) = {[0]p, . . . , [p− 1]p}.

□

An important consequence of the above examples is the following theorem.

Theorem 36. xp − x = x(x− 1) · · · (x− p+ 1) in Zp[x].
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Proof. By the previous example, 0, . . . , p − 1 are zeros of xp − x. Since Zp is an integral domain,
we may apply the Generalized Factor Theorem, and deduce

xp − x = x(x− 1) · · · (x− (p− 1))q(x)

for some q(x) ∈ Zp[x]. Comparing the degrees of both sides, we obtain

p = p+ deg q which implies deg q = 0.

Hence q(x) = c ∈ Zp \ {0}, which means

xp − x = cx(x− 1) · · · (x− (p− 1)).

Comparing the leading coefficients of both sides, it follows that 1 = c. Thus

xp − x = x(x− 1) · · · (x− (p− 1)) in Zp[x].

This completes the proof. □

Corollary 37 (Wilson’s theorem). For every prime p, (p− 1)!
p
≡ −1.

Proof. Comparing the coefficient of x on both sides of

xp − x = x(x− 1) · · · (x− (p− 1))

we deduce that
−1 = (−1)(−2) · · · (−(p− 1)) in Zp.

The right hand side equals (−1)p−1(p − 1)!. If p is odd, (−1)p−1 = 1. If p = 2, then −1
p
≡ 1. So,

in either case, we obtain

−1
p
≡ (p− 1)!.

□

Let’s go back to the proof of Fermat’s little theorem. We present two proofs. The first one is
based on group theory and the second one is based on ring theory.

Proof of Fermat’s little theorem using group theory. By Lagrange’s theorem, order of every ele-

ment of a finite group divides the order of the group. So, for every a ∈ Z×
n , a

|Z×
n | = 1. Recall that

|Z×
n | = ϕ(n). Hence

aϕ(n)
n≡ 1 if gcd(a, n) = 1.

This is known as Euler’s theorem. For n = p, we have ϕ(p) = |Z×
p | = |Zp \ {0}| = p− 1. Hence, if

[a]p ̸= 0, then
[a]p−1

p = [1]p, which implies that [a]pp = [a]p.

The last equation clearly holds for [a]p = 0. This completes the proof of Fermat’s little theorem. □

Proof of Fermat’s little theorem using ring theory. The main tool is the Frobenius homomorphism.

Proposition 38. Suppose R is a unital commutative ring of characteristic p where p is prime.
Let F : R → R, F (r) := rp. Then F is a ring homomorphism.

Proof. We must show that, for every r1, r2 ∈ R,

F (r1r2) = F (r1)F (r2) and F (r1 + r2) = F (r1) + F (r2).

Note that F (r1r2) = (r1r2)
p which is equal to rp1r

p
2 as R is commutative. To show the second

equation, we use the binomial expansion.
Let’s recall that

(x+ y)n = (x+ y) · · · (x+ y)︸ ︷︷ ︸
n times

.
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We distribute. From each factor, we may choose either x or y. Suppose we choose x from i of
the parentheses and y from the remaining ones. In this way we obtain the monomial xiyn−i. The
number of times this monomial is achieved equals the number of ways to choose i factors out of
the n factors. The number of choosing i out of n candidates is denoted by

(
n
i

)
, read as n choose

i. Therefore,

(x+ y)n =
n∑

i=0

(
n

i

)
xiyn−i.

To choose i, first we take a permutation and take the first i. Permuting the first i and the last
n− i results to the same choice of i. Hence,(

n

i

)
=

n!

i!(n− i)!
.

We have

F (r1 + r2) = (r1 + r2)
p =

p∑
i=0

(
p

i

)
ri1r

p−i
2 .

Note that for every 1 ≤ i ≤ p − 1, gcd(p, i!(p − i)!) = 1. Therefore, p|
(
p
i

)
if 1 ≤ i ≤ p − 1. Since

the characteristic of R is p, for every r ∈ R, pr = 0. Hence, for every r ∈ R and 1 ≤ i ≤ p − 1,(
p
i

)
r = 0. This implies that for all r1, r2 ∈ R and 1 ≤ i ≤ p− 1,(

p

i

)
ri1r

p−i
2 = 0.

Hence,

F (r1 + r2) = (r1 + r2)
p =

p∑
i=0

(
p

i

)
ri1r

p−i
2 = rp2︸︷︷︸

i=0

+ rp1︸︷︷︸
i=p

= F (r1) + F (r2).

This completes the proof. □

Note that Zp is of characteristic p. Hence, F : Zp → Zp, F (a) := ap is a ring homomorphism.
For every a ∈ Zp,

ap = F (a) = F (1 + · · ·+ 1︸ ︷︷ ︸
a times

) = F (1) + · · ·+ F (1)︸ ︷︷ ︸
a times

= 1 + · · ·+ 1︸ ︷︷ ︸
a times

= a.

This completes the proof of Fermat’s little theorem. □

Definition 11. Suppose D is an integral domain. We say a ∈ D is irreducible if

(1) a ̸∈ {0} ∪D×.
(2) a = bc implies either b ∈ D× or c ∈ D×.

An irreducible element is unbreakable from multiplicative point of view. Note that if b ∈ D×,
then foe every a ∈ D, a = b(b−1a). So, these type of factorizations cannot be avoided. An
irreducible has no non-trivial factorization.

Example 5. An element of Z is irreducible if and only if it is of the form ±p where p is a prime
(in classical sense).

Question. Suppose F is a field. What can we say about irreducible elements of F [x]?

Solution. Note that F [x]× = F× = F \{0}. So f ̸∈ {0}∪F [x]× is equivalent to saying that f ̸∈ F ,
and this is the same as having deg f ≥ 1.
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If deg f ≥ 1 and f is not irreducible, then there exist g, h ∈ F [x] that are not unit and f = gh.
Since F [x]× = F \ {0}, g, h ̸∈ F [x]×, and they are non-zero, deg g, deg h ≥ 1. Which means f can
be written as a product of two polynomials of positive degree.

Conversely, if a polynomial f can be written as product of polynomials of positive degree, then
f cannot be irreducible as positive degree polynomials in F [x] are not units. Altogether, we have
proved:

Proposition 39. Suppose F is a field. Then f ∈ F [x] is irreducible if and only if deg f ≥ 1 and
f cannot be written as a product of positive degree polynomials.

□

Corollary 40. Suppose F is a field. Then every polynomial of degree 1 in F [x] is irreducible.

Proof. Product of two polynomials of positive degree is of degree at least 1 + 1 = 2. Hence, a
degree 1 polynomial over a field is irreducible. □

Example 6. Is 2x irreducible in Z[x]?

Solution. Note that Z[x]× = Z× = {1,−1}. Hence, 2, x ̸∈ (Z[x])×. Therefore, 2x = (2)(x) is a
non-trivial factorization, which implies that 2x is not irreducible in Z[x]. □

Note that 2x is irreducible in Q[x], but it is not irreducible in Z[x].
Suppose c ∈ F is a zero of a polynomial f ∈ F [x]. Then by the Factor Theorem, there exists

q ∈ F [x] such that
f(x) = (x− c)q(x).

In particular, deg q = deg f − 1. So, if deg f ≥ 2 and it has a zero in F , then it can br written
as a product of two positive degree polynomials in F [x]. Therefore, it is not irreducible. Let’s
summarize this result.

Proposition 41. Suppose F is a field and f ∈ F [x]. If deg f ≥ 2 and f has a zero in F , then f
is not irreducible in F [x].

In this course, we will prove certain irreducibility criteria. The first one is a converse of Propo-
sition 41 for polynomials of degree 2 or 3.

Theorem 42 (Degree 2 or 3 irreducibility criterion). Suppose F is a field and f ∈ F [x]. Suppose
deg f = 2 or 3. Then f is irreducible if and only if f has no zero.

Proof. We prove the contrapositive of both directions.
Proposition 41 proves that having zero for deg f = 2 or 3 implies reducibility.
Suppose f is not irreducible. Then f can be written as a product gh of polynomials of positive

degree. Since deg f = deg g + deg h, we deduce that

2 ≤ deg g + deg h ≤ 3.

Hence, the smaller one is 1. Suppose g(x) = ax+ b and a ∈ F \ {0}. Then −ba−1 ∈ F is a zero of
f . □

9. Lecture 9: rational root criterion and its applications. no zero mod p
implies no rational zero. content of a polynomial and its basic properties.

Is it easy to find out if a polynomial has a zero in F? Let’s start with F = Q.

Theorem 43 (Rational root criterion). Suppose f(x) = anx
n+an−1x

n−1+ · · ·+a0 ∈ Z[x], an ̸= 0.
Suppose r

s
is a simplified rational number; that is gcd(r, s) = 1. If r

s
is a zero of f , then

r|a0 and s|an.
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Proof. Since r
s
is a zero of f ,

an(
r

s
)n + an−1(

r

s
)n−1 + · · ·+ a0 = 0.

Multiplying both sides by sn, it follows that

anr
n + an−1r

n−1s+ · · ·+ an−ir
n−isi + · · ·+ a0s

n = 0.

Therefore,

−anr
n =s(an−1r

n−1 + · · ·+ an−ir
n−isi−1 + · · ·+ a0s

n−1)

−a0s
n =r(anr

n−1 + an−1r
n−2s+ · · ·+ an−ir

n−i−1si + · · ·+ a1s
n−1).

Hence, s|a0rn and r|ansn. Since gcd(r, s) = 1, by Euclid’s lemma, we deduce

s|a0 and r|an.

This completes the proof. □

Recall that a polynomial is called monic if its leading coefficient is 1.

Corollary 44. Suppose f ∈ Z[x] is a monic polynomial. Then Vf (Q) = Vf (Z); that means every
rational zero of f is an integer.

Proof. Suppose r
s
is a zero of f and gcd(r, s) = 1. Then by the rational root criterion, s|1. Hence,

s = ±1. Therefore, r
s
is an integer. □

Example 7. Does f(x) := x50 − x20 + 103x+ 1 has a zero in rational numbers?

Answer. Suppose r
s
is a zero of f and gcd(r, s) = 1. Then by the rational root criterion, r, s|1.

Hence, r
s
is either 1 or −1. Note that f(1) = 104 and f(−1) = 104. Therefore, f has no zero in

rational numbers. □

Example 8. Suppose f(x) ∈ Z[x] is monic and its constant term is 1; that is equivalent to say
f(0) = 1. Then Vf (Q) ⊆ {1,−1}; that is to say a zero of f in Q is either 1 or −1.

Proof. Suppose r
s
is a zero of f and gcd(r, s) = 1. Then by the rational root criterion, r|f(0) and

s|ℓ(f). By our assumptions, both r and s divide 1. Thus r = ±1 and s = ±1, so r
s
= ±1. □

When the leading coefficient and the constant term have many divisors, computing the polyno-
mial is not straightforward, and other techniques are needed. Note that computations in Zp are
much easier to carry out than those in Q. So, it might be easier to show Vf (Zp) = ∅. Does this
help us with Vf (Q)?

Theorem 45. Suppose f ∈ Z[x] is a monic polynomial. If Vf (Zp) = ∅ for some prime p, then
Vf (Q) = ∅. This means having no zero in Zp implies having no zero in Q.

Strategy of proof: We prove the contrapositive.

(1) (Passing from Q to Z) Vf (Q) ̸= ∅ implies that Vf (Z) ̸= ∅.
(2) (Passing from Z to Zp) Using the residue map modulo p to show Vf (Z) ̸= ∅ implies

Vf (Zp) ̸= ∅.

To be more precise, we must say Vcp(f)(Zp) where

cp : Z[x] → Zp[x], cp(anx
n + an−1x

n−1 + · · ·+ a0) := cp(an)x
n + cp(an−1)x

n−1 + · · ·+ cp(a0)

is the ring homomorphism given by the residue map modulo p.



30 ALIREZA SALEHI GOLSEFIDY

Proof. We prove the contrapositive of the statement. Suppose f has a zero in Q. Then by
Corollary 44, f has a zero in Z as f is monic. Suppose a ∈ Z is a zero of f . Then, if

f(x) = xn + an−1x
n−1 + · · ·+ a0,

then

an+an−1a
n−1 + · · ·+ a0 = 0 which implies

cp(a
n+an−1a

n−1 + · · ·+ a0) = 0 and so

cp(a)
n+cp(an−1)cp(a)

n−1 + · · ·+ cp(a0) = 0. Hence

cp(f)([a]p) = 0.

Therefore, [a]p ∈ Vf (Zp) (it is more precise to say [a]p ∈ Vcp(f)(Zp)). This completes the proof. □

We mentioned that it is easier to do computations in Zp compared to Z. Here is one example:
over Z it is not that easy to find powers of numbers, but modulo a prime p it is much easier thanks
to Fermat’s little theorem.

By Fermat’s little theorem, for every prime p and every positive integer n, we have

ap
n

= a

for all a ∈ Zp. Therefore,

acnp
n+cn−1pn−1+···+c0 = acn+···+c0

for all a ∈ Zp.

Problem. Compute 251 (mod 5).

Solution. We write 51 in base 5: 51 = 2 · 52 + 1. Hence for all a ∈ Z5,

a51 = a2·5
2+1 = a2+1 = a3.

Hence

251
5≡ 23

5≡ 3.

□

Problem. Show that f(x) := x51 − x3 + 103 has no zero in Z5. Prove that f has no zero in Q.

Solution. Note that for all a ∈ Z5,

a51 − a3 + 103 = a2·5
2+1 − a3 + 3 = a3 − a3 + 3 = 3 ̸= 0.

Hence, there is no a ∈ Zp for which f(a) = 0; this means Vf (Z5) = ∅. By Theorem 45, we deduce
that f has no zero in Q. □

Problem. Prove that f(x) := x49 − 7x10 − 8x+ 15 has no zero in Q.

Solution. As the powers suggest, it might be a good idea to first test if f has a zero in Z7. For
every a ∈ Z7, using Fermat’s little theorem, we have

a49 − 7a10 − 8a+ 15 = a− a+ 1 = 1 ̸= 0.

Hence, Vf (Z7) = ∅. Therefore, by Theorem 45, Vf (Q) = ∅, which means f has no zero in Q. □

Problem. Suppose f ∈ R[x], deg f ≥ 3 and it is odd. Prove that f is not irreducible in R[x].

Solution. Note if the leading coefficient of f is positive, limx→∞ f(x) = ∞ and limx→−∞ f(x) =
−∞. Hence, by the intermediate value theorem, f(c) = 0 for some real value c. This means f has
a zero in real numbers. By Proposition 41, we deduce that f is not irreducible in R[x]. □
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Theorem 46 (Mod-p irreducibility criterion). Suppose f ∈ Z[x] is a monic polynomial. If f is
irreducible in Zp[x] for some prime p, then f is irreducible in Q[x].

Strategy of the proof. It is similar to Theorem 45. We prove the contrapositive.

(1) (Passing from Q to Z) Having a factorization over Q, we will find a factorization over Z.
(2) (Going from Z to Zp)) Using the residue map modulo p to obtain a factorization over Zp.

To carry out the first step, we prove Gauss’s lemma, which is based on the content of a polynomial.

Definition 12. Suppose f := anx
n + an−1x

n−1 + · · ·+ a0 ∈ Z[x] \ {0}. Let
α(f) := gcd(an, an−1, . . . , a0).

The quantity α(f) is called the content of f . A polynomial is called primitive if its content is 1.

Example 9. (1) α(2x2 + 4) = 2.
(2) α(6x2 − 9x− 15) = 3.
(3) Suppose f ∈ Z[x] is a monic polynomial. Then α(f) = 1, and so it is a primitive polynomial.

To capture basic properties of content of a polynomial, we recall basic properties of gcd of
numbers.

Proposition 47. Suppose a0, . . . , an ∈ Z and not all of them are zero. The greatest common
divisor of ai’s is denoted by

gcd(a0, . . . , an).

(1) Suppose d := gcd(a0, . . . , an). Then

gcd(
a0
d
, . . . ,

an
d
) = 1.

(2) Suppose c ∈ Z \ {0}. Then
gcd(ca0, . . . , can) = |c| gcd(a0, . . . , an).

(3) Suppose p is a prime number. Then c| gcd(a0, . . . , an) if and only if for all i, cp(ai) = 0.

Next, we examine the consequences of the properties of gcd listed in Proposition 47 for the
content of polynomials.

Proposition 48 (Basic properties of content). (1) For every ∈ Z[x] \ {0}, α(f)−1f(x) is a
primitive polynomial. It is denoted by fprim, and we call it the primitive factor of f . So,
f(x) = α(f)fprim(x) and fprim is primitive.

(2) For every c ∈ Z \ {0} and non-zero polynomial f ∈ Z[x], α(cf) = |c|α(f).
(3) For every prime p and non-zero polynomial f ∈ Z[x], we have

p|α(f) ⇐⇒ cp(f) = 0,

where cp : Z[x] → Zp[x] is the residue map modulo p.

Proof. (1) Suppose f(x) = anx
n+ · · ·+ a0 and α(f) = d. Then by the first part of Proposition 47,

ai = da′i for all i and
gcd(a′n, . . . , a

′
0) = 1.

Hence, the polynomial fprim(x) := a′nx
n + · · ·+ a′0 is a primitive polynomial and

f(x) = anx
n + · · ·+ a0 = da′nx

n + · · ·+ da′0 = d(a′nx
n + · · ·+ a′0) = dfprim(x) = α(f)fprim(x).

(2) Suppose f(x) = anx
n + · · ·+ a0. Then by the second part of Proposition 47,

gcd(can, . . . , ca0) = |c| gcd(an, . . . , a0) = |c|α(f).
Hence, α(cf) = |c|α(f).
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(3) Suppose f(x) = anx
n + · · ·+ a0. Note that by part (3) of Proposition 47,

p|α(f) ⇐⇒ p| gcd(an, . . . , a0) ⇐⇒ ∀i, cp(ai) = 0 ⇐⇒ cp(f) = 0.

This completes the proof. □

10. Lecture 10: Gauss’s lemma, versions 1,2, and 3. Mod-p irreducibility
criterion. Eisenstein’s irreducibility criterion.

Lemma 49 (Gauss’s lemma, version 1). Product of two primitive polynomials is primitive.

Proof. Suppose to the contrary that there exist f, g ∈ Z[x] such that f and g are primitive, but
fg is not primitive. Hence, α(fg) ̸= 1. Therefore, there exists a prime p such that p|α(fg). By
Part (3) of Proposition 48, cp(fg) = 0, where

cp : Z[x] → Zp[x], cp(
n∑

i=0

aix
i) :=

n∑
i=0

[ai]px
i.

Since cp is a ring homomorphism,

(13) cp(f)cp(g) = 0.

Since p is prime, Zp is an integral domain. Thus, by Corollary 28, Zp[x] is an integral domain.
Therefore, by (13), it follows that

cp(f) = 0 or cp(g) = 0.

By Part(3) of Proposition 48, we deduce that

(14) p|α(f) or p|α(g).
Since f and g are primitive, α(f) = α(g) = 1. Thus, by (14), p has to divide 1, which is a
contradiction. This completes the proof. □

Lemma 50 (Gauss’s lemma, version 2). For every f, g ∈ Z[x] \ {0}, α(fg) = α(f)α(g).

Proof. By Part(1) of Proposition 48,

(15) f(x) = α(f)fprim(x) and g(x) = α(g)gprim(x),

and fprim and gprim are primitive. By (15), we deduce that

(16) f(x)g(x) = α(f)α(g)fprim(x)gprim(x).

Comparing the contents of both sides of the equation given in (16), we obtain

(17) α(fg) = α(α(f)α(g)︸ ︷︷ ︸
∈Z+

fprimgprim).

By (17) and Part(2) of Proposition 48,

(18) α(fg) = α(f)α(g)α(fprimgprim).

Since fprim and gprim are primitive, by Gauss’s lemma version 1, fprimgprim is primitive. It means
that

(19) α(fprimgprim) = 1.

By (18) and (19), we deduce that
α(fg) = α(f)α(g).

This completes the proof. □

Lemma 51 (Gauss’s lemma, version 3). Suppose f ∈ Z[x] \ {0} and f(x) = g1(x)g2(x) for some
g1, g2 ∈ Q[x]. Then there exist c1, c2 ∈ Q such that
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(1) c1c2 = 1.
(2) c1g1(x), c2g2(x) ∈ Z[x]; in particular, f(x) = (c1g1(x))(c2g2(x)) and deg(cigi) = deg gi.

Proof. Since gi(x) ∈ Q[x], there exists ai ∈ Z+ such that

g̃i(x) := aigi(x) ∈ Z[x].

Note that

(20) a1a2f(x) = (a1g1(x))(a2g2(x)) = g̃1(x)g̃2(x).

Comparing the contents of both sides of the equation given in (20), it follows that

(21) α(a1a2︸︷︷︸
∈Z+

f) = α(g̃1g̃2).

By Part(2) of Proposition 48, the left hand side of the equation in (21) equals a1a2α(f). By Gauss’s
lemma, version 2, the right hand side of the equation in (21) equals α(g̃1)α(g̃2). Altogether, we
deduce

(22) a1a2α(f) = α(g̃1)α(g̃2).

On the other hand, by Part(1) of Proposition 48, we have

g̃i(x) = α(g̃i)g̃i,prim.

Hence, by (20), it follows

a1a2f(x) =α(g̃1)α(g̃2)g̃1,prim(x)g̃2,prim(x)

=a1a2α(f)g̃1,prim(x)g̃2,prim(x). (by (22))
(23)

Thus, by (23),

(24) f(x) = (α(f)g̃1,prim(x))(g̃2,prim(x)).

Note that α(f)g̃1,prim(x) and g̃2,prim(x) are polynomials in Z[x]. Hence, (24) gives us a factorization
of f over Z. Next, we show that these factors are the same as gi’s up to multiplication by a rational
number. Note that

(25) g̃i,prim(x) = α(g̃i)
−1g̃i(x) = (α(g̃i)

−1ai︸ ︷︷ ︸
∈Q

)gi(x).

Let c2 := α(g̃2)
−1a2 ∈ Q and c1 := α(f)α(g̃1)

−1a1 ∈ Q. Then, by (24), it follows that

f(x) =(c1g1(x)) (c2g2(x)) and

c1g1(x) =α(f)g̃1,prim(x) ∈ Z[x],
c2g2(x) =g̃2,prim(x) ∈ Z[x].

(26)

Using (26) and f(x) = g1(x)g2(x), we deduce that

c1c2 = 1,

which completes the proof. □

Corollary 52. Suppose f ∈ Z[x] \ {0} and f(x) = g1(x) · · · gn(x) for some gi ∈ Q[x]. Then there
exist ci ∈ Q such that

c1 · · · cn = 1 and cigi(x) ∈ Z[x] for all i.

In particular, f(x) = (c1g1(x)) · · · (cngn(x)) is a factorization of f over Z and deg(cigi) = deg gi.
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Proof. (We did not go over the proof of this corollary. I do not expect you to know the proof,
but we will be using the statement later. So, you should make sure to understand the claim.) We
proceed by induction on n. The case of n = 2 follows from Gauss’s lemma, version 3. Next, we
prove the induction step. Suppose

f(x) = g1(x) · · · gn+1(x).

Let h(x) := g1(x) · · · gn(x) ∈ Q[x]. Then

f(x) = h(x)gn+1(x).

Therefore, by Gauss’s lemma version 3, there exist cn+1 ∈ Q× such that

(27) cn+1gn+1(x) ∈ Z[x] and c−1
n+1h(x) ∈ Z[x].

Note that c−1
n+1h(x) = (c−1

n+1g1(x))·g2(x) · · · gn(x) is in Z[x]. Therefore, by the induction hypothesis,
there exist c′1, . . . , c

′
n ∈ Q such that

c′1 · · · c′n = 1 and c′1(c
−1
n+1g1(x)), c

′
2g2(x), . . . , c

′
ngn(x) ∈ Z[x].

Let c1 := c′1c
−1
n+1, c

′
2 := c2, . . . , cn := c′n. Then

c1 · c2 · · · cn · cn+1 = c′1 · · · c′n = 1

and
cigi(x) ∈ Z[x],

which completes the proof. □

Theorem 53 (Mod-p irreducibility criterion). Suppose f ∈ Z[x] is monic. If f is irreducible in
Zp[x] for some prime p, then f is irreducible in Q[x].

Proof. As we have explained earlier, we prove the contrapositive of this statement:

If f is not irreducible over Q, then f is not irreducible over Zp.

We may assume that deg f ≥ 1. Since Q and Zp are fields, not being irreducible is equivalent to
having a factorization into polynomials of positive degree. We will be using a factorization over Z
to connect these two drastically different fields:

factorization over Q factorization over Zp

factorization over Z

Since f is not irreducible overQ and deg f > 0, there exist g1, g2 ∈ Q[x] such that f(x) = g1(x)g2(x)
and deg gi > 0. By Gauss’s lemma version 3, there exists ci ∈ Q such that

f(x) = (c1g1(x))(c2g2(X)) and hi(x) := cigi(x) ∈ Z[x].
Note that deg hi = deg gi > 0. Since f(x) = h1(x)h2(x), we deduce that cp(f) = cp(h1)cp(h2)
where

cp : Z[x] → Zp[x], cp(
n∑

i=0

aix
i) =

n∑
i=0

[ai]px
i

is the residue map modulo p. This means we obtained a factorization of f over Zp. It is remained
to argue why deg cp(hi) > 0. Note that degree of a polynomial h ∈ Z[x] modulo p might be
smaller than the degree of h. For instance: deg(c2(2x + 1)) = 0 < deg(2x + 1). When does this
happen? Yes. It happens exactly when p divides the leading coefficient of h. So, we must examine
the leading coefficient of hi. Since f = h1h2 and Z is an integral domain, ℓ(f) = ℓ(h1)ℓ(h2). As
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f is monic, ℓ(h1)ℓ(h2) = 1. Therefore, ℓ(hi) = ±1. Therefore, p does not divide ℓ(hi). Thus,
deg cp(hi) = deg hi > 0. This completes the proof. □

Example 10. Using the fact that xp − x+ a is irreducible in Zp[x] if a ∈ Z∗
p, show that

f(x) := x7 − 14x5 − 21x2 − 8x+ 9

is irreducible in Q[x].

Proof. Note that f modulo 7 is x7 − x + 2 which is irreducible in Z7[x] based on the mentioned
theorem. Using the mod-p irreducibility criterion, it follows that f is irreducible in Q[x]. □

Another useful irreducibility criterion is the following.

Theorem 54 (Eisenstein’s irreducibility criterion). Suppose p is prime,

f(x) = anx
n + an−1x

n−1 + · · ·+ a0 ∈ Z[x],

and

p ∤ an, p|an−1, . . . , p|a0, p2 ∤ a0.
Then f is irreducible in Q[x].

Proof. Suppose to the contrary that f is not irreducible in Q[x]. Since deg f > 0 and Q is a field,
not being irreducible implies that f can be written as a product of two polynomials of positive
degree: say f(x) = g1(x)g2(x) for some g1, g2 ∈ Q[x] and deg gi > 0. By Gauss’s lemma version 3,
there exist c1, c2 ∈ Q such that

f(x) = (c1g1(x))(c2g2(x)) and hi(x) := cigi(x) ∈ Z[x].

Looking at f(x) = h1(x)h2(x) modulo p, we deduce that

[an]px
n = cp(h1)cp(h2).

We will show that every polynomial in Zp[x] can be written as a product of irreducibles in a unique
way (we say Zp[x] is a Unique Factorization Domain (UFD)). Since x is irreducible, we deduce
that the irreducible factors of cp(hi) is x. This means cp(hi) is a constant times a power of x. In
particular, the constant term of cp(hi) is zero. Therefore, the constant term of hi is a multiple of
p. Note that the constant term of hi is hi(0). Thus,

p|h1(0) and p|h2(0).

This implies that

p2|h1(0)h2(0) which implies p2|f(0).
Hence, p2|a0 which is a contradiction. This completes the proof. □

Example 11. Is f(x) := 3x4 − 30x3 + 20x2 − 10x+ 20 irreducible in Q[x]?

When you are asked to prove that a polynomial f ∈ F [x] is irreducible, I suggest going through
the following steps:

(1) If deg f = 2 or 3 over a field F , use the degree 2 or 3 irreducibility criterion and reduce the
problem to determining whether f has a zero in F .

(2) If deg f > 3 and f ∈ Z[x], try using the Eisenstein irreducibility criterion. Examine the
prime factors of the constant term, choose those whose squares do not divide the constant
term, and check whether the remaining conditions of Eisenstein’s criterion are satisfied.

(3) If the degree is a prime p, check whether cp(f) is of the form xp − x + a with a ∈ Z×
p . In

this case, use mod-p irreducibility criterion.
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Solution. Since deg f > 3, we cannot use the degree 2 or 3 irreducibility criterion. So, we try using
Eisenstein’s irreducibility criterion. Examining the constant term, we see that the only prime
factors of 20 are 2 or 5. Since 22|20, p = 2 is not suitable for applying Eisenstein’s irreducibility
criterion. We will check that p = 5 satisfies the conditions:

5 ∤ 3, 5|30, 5|20, 5|10, 5|20, 52 ∤ 20.
Therefore, by Eisenstein’s criterion, f is irreducible in Q[x]. □

The following is a non-trivial application of Eisenstein’s irreducibility criterion:

Problem. Suppose p is prime. Prove that

f(x) := xp−1 + xp−2 + · · ·+ 1

is irreducible in Q[x].

Proof. Recall that f(x) = xp−1
x−1

. Hence,

f(x+ 1) =
(x+ 1)p − 1

x
= xp−1 +

(
p

p− 1

)
xp−2 + · · ·+

(
p

2

)
x+

(
p− 1

1

)
.

While studying the Frobenius homomorphism, we discussed that

for all 1 ≤ i ≤ p− 1, p |
(
p

i

)
.

We also note that p2 ∤
(
p
1

)
. Therefore, by Eisenstein’s irreducibility criterion, f(x+1) is irreducible

in Q[x]. If f(x) is not irreducible in Q[x], then f(x) = g(x)h(x) with g, h ∈ Q[x] and deg g, deg h >
0. Hence,

f(x+ 1) = g(x+ 1)h(x+ 1),

which contradicts that f(x+ 1) is irreducible. □

11. Lecture 11: ideal, ideals generated by a given set of elements, principal
ideals, kernels are ideals, ideals of a field, PID.

Definition 13. Suppose R is a unital commutative ring. We say I is an ideal of R if for all a, b ∈ I,
a+ b ∈ I and for every a ∈ I and r ∈ R, ra ∈ I.

Example 12. (1) nZ is an ideal of Z.
(2) R-linear combinations of x1, . . . , xn form an ideal of R. This is the smallest ideal of R

which contains all xi’s. So it is called the ideal generated by x1, . . . , xn and it is denoted
by ⟨x1, . . . , xn⟩. Note that

⟨x⟩ = {rx | r ∈ R}.
This should not be confused by the cyclic group generated by x. From the context, you
should realize if this notation refers to the ideal generated by x or the cyclic subgroup
generated by x. The ideal ⟨x⟩ is called the principal ideal generated by x.

(3) If f : R1 → R2 is a group homomorphism, then ker f is an ideal of R1.

Proof. (1) Note that nZ is a subgroup of (Z,+), so it suffices to check that for every x ∈ Z and
y ∈ nZ, xy ∈ nZ. This is clear as y = nk for some k ∈ Z, which implies xy = n(xk) ∈ nZ.
Note that every subgroup of Z is of the form nZ. Hence, all ideals of Z are of this form.
(2) For an R-linear combination c1x1 + · · ·+ cnxn and c ∈ R, we have

c(c1x1 + · · ·+ cnxn) = (cc1)x1 + · · ·+ (ccn)xn

which is again an R-linear combination of xi’s. Adding two R-linear combinations of xi’s result in
another such element.
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Note that nZ is the principal ideal generated by n. Therefore, by the above remark, every ideal
of Z is principal.

(3) Kernel of a subgroup of (R1,+), so it suffices to check the multiplication condition for being
an ideal. Suppose x ∈ ker f and r1 ∈ R1. We must show that r1x ∈ ker f . Note that

f(r1x) = f(r1)f(x) = f(r1) · 0 = 0, and so r1x ∈ ker f.

□

Lemma 55. Suppose R is a unital commutative ring. For every r ∈ R,

⟨r⟩ = R ⇐⇒ r ∈ R×.

Hence, R has exactly two (distinct) ideals {0} and R if and only if R is a field.

Proof. (⇒) Since 1 ∈ ⟨r⟩, there exists r′ ∈ R such that 1 = rr′, which means r ∈ R×.
(⇐) For every x ∈ R, x = r(r−1x) ∈ ⟨r⟩. Therefore ⟨r⟩ = R.
Suppose R is a field and I is a non-zero ideal of R. Then there exists r ∈ I which is in

R \ {0} = R×. Then I ⊇ ⟨r⟩ = R. Hence, I = R.
Suppose the only ideals of R are {0} and R. Then for every non-zero element r, we have ⟨r⟩ = R,

which implies that r ∈ R×. This completes the proof. □

This result plays an important role in understanding maximal ideals as we will see later.

Definition 14. An integral domain D is called a Principal Ideal Domain (PID) if every ideal is
principal.

Theorem 56. Z and F [x], where F is a field, are PIDs.

Proof. Suppose I is a non-zero ideal of F [x]. Let f(x) ∈ I \ {0} be a polynomial with smallest
possible degree. We claim that I = ⟨f(x)⟩.
Clearly, ⟨f⟩ ⊆ I. So, we focus on the direction. Suppose g ∈ I. By the long division algorithm,

there exists a unique pair of polynomials (q, r) such that

g(x) = f(x)q(x) + r(x) and deg r < deg f.

Then r(x) = g(x)− q(x)f(x) ∈ I.
What can we deduce based on the following statements:

(1) deg f is minimum among the degree of non-zero elements of I,
(2) r ∈ I, and
(3) deg r < deg f .

That is right! r = 0. Therefore, g(x) = f(x)q(x) ∈ ⟨f⟩. This implies that I ⊆ ⟨f⟩, which
completes the proof. □

12. Lecture 12: quotient ring, fundamental theorem of homomorphism,
evaluation map revisited, algebraic elements

Lemma 57 (Quotient of a ring by an ideal). Suppose I is an ideal of R.

(1) For x+I, y+I ∈ R/I, define (x+I) · (y+I) := xy+I. Then this operation is well-defined,
and (R/I,+, ·) is a ring.

(2) The map π : R → R/I, π(x) := x + I is a surjective ring homomorphism. It is called the
natural quotient map of R modulo I.

(3) The kernel of π is I.
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Before we prove the above lemma, let’s recall from group theory that for a subgroup H,

x1H = x2H ⇐⇒ x−1
2 x1 ∈ H.

In the additive form, we have

x1 + I = x2 + I ⇐⇒ x1 − x2 ∈ I.

From group theory, we know that R/I is an abelian group with the operation

(x+ I) + (y + I) := (x+ y) + I.

So, to prove the above lemma, we may focus only on the multiplication.

Proof of Lemma 57. The important issue is to show that the operation · is well-defined. This
means we must prove the following implication:

x1 + I = x2 + I

y1 + I = y2 + I

}
=⇒ x1y1 + I = x2y2 + I.

By the reminder from group theory, we must show

x1 − x2 ∈ I

y1 − y2 ∈ I

}
=⇒ x1y1 − x2y2 ∈ I.

We use an argument similar to Lemma 4, where we discussed congruence arithmetic:

x1y1 − x2y2 =x1y1 − x1y2 + x1y2 − x2y2

=x1(y1 − y2︸ ︷︷ ︸
∈I

) + (x1 − x2︸ ︷︷ ︸
∈I

)y2

∈I.
This shows that · is a well-defined operation on R/I. Since the operations + and · are defined
using the coset representatives, algebraic operations in R/I are symbolically the same as the ones
in R with an additional decoration +I. Hence, all algebraic equations in R are also satisfied in
R/I. We only check the distribution law. The remaining conditions can be checked by a similar
logic.

(x+ I) · ((y + I) + (z + I)) =(x+ I) · ((y + z) + I)

=x(y + z) + I = (xy + xz) + I

=(xy + I) + (xz + I)

=(x+ I) · (y + I) + (x+ I) · (z + I).

(2) Clearly, π is surjective. For every x, y ∈ R,

π(x) + π(y) =(x+ I) + (y + I) = (x+ y) + I = π(x+ y)

π(x) · π(y) =(x+ I) · (y + I) = (xy) + I = π(xy).

(3) x ∈ kerπ ⇐⇒ π(x) = 0 ⇐⇒ x+ I = 0 + I ⇐⇒ x ∈ I. This shows that kerπ = I. □

Theorem 58 (The fundamental theorem of ring homomorphisms). Suppose f : R → S is a ring
homomorphism. Then the following is a ring isomorphism:

f̄ : R/ ker f → Im(f), f̄(r + ker f) := f(r).

Proof. From group theory, we know that f̄ is a well-defined group isomorphism. So, it suffices to
show why f̄ preserves the multiplication.

Because of the importance of this result, we recall why f̄ is well-defined and injective:

r1 + ker f = r2 + ker f ⇐⇒ r1 − r2 ∈ ker f ⇐⇒ f(r1 − r2) = 0 ⇐⇒ f(r1) = f(r2).
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Clearly f̄ is surjective, and so it is a bijection. We check that f̄ preserves multiplication:

f̄((r1 + ker f)(r2 + ker f)) =f̄((r1r2) + ker f) = f(r1r2),

f̄(r1 + ker f)f̄(r2 + ker f) =f(r1)f(r2) = f(r1r2).

□

We may capture the Fundamental Theorem of Homomorphisms via the following diagram:

R S

R/ ker f Im(f)

π

f

f̄

We say this diagram is a commuting diagram. This way we may remember what the definition of
f̄ . Let’s how we may apply this result for an evaluation map.

Example 13. Consider the evaluation map at 3
√
2,

e 3√2 : Q[x] → R.

What can we say about the image and the kernel of this ring homomorphism?

Solution. ker e 3√2 is an ideal of Q[x]. Since Q is a field, Q[x] is a PID. Therefore, every ideal of
Q[x] is principal. Thus, there exists a polynomial m 3√2 such that

ker e 3√2 = ⟨m 3√2(x)⟩.

Note that multiplying by the inverse of the leading coefficient of m 3√2(x) does not change the
principal ideal generated by this polynomial. Hence, we may assume that m 3√2(x) is monic.

Observe that x3 − 2 is in ker e 3√2. Therefore, m 3√2(x) divides x
3 − 2. Since x3 − 2 has no zero in

Q, by the degree 2 or 3 irreducibility criterion x3−2 is irreducible in Q[x]. Therefore, it cannot be
written as a product of positive degree polynomials. Since m 3√2(x) divides x

3 − 2, it follows that

m 3√2(x) = c(x3 − 2) for some c ∈ Q×. Because m 3√2(x) is monic,

m 3√2(x) = x3 − 2.

By the fundamental theorem of homomorphisms,

Q[x]/ ker e 3√2 ≃ Ime 3√2.

Thus

Q[x]/⟨x3 − 2⟩ ≃ Im(e 3√2).

For every f ∈ Q[x], by the long division, there exists a unique pair (q, r) such that

f(x) = q(x)(x3 − 2) + r(x) and deg r < deg(x3 − 2).

Thus f(x)− r(x) ∈ ⟨x3 − 2⟩ and r(x) = c0 + c1x+ c2x
2 for some ci ∈ Q. Hence,

f(x) + ⟨x3 − 2⟩ = c0 + c1x+ c2x
2 + ⟨x3 − 2⟩,

for unique c0, c1, c2 ∈ Q. This implies

(28) Q[x]/⟨x3 − 2⟩ = {c0 + c1x+ c2x
2 + ⟨x3 − 2⟩ | c0, c1, c2 ∈ Q},

and because of the uniqueness, we deduce that

1 + ⟨x3 − 2⟩, x+ ⟨x3 − 2⟩, x2 + ⟨x3 − 2⟩
form a Q-basis of Q[x]/⟨x3 − 2⟩.
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The fundamental theorem of homomorphism implies that

ē 3√2(f(x) + ⟨x3 − 2⟩) := f(
3
√
2)

is an isomorphism between Q[x]/⟨x3 − 2⟩ and Im(e 3√2). By (28), we deduce that

Im(e 3√2) = {c0 + c1
3
√
2 + c2

3
√
2
2
| c0, c1, c2 ∈ Q},

and 1, 3
√
2, and 3

√
2
2
are linearly independent over Q. Later, we will show that the image is a

field. □

Definition 15. Suppose α ∈ C. We say α is algebraic (over Q) if α is a zero of a non-zero
polynomial in Q[x]. Otherwise, we say α is transcendental (over Q).

We may define similar concepts over an arbitrary field F instead of Q.

13. Lecture 13: Minimal polynomial, correspondence theorem, maximal ideals,
irreducible elements in a PID and maximal ideals.

Recall that eα : Q[x] → C, eα(f) := f(α) is a ring homomorphism and its kernel is not zero if
and only if α is algebraic. There are many transcendental elements, for instance π, e, etc. It is,
however, not easy to prove a given number is transcendental. In this course, we focus on algebraic
elements.

The image of eα is
{f(α) | f ∈ Q[x]}.

It is denoted by Q[α]. It is the smallest subring of C which contains Q and α.
Our goal is study the kernel and the image of eα.

Proposition 59 (Minimal polynomial). For every algebraic element α ∈ C, there exists a unique
monic polynomial mα ∈ Q[x] with the following properties:

(1) mα(α) = 0.
(2) If f ∈ Q[x] and f(α) = 0, then mα(x)|f(x) in Q[x].
(3) If f ∈ Q[x] \ {0} and f(α) = 0, then deg f ≥ degmα.
(4) ker eα = ⟨mα⟩.
(5) mα(x) is irreducible in Q[x].
(6) If p(x) ∈ Q[x] is monic and irreducible and p(α) = 0, then p(x) = mα(x).

Proof. Let eα : Q[x] → C be the evaluation at α map. Then ker eα is an ideal of Q[x]. Since
Q is a field, Q[x] is a PID. Therefore, ker eα is a principal ideal. Since α is algebraic, ker eα is
non-zero. After multiplying by the inverse of the leading coefficient of its generator, we obtain a
monic polynomial mα which generates ker eα.

Therefore, for f ∈ Q[x], α is a zero of f if and only if f ∈ ker eα if and only if mα(x)|f(x) in
Q[x].

If f ∈ Q[x] \ {0} and f(α) = 0, then f(x) = mα(x)q(x) for some non-zero polynomial q ∈ Q[x].
Comparing the degrees of both sides, we deduce

deg f = degmα + deg q ≥ degmα.

Suppose to the contrary that mα(x) is not irreducible in Q[x]. Since Q is field and mα(x) is a
positive degree polynomial, there exist g1, g2 ∈ Q[x] such that mα(x) = g1(x)g2(x). Evaluating
both sides at α, we deduce

g1(α)g2(α) = mα(α) = 0.

Since C is a field, it has no zero-divisors. Hence, either g1(α) = 0 or g2(α) = 0. Thus, either
deg g1 ≥ degmα or deg g2 ≥ degmα. This is a contradiction as degmα = deg g1 + deg g2.
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Since α is a zero of p and p ∈ Q[x], mα(x) divides p(x) in Q[x]. This means p(x) = mα(x)q(x)
for some q ∈ Q[x]. Since p is irreducible in Q[x], p(x) = mα(x)q(x) implies that q(x) = c is a
non-zero constant polynomial. So, p(x) = cmα(x). Comparing the leading coefficients of both
sides, it follow that ℓ(p) = cℓ(mα). Since p and mα are monic, ℓ(p) = ℓ(mα) = 1. Therefore, c = 1,
which implies p(x) = mα(x). This completes the proof. □

Example 14. Find the minimal polynomial of n
√
2 over Q.

Solution. . Note that n
√
2 is a zero of xn − 2 ∈ Q[x]. Observe that 2 ∤ 1, 2|0, 2|2, and 22 ∤ 2.

Therefore, by Eisenstein’s irreducibility criterion, xn − 2 is irreducible in Q[x]. Since xn − 2 is
monic, irreducible, and n

√
2 is a zero of xn− 2, by Part(6) of Proposition 59, m n√2(x) = xn− 2. □

Example 15. Suppose α ∈ C is a zero of f(x) := x6 − 14x3 + 98x− 28. Find mα(x).

Solution. Note that 7 ∤ 1, 7|14, 7|98, 7|28, and 72 ∤ 28. Therefore, by Eisenstein’s irreducibility
criterion, f is irreducible. f is monic, irreducible in Q[x], and α is a zero of f . Thus by Part(6) of
Proposition 59, mα(x) = f(x). □

Now that we have a relatively good understanding of the kernel of eα, we study its image. Let’s
recall that the image of eα is denoted by Q[α].

Lemma 60. For an algebraic element α ∈ C,
dimQ Q[α] = degmα,

and {1, α, . . . , αd−1} is a Q-basis of Q[α] where d := degmα.

Proof. We must show two statements: (1) every element of Q[α] is a Q-linear combination of
1, α, . . . , αd−1. (2) 1, α, . . . , αd−1 are Q-linearly independent.

Every element of Q[α] is of the form f(α) for some f ∈ Q[x]. By the long division algorithm,
there exists a unique pair (q, r) of polynomials in Q[x] satisfying the following:

(29) f(x) = mα(x)q(x) + r(x) and deg r < degmα.

Hence, r(x) = c0 + c1x+ · · ·+ cd−1x
d−1 for some ci ∈ Q. By evaluating both sides of (29) at α, it

follows that
f(α) = mα(α)︸ ︷︷ ︸

=0

q(α) + r(α) = c0 + c1α + · · ·+ cd−1α
d−1.

Hence, every element of Q[α] is a Q-linear combination of 1, α, . . . , αd−1.
Next, we show why they are Q-linearly independent. Suppose a Q-linear combination of them

is zero:
c0 + c1α + · · ·+ cd−1α

d−1 = 0.

This implies the α is a zero of f(x) := c0 + c1x + · · · + cd−1x
d−1. By Proposition 59, degree of a

non-zero polynomial having α as a zero is at least d = degmα. Since deg f < d and α is a zero of
f , we deduce that f(x) = 0. This means

c0 = c1 = · · · = cd−1 = 0.

This completes the proof. □

One can also use the following Lemma:

Lemma 61. Suppose F is a field and f ∈ F [x] is of degree n. Then dimF F [x]/⟨f(x)⟩ = deg f .
In fact,

{1 + ⟨f⟩, x+ ⟨f⟩, . . . , xdeg f−1 + ⟨f⟩}
is an F -basis of F [x]/⟨f⟩.
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By the fundamental theorem of homomorphisms,

Q[α] ≃ Q[x]/⟨mα⟩.

We wish to show that Q[α] is a field. So, we must know when R/I is a field?
For a ring R, let Ideal(R) be the set of its ideals. Recall that for a unital commutative ring R,

Ideal(R) has exactly two distinct elements {0} and R if and only if R is a field. So, R/I is a field
if and only if Ideal(R/I) has exactly two elements.

Theorem 62 (Correspondence theorem). Suppose I is an ideal of R. Then the following maps
are bijections:

{J ∈ Ideal(R) | I ⊆ J} → Ideal(R/I), J 7→ J/I,

Ideal(R/I) → {J ∈ Ideal(R) | I ⊆ J}, J̄ 7→ {x ∈ R | x+ I ∈ J̄}.

Proof. Step 1. The above maps give us ideals.
Since I ⊆ J , J/I makes sense as a subset of R/I. For every x, x′ ∈ I and r ∈ R, we have

(x+ I) + (r + I) · (x′ + I) = (x+ rx′) + I ∈ J/I since x+ rx′ ∈ J.

This shows J/I is an ideal of R/I.
If x+ I, x′ + I ∈ J̄ and r ∈ R, then

(x+ I) + (r + I) · (x′ + I) = (x+ rx′) + I ∈ J̄ .

So, {x ∈ R | x+ I ∈ J̄} is an ideal of R.
Step 2. {x ∈ R | x+ I ∈ J̄} ⊇ I.
For every x′ ∈ I, x′ + I = 0 + I ∈ J̄ . Hence, x ∈ {x ∈ R | x+ I ∈ J̄}.
Step 3. These maps are inverse of each other.
We must show

{x ∈ R | x+ I ∈ J/I} = J and {x ∈| x+ I ∈ J̄}/I = J̄ .

For x ∈ J , clearly x + I ∈ J/I. Conversely, if x + I ∈ J/I, then there exists x′ ∈ J such that
x+ I = x′ + I. Hence, x− x′ ∈ I. Since I ⊆ J , it follows that x− x′ ∈ J . We deduce that x ∈ J
as x′ is also in J .

The second equality is clear. □

Corollary 63. Suppose R is a unital commutative ring. Then R/I is a field if and only if

{J ∈ Ideal(R) | I ⊆ J ⊆ R}

has exactly two distinct elements I and R.

Proof. R/I is a field if and only if |Ideal(R/I)| = 2. By the correspondence theorem, we have
|Ideal(R/I)| = 2 if and only if |{J ∈ Ideal(R) | I ⊆ J ⊆ R}| = 2. Note that I and R are in this
set, and if they are equal, then this set only one element which is R. This completes the proof. □

Definition 16. We say an ideal I of R is maximal if (1) I is proper; that means I ̸= R and (2) if
I ⊆ J ⊆ R and J is an ideal of R, then either J = I or J = R.

Altogether, we have:

Proposition 64. Suppose R is a unital commutative ring and I is an ideal of R. Then R/I is a
field if and only if I is a maximal ideal.

Example 16. Suppose R is a unital commutative ring. Show that {0} is a maximal ideal if and
only if R is a field.
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Solution. Note that {0} is a maximal ideal if and only if Ideal(R) has exactly two ideals, {0} and
R. As we have seen before, this is equivalent to R being a field. □

Example 17. Find all the maximal ideals of Z.

Solution. Recall that every ideal of Z is of the form nZ for some n ∈ Z≥0. By the previous example,
we know that n ̸= 0 as Z is not a field. We know that Z/nZ ≃ Zn which is a field if and only
if n is prime. Therefore, the set of maximal ideals of Z are of the form pZ where p is a prime
number. □

Next, we want to understand maximal ideals of all PIDs. Our motivation is to show ⟨mα⟩ is a
maximal ideal of Q[x], and deduce that Q[α] is a field.

Proposition 65. Suppose D is a PID. Then ⟨a⟩ is maximal if and only if a is irreducible.

(Started its proof. It will be finished in the next lecture.)

14. Lecture 14: Maximal ideals of PIDs and irreducible elements. Image of the
evaluation map at an algebraic element. Prime ideals. Prime elements.

Connection between prime and irreducible

One of Kummer’s key conceptual insights is that many arithmetic phenomena are best un-
derstood by studying ideals rather than individual elements. In this spirit, we aim to analyze
properties of elements of a ring through the principal ideals they generate.

Lemma 66. Suppose D is an integral domain. Then ⟨a⟩ = ⟨b⟩ if and only if a = bu for some unit
u.

Proof. Since ⟨a⟩ = ⟨b⟩, a = bx and b = ay for some x, y ∈ D. Hence, a = (ay)x. Since D is an
integral domain, we may apply the cancellation law, which implies that either a = 0 or 1 = yx.

If a = 0, then b = (a)(y) = (0)(y) = 0, so a = b = 0.
If a ̸= 0, then xy = 1, which implies x, y ∈ D×. Hence, a = bx with x ∈ D×. □

Proposition 67. Suppose D is a PID and not a field. Then ⟨a⟩ is maximal if and only if a is
irreducible.

Proof. (⇒) We must show that a satisfies three properties: (1) a ̸= 0, (2) a ̸∈ D×, (3) a = bc
implies b ∈ D× or c ∈ D×.

If a = 0, then {0} is a maximal ideal, which implies D is a field. This is a contradiction.
If a ∈ D×, then ⟨a⟩ = D which is not a maximal ideal. This is again a contradiction.
If a = bc, then a ∈ ⟨b⟩, which implies ⟨a⟩ ⊆ ⟨b⟩. Since ⟨a⟩ is a maximal ideal, we have that

either ⟨b⟩ = ⟨a⟩ or ⟨b⟩ = D.
If ⟨b⟩ = ⟨a⟩, then a = bu for some u ∈ D×. Since a = bc and b ̸= 0, by the cancellation law,

c = u ∈ D×.
If ⟨b⟩ = D, then b ∈ D×. We have proved that a satisfies all the desired properties.
(⇐) We must show that (1) ⟨a⟩ is proper, and (2) If J is an ideal of D and ⟨a⟩ ⊆ J , then either

J = ⟨a⟩ or J = D.
Since a is irreducible, a ̸∈ D×, which implies that ⟨a⟩ ≠ D.
Suppose J is an ideal of D and ⟨a⟩ ⊆ J . Since D is a PID, J = ⟨b⟩ for some b ∈ D.
Since ⟨a⟩ ⊆ ⟨b⟩, a = bx for some x ∈ D. Since a is irreducible, we deduce that either b is a unit

or x is a unit.
If b is a unit, then J = ⟨b⟩ = D.
If x is a unit, then ⟨a⟩ = ⟨b⟩ = J as a = bx and x ∈ D×. This completes the proof. □

Corollary 68. Suppose α is algebraic. Then Q[α] is a field.
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Proof. By the fundamental theorem of homomorphisms, Q[x]/ ker eα ≃ Imeα. We have proved
that ker eα = ⟨mα⟩ and mα is irreducible in Q[x]. Since Q is a field, Q[x] is a PID (and it is not a
field). Therefore, ⟨mα⟩ is a maximal ideal of Q[x]. Hence,

Q[α] = Im eα ≃ Q[x]/⟨mα⟩
is a field. □

Altogether, we obtain the following important theorem. We proved this theorem for F = Q, but
our argument works equally well in this more general setting.

Theorem 69. Suppose F is a subfield of a field E, and α ∈ E is algebraic over F . Then

(1) There exists a unique monic polynomial mα;F (x) ∈ F [x] with the following properties:
(a) α is a zero of f(x) ∈ F [x] if and only if mα;F (x)|f(x) in F [x].
(b) mα;F (x) is irreducible in F [x].
(c) If p(x) ∈ F [x] is irreducible, monic, and α is a zero of p, then p(x) = mα;F (x).

(2) The image of eα is denoted by F [α]. {1, α, . . . , αd−1} is an F -basis of F [α] where d :=
degmα;F . In particular,

F [α] = {c0 + c1α + · · ·+ cd−1α
d−1 | ci ∈ F},

and dimF F [α] = degmα;F .
(3) F [α] ≃ F [x]/⟨mα;F ⟩ and it is a field.

Next, we investigate when a quotient R/I is an integral domain.
Note that R/I is an integral domain if and only if it is not the trivial ring and it has no

zero-divisors. The first condition is equivalent to saying that I is a proper ideal, and the second
condition says:

(x+ I) · (y + I) = 0 + I ⇐⇒ (x+ I = 0 + I or y + I = 0 + I).

This is equivalent to saying
xy ∈ I ⇐⇒ x ∈ I or y ∈ I.

This leads us to the definition of a prime ideal.

Definition 17. We say an ideal P of R is prime if

(1) P is proper and
(2) xy ∈ P implies x ∈ P or y ∈ P .

So, we proved:

Proposition 70. Suppose R is a unital commutative ring and I is an ideal of R. Then I is a
prime ideal if and only if R/I is an integral domain.

Proof. (⇒) Since I is a prime ideal, it is proper. Hence, R/I is not the trivial ring.
Next, we must show that R/I has no zero-divisors. Suppose (a+ I) · (b+ I) = 0. Then ab ∈ I.

Since I is a prime ideal, we have that either a ∈ I or b ∈ I. This is equivalent to saying

a+ I = 0̄ and b+ I = 0̄.

We may express this argument in mathematical language as follows

(a+ I) · (b+ I) = 0̄ ⇒ab+ I = 0̄

⇒ab ∈ I (since I is prime)

⇒a ∈ I or b ∈ I

⇒a+ I = 0̄ or b+ I = 0̄.



RINGS AND FIELDS 45

(⇐) We have already proved. In fact, showing this direction lead us to the definition of a prime
ideal. □

Corollary 71. Suppose R is a unital commutative ring. Then every maximal ideal of R is prime.

Proof.
M maximal ideal of R ⇒R/M is a field

⇒R/M is an integral domain

⇒M is a prime ideal.

□

Example 18. Suppose R is a unital commutative ring. Show that {0} is a prime ideal of R if and
only if R is an integral domain.

Proof. {0} is a prime ideal if and only if R/{0} is an integral domain. Note that R/{0} ≃ R, and
the claim follows. □

Recall that {0} is a maximal ideal if and only if R is a field. So, for every integral domain D
which is not field, {0} is a prime ideal and it is not a maximal ideal.

The above example also shows a subtle point: a prime ideal of Z is not necessarily of the form
pZ where p is prime! An ideal of Z is prime if and only if it is either {0} or of the form pZ where
p is prime.

When is a principal ideal ⟨a⟩ prime?
The ideal ⟨a⟩ is prime if and only if ⟨a⟩ ≠ R and

xy ∈ ⟨a⟩ =⇒ x ∈ ⟨a⟩ or y ∈ ⟨a⟩.
We have seen that

⟨a⟩ = R ⇐⇒ a ∈ R×.

So, the first condition is that a should not be a unit. The second condition may be rewritten as

a|xy =⇒ a|x or a|y.
This leads us to the definition of a prime element:

Definition 18. Suppose R is an integral domain. We say a ∈ R is prime if a ̸= 0, a ̸∈ R× and

a|xy implies a|x or a|y.

We have proved:

Lemma 72. In an integral domain D, a is a prime element if and only if a ̸= 0 and ⟨a⟩ is a prime
ideal.

Proof. (⇒) Since a is prime, then a ̸= 0 and a ̸∈ D×. Therefore, ⟨a⟩ ≠ D×. Next, we must show

bc ∈ ⟨a⟩ ?
==⇒ b ∈ ⟨a⟩ or c ∈ ⟨a⟩.

Here is the reasoning:
bc ∈ ⟨a⟩ ⇒a|bc (since a is prime)

⇒a|b or a|c
⇒b ∈ ⟨a⟩ or c ∈ ⟨a⟩.

(⇐) We have already proved this direction. In fact, this lead us to the definition of a prime
element. □

Corollary 73. Suppose D is a PID. Then a irreducible implies that a is prime.
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Proof. Note that if D is a field, then it has no irreducible elements. So, we may assume that D is
not a field. Then

a irreducible ⇒⟨a⟩ is maximal as D is a PID and not a field

⇒⟨a⟩ is prime and not zero

⇒ a is prime.

□

Note that the above Corollary applied to D = Z is Euclid’s lemma. Let’s remark that the
classical definition of prime integers is equivalent to our definition of irreducible elements. Hence,
the above corollary shows for a prime integer p,

p|ab =⇒ p|a or p|b.
This justifies why there is a consistency with our definitions and the classical arithmetic.

The converse is true for every integral domain.

Lemma 74. Suppose D is an integral domain and a is prime in D. Then a is irreducible.

Proof. We must show a ̸= 0, a ̸∈ D, and a = bc implies either b ∈ D× or c ∈ D×. Since that a is
prime, the first two conditions are automatically satisfied.

a = bc =⇒ a|bc (since a is prime)

=⇒ a|b or a|c
=⇒ b = ax or c = ay for some x, y ∈ D

=⇒ a = (ax)c or a = b(ay) (by the cancellation law and using a ̸= 0)

=⇒ 1 = xc or 1 = by

=⇒ c ∈ D× or b ∈ D×.

□

We will be using the connections between irreducible and prime elements to show that a PID
has the Unique Factorization property.

Definition 19. An integral domain D is called a Unique Factorization Domain (UFD) if every
non-zero element a can be written as

a = up1 . . . pn
with u ∈ D× and each pi irreducible in D, and moreover the ideals ⟨pi⟩ are unique up to reordering.
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