Lecture 19: Splitting fields

Sunday, March 17, 2019 8:33 PM

ln a cOv«FIe, o lectures o\ao e fmytc‘ ‘H‘m‘[‘, p Tcr)oe'FE’X:) 'S
l’\m:c{v\cilo\t, then there are a 'Pfelcl E, xeE, oand an
eml;e.o\dfna 1. Fce B ot UP) (o) - Noco that coe knco FIx]
is oo UTD e can Prove ‘Hn's VESMH.' ‘ﬁor‘ on ar[){‘\:mra
non-caﬂslo\v\-l- F?o\anom!‘o\\ , omo\ La a rereq-l-e:l use o{? -H'n‘s
$id o -ﬁ:'e\é 'H\orl' Ca‘n‘lm'ns all the zerns OP Tm .

Theorem . Suﬂ»se F s atreld and Prge Fioa \F . Then
there are o Fied E | &, «,eE , and on eml:ec\c"hj
tFeypE st
® E=Fla,e] =<3chkiw_,$'} N R
(evq\ua\-ina N veriable ?0\3. ot (=)o) )
(cre sod "coe are a&d.‘na o5 o F.)
®)  wpy= < (X=et)) - (K=elr) for some cex(F),

(_Sw;)q o %’eu E & called o Q:F\r-H-lng ’E'n'e\cl d‘-?— ?OO)
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. (e r\m,ceecl La induction on o'fﬂ(f-)

A

B_asg ]1"’ o[eg@)zil then ‘J\)‘(‘X)z Ay X+ A owvd aleFx,

Hﬂnm %X’):O\i(fx.‘.(lq_ \ , 2o ct ; 0\th s + s
AN aq

A S'F‘nq'lng ’Pl’c[o‘ o'£ -?(«x) over -

\no‘mch'cm %I,'e‘, FIx1 s a U'F‘D. So 'ﬁ('x\ = HT‘.(«) oo"&m

P OO 05 iceducble in FIx]. Hence = F%.. T ond
e -E S-‘l«' . ?('Tﬁ-\ (ey=0o ¢<H€“C€ -'-1_ (;g) )= o\ 0\\‘\0\ E s

'Hwe Sm“e.s‘\? h'ha 'Hw\‘\‘ Con‘l'mhs < W\J 1(F) . _TRemi?we LU

i

H’\c :vac_‘lﬂw‘ ‘H'\eovcm, 3 ?Cx)e:‘?["xj ST\"- c‘e,a ¥=J{U$ -4
and Lo = (=0 E(«x\. Naco 1:3 the induch on km:o-H\esfs,

—

b o sylithing eld over T ; that means
VA —_
= 121'?,'(1 E O\no‘ 1 —‘FQ__)E l‘h’(s'eCJﬂ.\le ﬂ?‘ﬁ hom
3 a0, € E, 2@ (00 = (o)) - (Hetly ) For ome cETN

.—rhe. Shw;”f,&'lf SVIL?'I'CH "ﬁ E 'H\n-l— C’Y\"btl'hs /'\:(A'F) O\Y‘fl °(\l-'-;°{h_|

s E -
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Consider . F 'y T Ll., E

»

~
vy o) = /'i\( T H @)

=T ( (x=et) $00)
= (x%- {i\(oo\ /'i\(_:f—-) (@0

e R e (Xt - (et )

<

. P{ SwL:?\E,‘J 0—{2. E H\a"l' Cm\+m'hs 'LCF\ O\hA

&\ s eeey Contuih g QC?(F)) ond ?(oi)}

Qhoi So f‘l’ C‘orﬁlm\'h.s ?(W?) E:(].) O\nc‘ O(\’-..)o(“_‘.

(~N——

Hence it shald be €. ; :fl o foloas . =

Lets 22 o Czuqi\ﬂ- o @(&m\:\es.

[F| Deseribe o spitting feld ECC & X-1 oer @.

[Reca“ Prom Ccmf\ex numbers :

# zeC and 2z =1, then 2l =1 |'mr|l'es 12=1. Od 50 2

T

is on the U\n!;'.’ CIF‘CIQ_, l—? ‘H\c, arﬂu\men‘&

o{l% s ©, then mml'hé‘>~ L»U 2 s
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a‘V\S{' r‘ﬂf%‘!‘lm chj O\halc e o\Lm'l' "H\e OY'BI'V\- (e o\\so ho\\/e,
e\'G: Gs 6+ 1 S3in® - Do 2”: 1 Omc{ E= 6\6 \‘M‘D\zj

e @= Gs nQ+ ¥ SnnQ=1 ond S0 n® =2k

-frf ome &eZ - Mence ©= 2 ke -)E;r some. keZ.
N

n-1

Hehce coe ﬂe‘l’ N Tossi_l;\e, vo\‘mes i’ C 'éz; .. )Z_‘

CJL-M‘Q,
9_‘1;51' | Z
q = & = Gs (—2—7}—\—)—1—'1 Sin <l_}:{(—)

So 3".1: (Y-1)(Y-¢&) .....(3_@)"'1). )

r\—L
53 the above discussion ) ’Xn-i = (X-DY(%C) "-('X-QYH)

27T

chere ¢ = " Heme E=QLL,Z,»2 J= QL]
> o ST“rHTng fidd @ -1 aver @

(Are] wvtams oll the zews of -4 ; ond zeros
o o' -4 %oadeu\er wth @ qive s QL&YY

[Pl Deseribe o splthig $idd ECC of x-2 owr @

Solution . ’XE_Z = 2 ((%/%35_ 1>
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- 2 (C#2)-4) (%) -0)(C%5)- &)
(%) -5 (%)-¢)
- 2 () (- TR0 )-8
(-2 &) (-3 ")
— (%) -Fz &)= Tz ) (k-2 &) (x-z &)
So o sylting Pield ECC of X2 ower @ shd
coatain 22 ond 22 & . Hence
&=(TEe)(T2) € B Ths implies
ALz, 61 < E. Cowe&la 0z & are in QEzE)
So all the zevos of -2 ore in @[\B/Z,C] . TherePore.
E-@[Jz,¢] & a sTI;-H»'na Feld of x-2 over Q.

e eoill use the existence of S«ﬂ(’H‘\ha Lields 1o shao exishence
o fnte Fields of order f‘ cohere P s prime ond deZ'.
Suﬂ)ose F s o finke Peld. Then its (’,L\amc'}:'th'fhc
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i> not ze (as it s Finte) ond A 15 either 0 or
o grime ¢ (os i 1s an .‘wkveam\ domour) . Hence its
chamatenshie s o prime > o “Theretore

G Ze pF, M =nip s a cell-define
embedding Cinjectie ring howomnorphisey) . So coe @n
vieeo T as o Z?—Vec‘m" Space . Since. |Fl< o0,
A"MZ?F=O\ <w.% F hos & ZF—mes 3ot 1ol
Thus any element o F con be corifen as a 2~ lineo
Combinsction A o’ in o unique cony - An element
A F ois of the fom <o ey Lo some

Uum'<1ue. chaces o{). C’s n Z ., . Hence

¥
IFl = (& @ chaces o ). (e f chaces feyy.
¢
d Fines

So number o} elements o a fnite Reld s f\;[ fer some.
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prime P and deZ .
3&/\??03@ Fisa -Pmi-l:c ‘Pl'elcf of order f\:c( . Then d:); ‘3 'S

o ijP order f\f‘ ~1. Hence ¥ cxe—Fx ce have

? i-—l =% oL = o . “Thrs ee[\mh'% also l’lOHS :ﬁ‘/r‘ A=0.

= VYoaeF, o« is a zerv oF 'X x -

" Thus ba the 6enem'lzec( Sactor theorem 3 lWC’)OEFT.’?Q

3 7(— — hoo TT (x—=)
et
(-Ofn'rqﬂ'mg cte rees
= \‘f —c‘eal‘n-‘-zt‘:i cleala-l-H:‘
=Jea ""f

= clcﬁh —o = hm=ce¥ .

& Xx —c T x-=)

Caw?mna (eoJ.ha ii—:ﬁF = c=1.

Toorem. Supore F 0 o Feld o onder . Then

7(?_‘)( = 1_112 (X-) in T [2].
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