Lecture 18: PID implies UFD

Tuesday, September 5, 2017 10:05 PM

Jheorem B D is ofPTD,‘H«en Disa OFD.
‘n ‘H\c "\)re\ll'ms RC‘IAYE, we '!?Y‘o\ltcl ‘H\e Mnlb\ueness ‘?o\r\,‘ Now
we c,ooch {70 ?m\/e H\c €X\‘sjccnce ’?ar\':-’

EXIS‘LEHO?_ e Can Ee, COT\:‘HBYI GS oo ?n;c\uc‘\? 0:? I\VTQCl\ACI'L'QS

i G0 and oxﬁf(Dx

7

13‘8 flmu & betnel B o is ireducible , Then e are dme
18 no‘l,’/ a=0 0, cShere 0\\ ond 0 are nst untks
. Cawb}me, ‘H\L'S (Tv'ace,ss %r‘ Ql Gnd Q, .
Queshion . COA% dees this process slnrsz
(For Z, we con ue the abslute value ; and for FID, we can
Use ‘H\e (J:ejwee #Tolanom'o\\s +o SL\ooo ‘H\\'s)

Poot o existence (the 8exxem\ wse: ot part o the exom)

A —3aecD| axo, agBD . o camnet be coritlen as o g -
'\Dr‘u:lucl‘ oF fr‘rEAuc( bles

A s Q"F‘?‘A, we are dme . So Swwose‘b%e COYTL—WT‘%‘M

a,eA. Henee , in qarticalar, a, is nit imeducible. S0 o =a by
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Lecture 18: Existence

Tuesday, September 5, 2017 10:20 PM

for some 0, b, eD\NT - Sine D 5 an idreqral domain and 040,
we hae o, ond by are non-zew. I oy, b ¢ A, then that
means 04 ond by Con be axrtlen as o produck of imreducibles

(es H\ea are rob ether 0 or a uart). This implies o =a b,
can be coritben o5 & produck oF imeducibles, chich corbradicrs
0,6 - So either oy e or byeA Withoat loss of 3en€ml.+3,
we. can and ooill assume a e Ba o similar owgmmen‘k
inclucl‘\'ve’a we con Find o sequeace o, 0, . of

elements A D such that <oy S<ay < - ond
o= a. b whee b ¢T.

\ i+ (+|

Nows ‘-e,'\‘ 1T — U<o\\‘> . S’wow JCL\A'V 1 is on iAeo\\ Q‘?(D

S[wee D 1s & ?Ip, 3 LeD such that T <L>>
S be Cj) <ay » wheh means T, such that be<a,) .

Thercore <Y S <y = iz, <4y oo
0\*\0\ <0\\‘°> - <a )

“This \'m?\\“ts <0 =<L0;y - Shocs that <°\\;+\7=<°\n‘o7 \‘m?h‘es
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Lecture 18: Existence; Alternative proof for F[x]

Thursday, September 7, 2017 2:13 PM

b, is o wit ohih s o ctndichon.  ®
Here coe ?resewlr on albernahve Tmch o the existence ’?ar'l,' cohen
D=Fpd. (TThis pee? is part o exom.)
L Ay rov-comstant pokyramial Teoe T can be coritlien as a
Ymclud‘i: % irmeducible ’\>0|anamu'a)s in FIg
Proed . e proceed by the stromg induckion on deg CP).
Base ol induchom . Jead(ﬁp:\. .

Sice T 1s a Reld, any Jeam 4 Talamm.a\ in T3 s
ireducible . So foxy is iveducible ; this imglies bt Lo

(s c\'macla oon‘Hi'en as o Tmec{’ d‘f— if?'ec{uc[\o\e rPoldmm.a\ Y] corth
onla one ‘chl'ov‘ :
—W\e S'l'fbng l‘nJU\c‘l‘);m s‘lkf Swﬂw.se- ang non-con.s‘l'an'l' To\ar\om\;x\

aCx\ o:f. oleame, < k is o '\>mc[uél:' o‘g l’rrec[v\djo[e «Foldnam‘nls.
We have 1o 8[«000 amg le r\mmlk\ $eo d:? clearer,‘t S G Term:l'
:511 IYYecl\Aci\o‘e ‘?Ofgnomfmls.
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Lecture 18: Existence: case of F[x]

Thursday, September 7, 2017 2:24 PM

Case L. Py is irveducible .

In this cose, Fory i almJa arrthen as o product o irveducble.
?olanom.ats),w.ﬂck onlz) one Pactsr.

Gase 2. o 15 NoT irreducible .

In this case , as ‘Pﬂx) is NOT a @ns\nn+ Tolanom\'a\, we

Con om{‘t ‘Pax) 0 a f\)mc(uc{‘ o=[3 gAY non—-ms‘tan‘l? r\w anom‘n\s
g0 ond  hoxny -

Qnee ¥c<>q=3m11(9q O\nc[ acx) ,l\ox) ore nat chslvm'\r ,
we lmve o‘ea ﬁ,clfﬁtx<c‘eﬁ‘9=l&

o, loa Hhe s*brong induchion kéj?a'l:l\esis, 400 and heox) are
Trbc[ucl:s a:P imeducible ?al(tjnamh[s ; thit means there ave
I'NQCLJLCI-ue Tolﬂnorn\'qls ’F‘(')O, -~~,‘Th(‘>0 OMA ‘}‘(90, ,1 N‘(‘X) GF[“],
S\AC‘\ ‘H\o\‘\i 80)6):"){7()?“(}7() o\nc‘ l’\(fX)_-: 0"‘(9(\.....1'“(«)(\.—[1\“5

“ZC‘X) = 80)0 l\cx) = ?‘(fx)-»- -?nm OF\N 1£x) ; oolu‘cl'\ nmeans ‘PC*X)

Cay Lv; corfjcten aS ’frbcluc,‘lf 4 I‘l’Tecl\Ade. Tolgmmim[.s‘ R

math103b-19-w Page 4



Lecture 18:In a UFD irreducible implies PID

Sunday, March 17, 2019 6:34 PM

Remark. I the proot of the genevnl cae cue showed that-

D 15 a PID and I‘QI:LQ .. are ideds o D, then

N\

‘H’n's. Tm\:er{% .

Next | coant +o ch aw\ an exmm?\c 0'¥ a r‘l'ng Hhat s not

I“FI =--- . We Wy A rmﬂ is Noebherron £ i sabisties

ot U-F(D —U\e \e:,g 'L‘o vacl\ on\m?\ts 1S ‘H\e. ‘fo”ocol'ng ‘e\mmo\,-

Lermma .Sm??ose D is o UFD. Then {Q c\erD s iYY'E.c\.

in D, then d s paime in D.

PP Since d 5 ireducible i D, dg 303 D

. Suppose d Jab. o F ceD st de=ab
acD = coy=D = de<oy = d |
=0 = d-0=0 = dfa

Simarly, # be DUEE, then d b,

INod we assame  0,bg DU . As oo and bto, abzo.

ond S0 c#o0. Qe D & a UFTD, there are l’mdmn‘kks
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Lecture 18: In a UFD irreducible implies prime

Sunday, March 17, 2019 6:58 PM

P\_’s ,GH.’S , and Qk’s s.t.

a=1—L?| , b=1_[<1], , C=H«8h o ceD .

Hence o . -_EY:EQ = _J_—[?\ IT 1’3' : ‘58 The Unguessness

oar Q
um-"l’

’Fo\r'l: o% jcﬂlha N UFKD, o‘ SLou‘c\ Qf'\)fem" ad"H\e ﬁaH:‘
}\a\nCl Slde_ af'l:tr“ h‘\u\'l'\?(&d\'ha ‘Dn Q U\m"l'; 'H’m+ meons

3\',u€Dx, e ither fPi—_-c\u or q__:o‘u.
|

i3 ’h:o{\&,"H\ev\ d ’P“(ﬁ.cllo\
R
|—f- <1'.=c[u\, -Hwen J chlé- ol‘L
4.1 b
Owernll e have c\\al: =d o or dlb

ﬁmfeore ol IS f?n'mc' B
Next coe Use this ?m‘;er}a B shew:

. Z[{0] is not & OFD.

'BU the (Fre\n'ous lemm rt s enou\aL\ ‘l:o %nci on e{emen'l,‘
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Lecture 18: Showing a domain is not a UFD

Sunday, March 17, 2019 7:09 PM

that s ireducible  but nat prime .
The norm mep N: ZL{-l01 2z,
NCo+4B b) = e’+lo b
is exl—rcme‘g wetul Por this JEU?"' o problem .
Nobice that, $or 2e €, Nczy = 12| ; and s0 For
Z,2, we howe N&, 2z,) =\z\22\2= \z,\zlz,z\Z

= NG&) N&) .
The Fiest: shep in S}moainé on element s red. 15 to sheo
b i is nat o unit. So Fiest we need 4o Pind ZLBT:
Cloim . ZL-101 = § 13 .

P o Claim. 2 =a+qd-10 b €ZL{T0] ==

3 z'eZIJ-10], z22/=1 =

N(zzy= N = N@ Negy=1

n Zzo In Zze

= NE@)=1 = Q2-+|O _q
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Lecture 18: Showing a domain is not a UFD

Sunday, March 17, 2019 7:18 PM

1% bso, then 5922_1. Hence @ L= > 10
=y oZ+[0 b* = 1. “Theretore E:O‘, ond S0
a2=1, oohich l'm?h"es a==x1. Overall e 8°+

L=o ond a=tl|, cohrcL \'W\;luﬁes

Z=Q+(\‘_|O b:ii =
Cloim . f\‘l—lo IS ir‘nec;uciU: N Z[J—_\E]

PP caP CL\\‘m. SBS +the (?rev«'cus c[m\n, '\[-_\o ¢ 2T -\o]x.
J210 = 2.0 For = ,0e ZLJ-0) .

= N{-10)= N(Z-0)=N@@). Nw)
ls) ',:\Niio in Z2°

— either N@) =1 oand N()=10, or

N @ =2 Omc‘ Ny =%, or
N =9 od N@W=2, or

N(H=10 ad Neoy=1.
2 N@=1, then |oa the previous O\Y‘aumtn‘\.' z=t1. Sfmilo\rla

$ Ncewy=1, then co=21. Ane‘ 30 in these cases one o
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Lecture 18: Showing a domain is not a UFD

Sunday, March 17, 2019 8:16 PM

the fackors &5 & wit Cas we desired) . Merce i er@ua‘r\ Yo
dow N@y$2 Fo- wme 2e ZTJ 101 .

Suppose to the Qan‘\tmra thd N(a+yo b)y= 20 For
some o, beZ . W b=to, then

251 = 0%+l k' 10 = N(a+yob) = 2.

%% b=o oochl« \'m?h'es a2=2 . This s no“l' \ms;L\e as

/

{2 s not on \‘n%c(aer.

Claim  J-lo s not prime. in ZT{=0) .

P o clim. (JTi6) - (Fio)= 10 = Q)(5) -

= -0 | (D) -

o f 2z, =0 (orbyTo)= {-10 - 10 b

2

contradiction .
-0 5 ., ~f (Q+Eﬁo)=ma_lOL= 5

math103b-19-w Page 9



Lecture 18: Showing a domain is not a UFD

Sunday, March 17, 2019 8:27 PM

5 o comtmodiction.
Oie =0 (s irreducible ond not Prime ZTJ-0] s vt

a UFD.
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