Lecture 16: Vector space over a field

Sunday, March 17, 2019 4:25 PM

I goor livear algcbr aurses , ou have leamed about vector
spaces over R or €. One cn defire and study vector spaces
over o Pield F.

D e sa) V 5 o vector Spoce. over o Peld F i
@) V,+) is an dxhan qroup

@) There Is a sScalar mth‘Tl»'co\Jcm

VCGF, V’U‘e_v, Q.ru'e-v_ s.-\_—.

(Ct* cz\. Vo= CV+ G-V

< (Vi) = C Vi S
(V) = (0Q).v
mul‘l;‘:;c:gbn in T
Here is om .'m?o&ank examle: ? T ois o subbeld of
a ring A, then A n be viewed as an Foveclor spoce

Here scalar mu,'h"fltb\‘hbn C.0.=Ca IS dus'['

YY)uH'l":It‘Ca‘\'lbn in A -
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Lecture 16: Dimension of Q[a] over Q

Sunday, March 17, 2019 4:34 PM

_W\eorem . Swv?ose, X € (E, IS an a\%elam\‘c; nuxm‘aer. vaﬂzosc,

o\=cl€8 W’,{ OJ\CV‘Q m, (€ @E‘Xf') IS ‘H'\t ml’nimq] 'Polxdnaml'&\
& X over @ . Then ;1,oa,...,ok°‘-i§ s o Q - basis
ot QL] ; ard S0 dim QEI= 348 m .

aQ o

E- Qe l'w\ve +o SLnoou ’H\v\+ the @—3‘)&\ o? 31, «, ...,a:'-ig

is QT . Recall Hat
Vpe@l}(‘.\ ) ﬁ: l’l(&) £G" Some "f(X)e @[‘X’\ . BU )Ona cJ|'v\'$|.m
Jqm, reme @, heo = 4 ™ _(N 4 TN and
clea r < J{a m =d.
= f=her= g0 m )+ re

N~

d ;i g,
Since degr<d, o =0 tox+ -+ 4 X some
-\

Q‘ € @- __lﬁﬁm:PWﬁ F)=’ Q°+ q\d-‘. ,_‘_qd O(O“'l )_ O\Y\a So %

is a @- linear combination a:f 1,qa,..., o(J-,~ “Thus @13
s the @—S‘PGYI of gi,o(,...,o:l-ig. Next ce hove o

31\0(0 ‘H\»\+ 1 y ok, o oLJ-‘ Ore @ - ll'hmrln \'nCle‘Penclen'l‘.
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Lecture 16: Dimension of Q[a] over Q

Sunday, March 17, 2019 4:46 PM

Suﬂaose. C.+ c.‘o<.\...,+c,d-\,,(°‘-|=o I3 wme Ce@.
-1
Then o is on zew of 8m=c°*c‘°‘+"°"ca-\%°‘ . YHence
SC % € leer C\>&= m @0 @[’XL‘.\ 5 this means
g = m_ hen  dor sme  hooe QIxg.
=r oleg 8= c{eg md-\-o‘eah =7Je8k<o
e&ea 9 S""i <O|€8 "My = h =0

= 8C9<)=o

= G+ X+ -+ coH'x —o
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Lecture 16: Finding a zero of a polynomial

Sunday, March 17, 2019 3:41 PM

As it cons mentioned ab the beﬁinnfnﬂ oF Hhe course, algebrn
oo dercloped i order 4o understond zeros o pokynomals.

A qolynomial in Cx1 by the Fndmental theorem of
algeben (that hos o very nice proot wsing complex analysis)
hos o zero in C. Chot hoppens it F0eFix] and F
s ot o subtidd f C, eq. F= z, 2

e will shuo leber Hat any polyromial - Fem e FrasF
can ke coritten as o preduct o imeducibles
(essen—h'alla) i o unique cay Having

P =F 20 Boewo- - R om0
ahere F;(00 ove irreducible in FId, it is enaigh
fo hnd a zeve o T o0 in order to get o zero
& oo, Do we awull ke fo study zews R on imeducible
polynomial pewe FOxa in o possibly larger Pield £, ond +he

1U\es+|'on 5 @ there is such a freld E.
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Lecture 16: Field extension

Sunday, March 17, 2019 3:58 PM

Theorem . et ¥ be oo fieMd | and Pexy be on irrednciPe
'\Do\vano'mM\ n F[‘)ﬂ ~_\T\-en, 'H'\ere. avre_ ‘RQ&A E}

an emL:ecufn% 'C:FC_,E) Omcl oLeE su\c\\ 'H\a\‘\f

'iq>) ey =e,
cohere. 1(Zc Wy =2 veeR
a:o Q—O

(e often simply cortbe pea=o coith an un&erg&néma thal we
ave vieaing F os o subdeld o EY .
(Embeolclm% meons  an inject‘n'/e @‘nS) \womomar«?hrsm)

e o the proot

%uﬂ,oge, e have Pourd such (E =) - Le‘\-‘ %:¥D3*E
be ‘Hr\e_ e.\lo\‘uo\'{‘l’on Od,‘ oL Tex\ = on (r‘re:lwci l)\e. To\anomlat
m (O € FIx) such thet ker c\>d= m (0 T ) and
T:T_fx‘y o Fra, ohere L= ‘mﬁ s o ’B\'eu.

m_ 00 Fma

Qince. PEO=9, e %c\,— f\wx\ e ker <\>&} oo&\\‘cj\ \'mY\\'es
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T

Lecture 16: Field extension

Saturday, September 2, 2017 3:12 AM

(X)) = md(‘?() ‘15:9(\ ‘FC’T‘ Some %(90 e FIma . Dince "3 s IYTQAULCJO‘%
e_"'H\ef m, s o \Am"\T oy~ Cl s @ U\m"L GV\ FD‘}\ . 3\"\ce
m,, (S |'ﬂtcluc:\'§>\e ) A:‘ (RN M'l,‘ O\Mnl‘lT-_r\'\'e"e;prQ o\Cx)eme

ama[ S6 qe?x) cohich \'MY\ts m«c'x)= = «Tcm;

ond so er $ = =P FD(_\ So we S‘r\au\\cl et BE— ‘FDC\/

?(’x) rx’)

ard the T“‘a' hich under the evalahon ot o i3 mpped
o ol 's the ?alxanomé\\ % o e shald Lk ol =%+ pooTLn
oot Since Fo0 s ireducile and FLxa 15 o PID, we
have Limpon FIQ s o maxima| ideal . Therebore E:FDG/I

T S o ﬁ'r\a \'\ow\omo(‘?\/\'@“

1) = (Ci+< )+ 1 = éﬁ- 1 \+(Cy_+ 1)
= 1)+ (&) .
'1-(-C‘C,2_) = C\C, « 1= <C\-\—I )(Cz-f-l)

- 'L'(CO 1(Q_q> :
|n320‘\‘\'\1&. Sugpese 1) =o “Then e+ T =T
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Lecture 16: Field extension

Saturday, September 2, 2017 9:01 AM

Then ce T. Sice 1 1S 'Va?er \‘c\eq\ ,
In FInd —p.
% La Fx-_- & . On the other lno\nc\, ce L (\F.—\-RCFG'?OYQ C=o.

oL = X+ L Is o zew 0¥ i@\»)m.

n -
Swﬂ’"se ”\’C‘X\ = ZC.{ ‘7(1 . We l‘\O\YC ‘lI) SLW«O
Ue)+ 1) X 4EE) K = o
n E= chj/]._.
W)+ U)oL+ --+1CC) ,,{‘ =
n
(cor T+ (C‘-i-I) X+ L) + -+ (Q“-a--_l: )(9(+I)=

(Coree-te )+ T = pow+ I =04 T,

P e 1
cghfclq 1S ‘H\e 0 n E.= :FI’X]/I. B

e 3a3 E is o 4’%\4 extensim of F ) cohich hos o Zexo o,\f T(«;o )

In +he next lecl,'ure, we coill show that FIna s o
Qm‘c\ue fac-l'on‘zo\‘l,'l'(’m _(DOmm‘h (U-‘F(D)

Det- An in‘[‘caml doman D is called o Um'que FO.\CQ?OV\'ZA‘H@Y\
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Lecture 16: UFD

Sunday, March 17, 2019 4:56 PM

Domain £
(Existence) Y deD\CDuy), there ore p €D st
p’s are irreducible in D and
d=p.3..p_.
(Ang rom-zers non-unt element cmn be corrthen ay
o «?mc(uck o irreducybles

(\)nlh‘ueness\ Suppese b ’s and q’s are freducible m D,
! ]

am] R'P:z er =c‘\. ab. ...,ck. “Then  M=n ,

’P‘:_- Ml 11" ) ‘P‘Q‘_—_Mz (1(‘:1, ....,'Fh: um 1{\’“ #0(‘ Some
Ul" G(B( OW\J a m@rdm“.a (:L’ ’.9_) =) ‘.M O‘? '1) 2}"')"“

QU-F-ED a m.om‘eﬂ'na and mm}hﬂ‘?\\'ca%‘m L;j units o
non-zexo hav-Unit elewmenrt Can be cﬂquﬂuj coriten og

o} ‘\i)f‘oc{uc‘l? o IY‘feJuciUfs-)
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