Lecture 13: Ideals; kernels of ring homomorphisms

Thursday, August 24, 2017 11:57 PM

We have seen ﬂHw\Jc \r\’_er__q?x IS Gn l‘JeoJ,- ne,ch we See ‘Hw\‘t

kernel of any r‘mg homovmthSm is an ideal . W Pack we will see

T is onidedl o R i ond on|8 iF there is & n'na kovnomar\;hrsm
Cb : (R'—?(R/ SU\CL\ 'H\A"T
ker(p) =T .

Let’s start bU Proving (& -

Lemma . Suppose o R—oR s a nit homormr?kfsvn. Then
ker & is anided o R .

Prock - Tor vy, e ker &, P Y= P r)=0; ond so

P r+)=IMN+P)=0 , which implres 4 € ker o -

e

Then $(rx) = ) )
x e ker S

-{(;‘DC(‘)) Co) = o

CSSm\'larla ce con shoo C\D(fxr)_—-_o', bit in this course e ore comrkl'na

Gth  commutactive ﬂ'rgs, and s it &5 nat necessary.)  m
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Lecture 13: The quotient ring

Friday, August 25, 2017 12:10 AM

Next SJCar%ima coth on ideal T of (P\, we will construct the C‘uo‘l,’lén‘\,'

ning A4 R by T

Lemma . Suppose TR . Let (x+T)-(g+T)= xy+ 1.
Then s 1s o coeli—defined  binary opersdhion on R/ ond
(Rig>+.-) is a ring (H is called the quohent ving of
R LZ) 1.)

Bebore e proe this lerama, let’s reall the gronp theorehic
counjceerav‘t of this Qoncen\i\?. For a qrovep G, o Su\ocdnm? N
's called o nommal Subardu;r P® o any qeGr, gN=Ng.
I qrove ‘H\eorn, ou hove seen that, # N is a romal suloﬁF
o G, then (al\\x\.(aim = gq.N dePines o well-dePined
\o.-mrg operstion an the seb G4 o Cleh) aseks o W
in G And (G ,7) B & grog.

Since for o ring R, (Rt is on abelion qep, ony

Smkarw\? IS & narmml Suloamwr; 30 CP\/I,—\-) IS o %mv\P
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Lecture 13: The quotient ring

Friday, August 25, 2017 12:23 AM

R T is on idead o R.

Let’s also recall that ¥ (A,+) & an abelian 3{0«&? ond N
5 a Su‘oarow\), then a+N=a+N = oa-aeN.

<<=‘c\ o/ a+N — o = o+% -for some. XxelN
= &-0"=-Xxe N
&) o+N = a4 (@-o'y+ N = a'+N

N as o-a’eN and N s a SM\oamr\
Pt & Lemma -

{
O\)eﬂ-c{%%neclness . (Xl+ I = (XJ_-‘. I ] '—_—é 9(131-1- I = 9(2_32-‘—1 .

P I= '3;-1

. From o 'H\earg we knoo that

‘Xj_-\-l =%+l = 9(1—’)(2_6:[ @
ld_,,_—t-I =4 +1 = 31—32_el @

9(-1—3.1—9(2-\52 = (X-i\(“;\_ - 2—%1'{_ 9(9-3_1_ - (X’—ﬂa

e have

= (%=%) FFRRERACE S iy O R *
T b @ m T EU®
R — T
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Lecture 13: The quotient ring

Friday, August 25, 2017 12:36 AM

“The d\‘sl:ri )oan've ‘?mPerha omc\ the a&sou‘o\'l'\"v({k(»‘ con loco‘ec‘w:eo\
Pom the Pact that R is ar‘l'n%. a

|_ermmaor - Sw?pose I is on deal o @ n'na R. Then

TC :(R—-V(P\/I ;) WY = r+1
s @ surjed'l'\le r‘u‘ng )\omomor(\ﬂu‘sm 5 o\nJ Iaer‘ JTt= 1.

Cwe call T the nor‘;um\ o‘uojn'en‘l’ Vnor\> \)

. Fom qroup thery, e knao Hhet T s o swjeécwe
group homomorphism of (R, +) to (Rp+); and ker T=T .
So it is enouﬂk o check thit TT preserves mmu'l?lt‘m'l'l‘on:
() K0 = (5+ 1) (R+I) = ar+l = Xan),
ond the claim Follcos. =

“The lemmas show us that

T is on ideal f Ry 3 a ning homomor«fln‘sm $:R—»R’

Such that kerp=T.

Next coe prove The 196 lsomor?h‘sm theorem , in Yo ook it s
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Lecture 13: The fundamental homomorphism theorem

Friday, August 25, 2017 12:52 AM

called  The Fundamertal homomorphism theorem .

Theorem . Suppose  <b: RS is @ ring homoman\;kfsm.

Then @ Im(ap) s a mbn‘ma ot S (the imagge of )
@ ker(p) is an idel & R.

@ - CR/ker@)) —» I (D)) P(r+ke ) = P0)
S @ r‘;‘ng \'5omar<\>k|‘5m-

Pree?. () Since & is a 3{DVT )’\Omamaﬂrl'\l‘sm oF R,+) ., Im)

is & Subﬁm”‘) o (3,4 So o shaw it 5 & Subn’ns,

l"k IS enouﬁl\ to shoed r{' IS da&ec‘ unJer muH:r'\)h‘co\Jn'on:
W Y, -9, ¢ (<) , Fr,,neR, Y= 0 and Y,=+)
Do 99, = P )= Phn), cohich t'mPh‘es

gl
@) e howe a'reaJa (Fmveo[

R In (CYWT H\eora, ou hove seen That P is a weu—Aé%he&
Yrowp \'somm\>|r\fsm Prom ((R/ker<\>’_‘-) Yo Gm<\>,—ﬂ . So

—

it s eno«Aﬁ)\ o prove P preserves mmfh")\(cﬁ{non. But

math103b-19-w Page 5



Lecture 13: The fundamental homomorphism theorem

Friday, August 25, 2017 1:02 AM

'?’0\" ‘H‘e So\ke o’?- ComYLe'l:encSS, ‘6"3/5 FECoJ[ ’H'\f- %rau? "Hr\eorta ?N“lﬁ

Q)e,u—-cle%hec‘ness LRt ker P =0+ ker $ ;> U =)

Gtkerp=rptr ke p = G-rne ker
= b (1) =c
= b)) =pm).
e T Cprher ) = B (ke ) = b=t
= Pir)=o
— r-ncker d = rikerp=ratherd

Surjec'ln\(e ) Y je‘m <§ ,3 r‘e?, %: <[3CF)

= Y= F(rtkersp) -
rP@serVQs O\CU('L'cm 'S Su‘m{\ar ‘\70 next s‘&:‘; Cbo f‘l;' on (dwr Oobh-)

Preserves Ynulthl'CW['lb“ q;C(*‘ + ke <\3> - (ot ker ¢»

=F( e+ ker ) = Ppnn)
= $0q) P)

= H(nrker $) P (orkerp). u
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Lecture 13: Examples

Friday, August 25, 2017 1:12 AM

Ex. Poe thit Z/ o Z s Hwo rings.
Iz = o 8
:PA_P_. LE‘L‘ Cn: Z—pzn LQ “H\Q Y‘esfclue L\OWVTLILSM .
“Then c (=1 R o<i<n. So  Im anzn . And
oe ker Ch <X the remainder a{l A Al'vfo‘ecl bd n isa
= Nla &= aenZ .
Oo b& the 'Eunclamen"l.'ﬂ\\ kOmomar'fhl'sm 'H\eomm,
Q\'\:Z/Y\Z__’Zn' ?,,,(O\-i—hZ): Cn(q\
IS a n'nd I'SOMOV!‘DL‘II'SM- E
Ex@Frove thet the kemel 0?- the evaluation komomor?hsm
$ : Qhd— R, () =tdD
= \ P
(s (xz_ 2\ Q1 .
® Prove that Im <\>ﬁ=@ﬂ7—3= oz b | O\,L)e@%.
@(DQAU\CQ tho (DDQ/('XZ ~ QLVZ] .

—2YQLx)

M © Suppose M0 c@QD<) 15 the mmimal ?aB. o® JZ over

R, ond so ker ¢ﬁ=mﬁ(9o@[x].

On the obher hoxml, d>\‘.9._ Qx”‘_:)_]= (ﬁ)z-z—_-o; So mﬁcrm ]'X?; 2.
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Lecture 13: Examples

Sunday, August 27, 2017 8:32 PM

On the other hand, X=2 is ireducible i QTx7 (edther use
Erenstein’s critenon or the fack tat =2 has no zew in
n@ os tZ¢@ and it hos deyree 2)) The l’aeclmbmﬂoa
o %2 ond m e | %2, inglies eibher m_on 1>«
wnit or m o0 = x22 (s Hed are both monic) .
(2 mﬁ(')o i5 a um'-l:, kercpﬁ:@[«x] ; chich is nat f\Dossfuo
as qyﬁcj_):j ¥ o. Hence
ker b= 0 @ Lx] =(9<Z-2.) QX1 -

© fn on example eorler we hove seen Thit RIEZD is &

Rl In pactionlar, for any o e@ we howe.

A+ VT + -+ (D) « @ &3

Therebore ¥ Yoye QDX <\:E(P)e®[ﬁ], bhis mphes

m - < QLEI. @

On the o‘H\er )W\Y\A, ’chr anj a,loe@/ <Pr_(q-|_ L:‘)c)=0\+L\E3
onnd so QLiE] < | CHE @ @,@ wT\a the c,lm'm-
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Lecture 13: Evaluation at an algebraic number

Sunday, August 27, 2017 8:46 PM

© BU the Pwdomertal ‘\omomw«f\\\‘sm Fheovern e hee

@D(j/kercb o L‘ncbﬁ, anl  so
A

@k, ~ @z . -

<=2
A chser lok ab the f\>m\u'ous exo“m?\e, c(]fvcs us Sevem\ resultks.

'PEYos\'-l'{mn. Suﬂ)ose xXe (l: 1S an alge,bmf(: numheg 'Hr\\‘s meonsS

« is o zero of &?0|5nmm‘a‘ ?lme@[xj\%o}. Lt
¢, Q01— T be the euldhin &b o mop ; Hhat means
.43“(.\2\ =%y, Then

(D there is on irreducible ?ohdnavm'o\l m (0 e @ <D
such thet  ker & = mg0 QEa
@ In o =RE] 15 the smllest sbrivg of T Hhat
conbons @ o5 o subset ond o os on elemed  ond

Bra=3 &, rox++0,"| a;e@/ me ZTT -

@ @y

de?\)@DO = @EX:I .

B Let mooec@il be the minimal '?cola. A o« over @-
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Lecture 13: Evaluation at an algebraic number

Sunday, August 27, 2017 9:08 PM

Claim m (%) 1S inreducible .

‘PR ag claiyi. ince. mex 1S meaic, it s it zevo. As 14 keyr %,

&3"&2_1' Su‘:x\zosc m, (x) = () 96 For Some %aeCZ}Ed.
Then  o=m () = P 9@<) - Since € has no zevo dwisor,
edher f)=o or ge=o. Without loss o %encm\l'inﬁ ) let’s
dssume Fo=0- S Pe ker % =mooQLx3; this implies
oo = mm 400 for some gqe QI .

flence deg & < Jea g X Jea £, ahich \‘m‘;\t'es
o\ea g=°" Therefore m,0 i ireducible in @ B

o . = % Feer | Foe QNI = % 040 x40, | 0@
meZ"

FASC & o wbig, RSA,ad xeA, then For ony 'z
A o = O(' €1A\ §=%. al' O(l S A = ZQ\OC\QA
N 1=0

| &,e@QCA

= |m <\>Ng A. ‘Hence lm c}:; IS 'H\e smallest Wkﬂna
mP C "H«& L)a\s o 05 on demert ond @ o o sv\l)se'l:-
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Lecture 13: Evaluation at an algebraic number; prime

Saturday, February 23, 2019 10:35 PM
. Consider the r\'na }\C/mowof«rh‘sm dPoC Q1— C; \on the

st

1 I'SOMOWFM \'sm ”H’\eoYEW\

@I:'D(“_\/ker .. ~ Im C\i g and SO

RTx] )/ ~ QL
m (o0 QL] =

Nedt e coould like 1o show Qe is a Pield ; You howe seen

very s}aecm\ ases of this stodement: @QLiT, ALVZ] , ond
QL) are Helds.

To pove this, coe coill Find ot the necessary and
sithcienrt codibions Jor T AR such that (R/I is on
»‘nJccCJml domarn  or o Reld.

Qe start wth the easier amse: under cohat condihions

Is (R/I an v'n‘l'ejm‘ c:lomon'n2

lnvah'aﬁ%\‘cm - Oince. R s o umf‘\'a\ Cbmmm“\'ovl’\\le rfna/

<R/I IS on in{&am' domain <= @ (R/I—.-#a
€3] (R/I_ does nat have & zen dwisor
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Lecture 13: Prime and maximal ideals

Sunday, August 27, 2017 10:19 PM
=DOREI.

@ (x+I)(y+I)= (o+T) imv‘;‘fcs edher orI=orL
‘ or ‘a-\- T=otl
=+ 0 1 isa Pproper \des ) (Xae:[ =5 Qxel or ael\ .

1)

D__e_._%- et R ‘ae o un\;l.-a‘ Commﬂ:'o:ln've, T'l‘nﬂ. Bn deal I o‘P’

R is called a ?rl'me |'JeqL £

O I is proper and @ fo,ae(R, "xtdel=§-(‘)<e]'_ or 861)'
Gt mens TR

Thearem. Let R be o unital commudotive ﬁnﬂ ) and TR,

—n\en I s a f?ﬁ'me \'Jeq‘ l"p ancJ Oni\d IQ (R/I 1S an \‘n"?enjml

cJomo\I}\ .

(We have a'maoléj vaecl it.)
Getting o -P-v'eu os the -PmcLor n‘ng is o bit more ‘l—rt‘claa.

(De{z- I<I(R Is Co\“ecl a maxu'mm\ \'C[eo\l .‘:{2 I s crvorer

cw\c\ I1cd and J«a®R im?\a either J=1\ or J=TR.

e ool shieo et T s mo\xfmn\ icen] Q’R/I s Q] ‘?‘!élcl.
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