Lecture 12: Kernel of an evaluation map

Saturday, February 23, 2019 5:00 PM

Suppose e C 15 om a\aebrou‘c numbe s that means o s
o zew o ov pokromial  pexye BEKIN 108, Let

¢ REX1—p © be the evaluston of o . Then

ker . =3 Pe @ma | Pen =0 3. Here ore two
bastc rj‘yvu?er'lﬂ'es oA k__e:-c]i .~

@ P, fe ker P = Bk eker &

)

|
4
’Ql(o() — Q;l(o() =0 — ‘P_,LCOQ —1—"2’2(0() = o

P\

15) ‘P'elaer CE\ ) %e@t’)(:\ = ca(‘x).‘P('X)e ‘Qercb.

) 7
ﬂgéx):o = acoq ,-E(o()___ (j(oo)@) —_

Next coe aonsider o subseb of o tnited commuteihive nha A with
the above f\wv\eraes
D_?fi‘ Le:l? a be a un|+0\| Comm\KlZ'O\‘t‘\'\/e Yin 5 LcA is Cot“ecl

n ideal 18 O ¥ x4 1, ’X—n el (additive wba?)

@VaeA, xel, oxel.

e write LA (or T <A
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Lecture 12: A historical note on ideals

Wednesday, August 23, 2017 11:53 PM

A historiaal ntee . In odder o Solve Termat’s last COW&&C\T\LW—,

hih s He only irbeger solubims of A4 =Z" ore He
ool ones ® np 3, Kummer sbudied rings o the form ZI7, ]
chere & is an 07 oot of undy - I such rings o clement
does nob necessani l3 o uniqne Poctorizaton into “prime s ;
bt Kummer showed in appoprate sese deals do hoe

suc\\ o um\'c‘ue_ “zv\c\:aﬂ'zo\'\nbn} omo\ ki CA“QG\ ‘H\fm IC‘%\ N bers

Loter Dedekind, Hilbert , and Noether cle\(e[o«recl the Jckwa ol
ideals tfor 8enem| riras:

(In one of the exercises gou arc oom’lxihg cwoith Z[eo],
chere @ is o 37 ok of um'rkg.)
Ex. fo ond R ore ieds of R dor any ring R.
Ex. Suppose R is & untal g, TaR, and 1eT.Then T-R.
B . Sice 4¢T and T is anded, For any reR we have

rli=rel. S I-R. =
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Lecture 12: Proper ideals do not have units

Friday, August 25, 2017 12:42 PM

Ex. Suppse R is a undal ring, and T<qR.

B TaR 2@, thn I=R. (Aterndhely we can
sy i I s o cproger ideal of R, then TaR'=g)

. Swppose aeTa X . Then ,Sice I is an ideal and e,
(o?i)(o\‘)= 1eI. So ]oa the previous exam\){c I=R =

Ex. Suppose Fis o Pield. Then TqF i and only 1# either
1=30§ o= I-=F.

P Tx9%, then Ta(R1Y)#g. Sice T= ERNAY

[®

o

IR 36‘3 that I(\-\:Z#Qf- Hence ka the previous €x0um?|€, I=+

Lemwa . I4Z F ond Onlt(l) + TneZ LonZ_3%nk |kez].

B @) x=nk, y=nd = xy=nk-ni=nbkd
eZ
_;,cx__«jenz .

-’x=nk, reZ = (X = n Ckry

\/v-—J

eZ
= YX enZ .
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Lecture 12: Ideals of the ring of integers

Thursday, August 24, 2017 8:57 PM

&) In fock ony subgeup o} (Z,1) is of the form
nZ , fr sme neZ
# I=o, then there s ndl-k.'ma to prove.
B FxeT3, then edher xeIaZ' or —xelnZ.
So TaZ" is o nn-emghy subseh f Z". Hence by the
well-ordecing principle Ta Z' has & mininum; £ n=miy 1nZ.
Then, 05 T is subgong of (Z,1), e 8& thit nZCT.
Claim . nZ=T.

TR oaf_ claim .Su\a?osc me 1 . 'Ba the division O\\aon"Hnm

3(qr)eZAZ st O m= nq+r,

@ o<r<n.

So = m—no]_ e I as m,na‘_e]: . Since n 1s 'H'\e

smallest elemert of TaZ' ond r<n, e deduce that
rg TaZ'. As el ad ETaZ", coe qot thot 1y z.

Beconse  re Z+ o\r\c[ or<n, we hove. =0, this
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Lecture 12: Ideals and principal ideals

Thursday, August 24, 2017 10:56 PM

l‘m?ll'es m= nc} €En Z . |

Det \Lemmer . Suppose A 15 a unital commutotine ring.
Then for oy aeA the st ok of all mulbiples of o
5 on ideal o2 A TThs ‘cmx; of (deal vs called o princi \”"
e
P . b ,beak= Ta,ach, b-aa , b=aa,

= 1~>,+!92= Aq +oe, = oo+ O\l)eo\A

LeaA = FaleA, b=aa
- ¥ Ked, b= o (o)
—a(adyeoh. &

Qe have seen thit ony ideal o Z is ?rmafol.
Det: An fnﬁi%ml domain O is called o
Principal Tdeal Domain (PID ) iF omy ided is principal.-

E(_. Z s aPID.
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Lecture 12: F[x] isa PID

Thursday, August 24, 2017 11:14 PM

Theorem. et F be oo Field. Then FIxJ is o PID .
(fs prof is %Hs simibr o the previons proot, and it is
based on the divisin o\laor‘l"H\m in Fx1. This method can
be opplied For- obher rings 0 cell )
Poot. Let Ta Fixl. IF T=1g, thee is nothing b pave.
1 nat, [t el be such thd

g b= mnidgg| geT 9ol
(By the cell- Orcfer(n% priccigle there is such ««Folcdvm@l RY-
Cloim. T=fx Fpa.

P R cdoim. 3(41><]>os¢ ﬂcx) eIl . Then LH the division a[aon“uwm

there are CL,r‘eF['x] such that

P o

0 9 = £ 90 4 )

(@ C\eﬁr<A€8 %o.

Since el oand T is on ideal, e have %cmrme L.
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Lecture 12: F[x] is a PID.

Thursday, August 24, 2017 11:32 PM

As qoel ond {mqmel , we qeb that
red = 4 ~F,® e L.
Since oleg t=mingdeg £ | FeT RS c(ea r~<c1ea¥°,
ond  re T, we deduce that r=o; this imglies
goor = 2 ) 9 et FIxa- =

G\"’l’na ]oock ‘tb ‘Qﬂ" <E( col\ere, °<€q: S an O\\aebml‘c

numLer‘, coe Lb\ve ‘H\n‘l‘ Lier «:EL < @3[’)(1. USI'nU the

rFmvubus {'Leorem -3 Jeolukce:

[_emma, . &AfFoSe. e C s an alae)aml‘c_ numbey. ~Then
there is a unique mon'e polgnomial M ) € QIAT such that
ker ¢ = m o0 QIx; this means o 15 & zem of o
TO'zjnorm'o\l Pre QI F and On]a 2 om () \—em- In
Tar‘{'iculom m ) has  smallest clearee among  non—2-€X0
“)oldnomibnls ih QT that have o« as o Zevo . mex is

called the Ym'm'mo\\ ?°ldmm“o‘\ & o« over Q.
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Lecture 12: Minimal polynomial

Saturday, February 23, 2019 8:33 PM

% ker P < QTx) Er# = mdcme@\:m st.

Sice  « is algebaic, 3 e QIN3s}, Py =0 :

; ond

o ker $ Fo . Hence m e #0. Do atter mth'Plxdmca by
the inverse of the leaclmg cocPbicient of m (%), e Can
and coil] assume m LX) 15 & mami ?o\vdnom\‘q\.

Uniqueness . Sugpose  m, 00 Q3 =m0 QI] Ror two
monic ?clanwals. Then m, (N = mz(fx) clm emo\

M, (xy = 1, (%) c{cqo ; and S0 M L0 = (% 40 ﬁf('x) .
Hence 9, CL/iz 1, cohich l'mTh'es ctie @)[rxj¥= @ .
“Thus 0= gm0 im‘;h‘e_s He leaclu‘ng coctp

g my s % Aimes the l?aclt'ng el R my . As

m and m, afe wenic, Ge deduce <1’1=1 ond I, (o0 =m0

I i

“The vest of clams are clear. =
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