Lecture 11: Gauss's lemma

Monday, August 21, 2017 8:24 AM

In the last lectuve coe (Pm\/cci the 157 version ® Gouss’s

Ie YN A .

Le,mmm . Su’ﬂbose. "2, % (< ZE’X-.\ ore ‘Pr‘l.mc.‘l’l'\te ?o\\dnm\.o\\s.

“Then -‘Pa is ?ﬁmi+l‘ve ) oo .

Bosed on  the :LS{. verson , e prove the 2hci Ve rsiom ”:P

G(%\ss/s ‘CMmm CC«)\'“&:L\ IS an exbension QP -H\e iSt Vers(on) .

%Quss’s \lewmma.  For O\x\\é '%',%e Z TxIN10Y

c pr—ca\ — c@)c @)

B F=cd P and g=coyg, s where
., q, o primibive polynomials . So by the preves
oo £49, s primitive 5 ths means  cCfag =1
So ¥%= c ) f.9, =

cCgy= b ctqy g

= c(—h CC@ . ) |
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Lecture 11: Reducibility over Zand Q

Monday, August 21, 2017 8:34 AM

heorem. Suﬂaose e ZTxA \'\0\3 de%r‘ee >1 a

\"\3 IS ?r\'M|47!\fe . —rhe,r\ ) \'% ‘f’(‘m Is |‘rreAuu' ble in Z [x] p)

then it 15 imeducible in @ .

I fact ce prove the %lu«oma Slccd\r&\a sI:ramAer
Tabement: # fon =g hoo dor g,he QIxT of
okﬁme, z1, tea 3 a,a,e@ st

O a.0,=1 ond
@ o qoe K, o, hewe Z1x] .
In porficulr, fm0=qm0 h@, gm0, hmeZDx1 and

by 9,799 9 0 Jg ham ey h
(3| O\ni l‘\' are mux\"imvn Poldno;m'o\ls \n -H\e, c\)rod{l\

PR Susppose to the Corr\:mné that ey = g0 heoy
for  some %,‘n c@Qix]. Then dr,5eZ st.
9, 00=rgm ¢ ZIx] ond b0 =shoo eZa

Cs\‘m‘:\\é mul'hei:\a ba o Common derorinator A Yhe et )
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Lecture 11: Irreducibility over Zand Q

Monday, August 21, 2017 12:58 PM

S0 rs ¥ = g0 hoo . Hence
rs ¢ (@) = c@,) ¢ Chy)

Sice + is primhve, <) =1. S rs= SCRL (hy)
Let g, h, be the qrimbive (Yo\\anm\‘a\\s swch that-

40 = <@ g od  h,od=cch) h,0.
“Then rs Ry = c(9,) ¢ chy) 900 h ey,
ashich (mT\u'cs Py — 2 00 hoo os 5= @) <.
Nobiee thet g lm=§a_5 900 ond L\Lm——_igﬁﬁ heot - S0
olea 9,= clta 2 ond deg h,= o\ea h .

(et Q= r/C(S\\ and QA= S/CQ,‘\ ) "

p Omc[

“Theorem. et P be O\'PY]'me,, ne ZZi

n n—{

I QT(Q) is l‘rrecjuc(‘o\e In Z?DG, Hhen 2 IS \'rreclmc{ ble

m  @lx] .

PP W net, then foa—goohoa tor g he QIX with degyt.
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Lecture 11: Irreducibility over Z_p and Q

Tuesday, August 22, 2017 10:37 PM

Bn the Previous theorem 332 h,eZ[x] s+
O *m =g o @ deg 9,90 k24
Since C'P: LIy —y Z'FD(‘] 'S O r‘l’v\% }\Omommm?h\‘sm)
C‘,(—h =< (3) c.?d\ﬂ .
bs the lfAJ{ng Coe#l'u'en{' O'Q. £ s d , the ?mc\ud.— o-% the.
[e,ac\u? Coe;E%’cxén'\:s a-?- %CK\ O\hc‘ Loq s 1. Hence
'H\e le,o\c\(nca Coe-lo-%'c:\‘en‘ts O{L 600 o\r\c[ L\cx) are :I-_i_.—lT\em-?ore
c‘ea C.r(a) = cltca caz_i anc[ fJe«a CTCM = o[ea LZJ_.
o o) =c@) c_t“\\ imlies thodt 3 s reducible
In ZT]:XJ ) c.)L\ch S & Con‘\:’mcl\'clﬂ'on- =

Another |'m]>or~'mn{t \’r\'e,ducibili{‘n Cri‘l‘erion is Eisenstein

Ceberion .
Theorem (Eisenstein Criterion) Let P be o frime - Su?\aose.

Hax = o\nx"+ o\n_‘oc""_‘. a0, € Z[XT
A% Pl % Plonas —Pla, o 0d A G, - Then
;?-C'X) is in’EC\uciHe in Q1.
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Lecture 11: Eisenstein Criterion

Wednesday, August 23, 2017 12:24 AM

Ex. Is Rooox = 253 +4-6x 410 imeducble in Q17
Answer . Yes; nohee that 244, 2(-2, 2 |4, 2(-6, 2(do,
and 4410, So Ba Etsenstein Criteron, $x) is imeducible
n Q] .

Later ce prove that in Fx) any non—Constoit ?ola.
can be crrtten as mrlaméuclr F ireducible (‘)ola. in oo
unique. vay . fr Corb“cma o ths bt is

Lemma . ket F be o Hield, ne AR X = W) TX)

‘@or UML) , VN € Fl?x], then im‘ some  ce F\3%

k 1 n-k

20 _
ond ke Z™, U—cX  and UTM=cT «

We coill prove the aboe lermma liber. Next using the. above
lemma, e il Prove +the Eisensten Criberion - For an
alfernahve. and more basic opproach lock at your ook
Provt of Phe Eisenstein Criterin base on the above lemma..
Suppose o the cmkm% tat Tg ,h e QIx1 st
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Lecture 11: Eisenstein Criterion

Wednesday, August 23, 2017 12:49 AM

® 53m=%m\rmo D OLL% 9 c\eca h> 4.

So E% o theorem thet Cée_c\xcvec\ eom\\'er, 3%2,\,\?_@ ZDq
8-‘\: . Cle% %9.’ clta L\?_?_ 1 Omcl ‘gCOQ =%£fo \r\,_Oﬁ«
Hence c?(-[l\ =c?(%2\ C?G\l\.

Dince r\>| 0\“.1 ) )T\o\a) QTHZ\ =C?(0Ln) Kﬂ .

Sine '\D,f An and Z? s o Hreld )

n -1
x= CC?(M E 42) gtk
~ DR UV
ULX) ,  vx) € Z,\)DQ .

So Laﬂve_fpm\mus lemmm, 3 ce Z?\EOZ , EeZZO )

k 4 -k
U) = © X and VX)) =C X .

k. -4 -k
Thus QT‘C%SL)-: el . X and C,fd\?_\=c xX .

Notice that clea %) gclea q, Ama cTcLz) < 346 h,,
Mncl Glia CT(tal)—rcleca CT(l\L)= n= clea %?_-\- c\ea l‘z,'

o c‘ea C,Tcaz)=Ae3 %221 OmC‘ cieac;rd\z)=clfa l\aZ.L.
“TherePore  the constant Terms o{l % ard h, are divisi ble
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Lecture 11: Eisenstein Criterion

Wednesday, August 23, 2017 11:43 PM

by as the constart bems o} crqg,) ond e (h) are ze0.
Hence the constont bem o 6,00 hoOO s divisi ble by
P2 (Notice that the wnstant tem of 9, & 9.6)

ond the wnstant tem of K, s hyca - So

[ 9,00 and plhe, chich implies 4% 4o he>. )
This conbradichs the asswwanim that 2 does not
divide the comstart e o2 -Pc'x)=c(] cohoo =

(Remo\rL . One wag ﬁ) r‘m)ve the mcrr\,—mneci lemww\ oofH\om'l,'

usMg ”(Am'ctv\e -ea\cjwn'zo\{'lbn“ S ?m\ha F’T E\O |'nclm€[7lim

n Y Omcl okserv\’ns
A U0 7R <=0 5 o zero A U VK)
&=y W0 T) =0
D esither U@=0 o V) =0
e X juedy or X UK.

We ol ?)Gl' Lou:\'( +o ‘H'\\‘s \a')ceY‘ .
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