Lecture 10: residue maps; study Irreducibility

Monday, August 21, 2017 3:57 PM

I the ?rew‘ou\s lecture coe mevrh'onec\ That Cn-.’ZEfx:l——rZ“Dcll
o0 . L) .

C (Z O\"Xl ) = Z C (0\"\ ”Xl 1S a ﬂ'Y% \ﬁomomofi)\’n'svn- Do

Nt y=o ! 1'=0 ¥

}nem s on \'mmec\n'ortc consecltz\ence:

""l" et Qo Om(l

bn;lbagof_ Let g = O\rtxv\ﬂ- o X
hao = by + b, ?(s—l+ . +b,. Suppose g, heZIx)

ond P s & prime which does nit- divile o b .
Then e (gh) =) oA and dglegi=r and
cleg(crd\ﬂ =3
PE. By the provious lemma, ¢ Z ] —»Z 0 is o ring
Lomovv\cm‘;l\fsm. So cT(ﬁl\\ =c‘,(3\ cT(L\.

Snce Glg) = @) X + <) x4 -+ G @)

ond (0 #o (nebee phac), we have

g P

St'milarl%, Since C?(M=CT(L’Q Y ..._Fc‘,(Lo) and CPCLQ?“

(nahce T}( LQ, coe have Aeg CT(‘\3=S. =
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Lecture 10: residue maps; study Irreducibility

Monday, August 21, 2017 4:15 PM

Corollary . B Poo = xX+a_ X +-x0,e ZDXT has o
"ﬂ |

zero in @ . Then & has a zen in Z_ Por ony .'nqu:)er
m2 2. (Here i, in dudk, refers o < (DY)

B, B R(Ey=c, boeZ, o, and qd (Lo)=d, then

¢ divides the |€0\<l|ir\8 coeficient, chich 5 1. So =l ;

and  this \'mrlfes £ has a zers oy d in Z .S
d" o d7h . ra =e, hih imrll‘es

e + e lan ) CM(J;""_P 4 Cla) =0 . Hence < dy is o
pere o o). ®

Lets use the above conllany Ho gie o quick ansiaer - the
next question.

Ex. s x3-x+2 ireducible in Qx31?

Solebim . Since deg (Pwez) =3, 1t s rreducible exadtly
chen it has ro zerw in @ .

Hl i'l' ko\s O Zeyoe in @ , ’H«en U\s(v\a ‘\:\\e (\>Y*e_\/l'dus Cora“aﬂ(}
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Lecture 10: residue maps; Fermat's theorem

Monday, August 21, 2017 4:29 PM

ox+2 hos o zew in Z, . But Ld Fermat’s theaem

VQQZS , a%_:o\ ; &mi So Qg_OH-Z-.:?_ +*o. Hence

X?—X-rz cloc.s ha‘{T L\a\ve C. Zero In Zs/ So l"l.' ctO-GS ho'l:

|Mvc o zevo [h @, Col'\{b\r\ {»»\Tlies it is l"ﬂduciue (h @[)G
E

Ex. Does X~ —x+2 have o. zer® in ZBZ

So‘u“,’lbﬂ . Ea 'H‘\Q— f])mvfovs ,-e,mma/ ‘eO\" ana ae 2-5, e "\0»\/9’

(\o) _10
0\'5 —O\.—rZ:O.—O\-l-?_:Zs&O«SO X(b)_)(-g-z 40@»5

nt have o zew in Ly =
°)
Ex. Does X7 _xe2 hae o zern i Q¢
\0)

Solubion. Smce the [ea\ol(na coeticient s 1, ¥ x%_ x+2 has
B°)

A Zero in @ |"l' ]'\as azero in Z . S0 X —X+2 l’\w\s A ZeYo

/

n 15, eohich can-bmcllcts the (Frevfous examf\e,. =
So Faf e learned hocd ‘[‘o use Yesro‘ue mo\?s 1o shoco certain

‘\Bolnnoml'a\s in  Z X)) b net heve o zero n @ -
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Lecture 10: Residue maps and Irreducibility

Sunday, August 20, 2017 11:23 PM

vPrtq_>os.|1,'1'ovr\ . Let ¢ be & prime, and

Py — x"v 0 X % - +a.E ZTxd .
&Aﬂ;ose. C,T (R} does nat hove o zew in Z? Then ¥

does nat hove a zero in @ .

O

We ?rovecl the alove ?m?vs(‘\ﬂbn in Yoo S‘M(S

&ﬂ 1. Hm{\‘m& o zew in @ — Ho\vin% a ze n Z .
3&2. Use the residue komomon[;h\‘srn to ad o Zer in Z?,
Next we cuill (vae an me(lucibu'\i’cg cn’\:erion.

Theorem . et P be o prime., and
oy = X"+ ah_\'x"-|+ e+ O €Z K] .

Suppese <, (F) s irreducible Z.TE)Q.—\T\en ¥ ois

ivedncible W QDX] .

Similor 1o the ?roo:F of the ?m?os'r\rfon, cde prove the
:on“:rv\?osArnVe ot this theorem ; and i is done in fuwo S‘B?é:

Skq i (Qec‘uc{lail[‘lia over @ fvrr\bll'es (bo‘wc‘Ltlrt\a oNer Z
(an %IIE}\"H‘d S'l'mngr version . )
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Lecture 10: irreducibility criterion: residue maps

Wednesday, August 23, 2017 10:08 PM

8_#_%;2. Usfna the r’e,sfclue L\omomahrln‘sm 'L'D ﬁe:{r fecluc(bi[\.‘lia

over~ Z.. .

P
‘Be—?ore aR S’(mrl' H\e f\)\mo‘P , le:\: ‘s ?m'n‘t ovd' Qa ‘Peco

e»<amtle.s:
Ex.. 2% is ireducible in QT3 In fack any f\)d‘\dnom\‘o\\
o oﬁearec 1 is irebucible i @Ix1; Otheraise
= -?-,Je QIx], 4<3 L, Lazi Gind zx=$.mam.
So c\eﬁ (2xy=1 = Cita"z-tclfﬂazz aohich is a
conbradichon .
. 2% is reduchble in ZD3 as  2x— (2)(X) ond
2,% ¢ Zhd = Z = 3113
S the by diffoonce 5 thet 2 (DA< @\,
bot i is ndb a untt in Z .
Ex.. 2x*+4 is imeducible ih QIx] os it is of
ol«are.e 2 ond does nit have a zew in Q.
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Lecture 10: Towards Gauss's lemma

Wednesday, August 23, 2017 10:23 PM

o Lot d = (2) (xF2) and 2, x+2¢ (zm)l‘y_g
imply thot 204 is reducible i Z IxJ.

So the Hist thing e have to chedk, when we’d like o
Pnd ot @ den=a "ra, Xt ra, € Z K s
iedacible in Z K3 is to Aind aecl NN
oand see iF s 4 or net-

(]De‘?fm"l'\bn ) —'E)Y‘ ‘?CX\.—_—_EQ;‘XL.GZ]:‘X] ] \{’:\' CC'E\-%%(E‘CQ,;\ .
(19 :,&G) 1=\

Exe c(2%) =2 « c(2xF%4) =2 . c(X+3%x+6)=1.

Let’s recall three e |nted r‘)YbPQFL’lES 0=F ﬁCcl
Recall @ Lc'(? oL= CJCJ CO\O,-..)o\h) : —n\en 3c<((%§ ,..,)?t:f)
@ I# Plog, Plas, —tla,, then plged @, -)ay)
@ For Cez+) %Qc\ CQO\O)CO\_,_U ...,Qo\“) =< C(}QACO\al"'/Qn\)'
Let/s see athat each me oA the above <\>mr\>er'\:le5 ;vall'es

Q‘oov\'l' the c\e:P‘ineA C %mc:‘:wn
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Lecture 10: Towards Gauss's lemma

Wednesday, August 23, 2017 10:39 PM

Jor Yoxy = anfxn—r o, ‘xn-‘+ x0, e Z TANGS, et edyd .

T — Qn N 0,
| hen 'PCO() — o\, g"_ X + .|_._&_5 ancl

o0 e ZIg
e(h,) =g (% -8)=1

Deb. Pooe ZIxINTo§ is called ?rc‘m(‘l‘f\(c * cP)=1.

W  tor FneZ [ I\30%, we have foxy = ccd) £,

ehere 3000 is primibive .

- G =0 4 Pla,, i Pla, 2 p (ged(a,, o) =2 ?lecd.

So CTGQ) —o = ¢l -

(Here f0 = 6, %" 4G x+a, a5 betore )

-For 0eZ , c(at) = c&ai (o0, - 0a,) = aﬁc:lco\,,»,a,) :
So cCot)=acedy.

Nows lebs see. oo these can help.

L emmon - Suwose -f-, % e Z[x1 are ‘Pr‘fmo-'l‘ivﬁ ?o\%nm{o\\s.

“Then lﬁa is ?ﬁmi+l‘ve , too .
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Lecture 10: Gauss's lemma

Monday, August 21, 2017 8:24 AM

We call this the rhid Version of Gawss’s lemma. e

start s ’?rwp ond Binsh  m the next lecture.

PR Suppose to the cw%mrg that C(‘f-ﬁ) #+ 4 . Then
there is a Prime P oohich divides CG)TD' Do f\bl Cdﬁ),
e hich \‘erh‘cs C,TQEG) —o - Sice Sp: ZTx]— ZTD(] I'S»
a n'v\eé komomcm?%\‘sm , CTQ-F) QT (%\ —o0 -

Since ZT IS o 'Blcu , Z,YQ?Q IS on l'n{*csm\ domaun -
Hence CT(-ﬁ)C.\,(n)-:o im?lics ‘H\M‘\T either C,T(-f-\ =0

or Cr(3\=o. Tﬂre%re e ther ?\ ) or (P\ Ca))

cohich COfY‘le(J\’Cl?S ‘H\e_ O\SSum?hbn Hm‘\' 1'L 0\*\0[ ca are Tﬂ}nn;h'\le.I
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